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This paper evaluates the vibration characteristics of structures
with viscoelastic materials. The mechanical properties of visco-
elastic layers have been described with the complex modulus
approach. The equations of motion are derived using the principle
of virtual displacement (PVD), and they are solved through the
finite element method (FEM). Higher-order beam elements have
been derived with the Carrera Unified Formulation (CUF), which
enables one to go beyond the assumptions of the classical one-
dimensional (1D) theories. According to the layerwise approach,
Lagrange-like polynomial expansions have been adopted to
develop the kinematic assumptions. The complex nonlinear
dynamic problem has been solved through an iterative technique
in order to consider both constant and frequency-dependent mate-
rial properties. The results have been reported in terms of fre-
quencies and modal loss factors, and they have been compared
with available results in the literature and numerical three-
dimensional (3D) finite element (FE) solutions. The proposed
beam elements have enabled bending, torsional, shell-like, and
coupled mode shapes to be detected. [DOI: 10.1115/1.4034023]

1 Introduction

The viscoelastic structures are widely used in several engineer-
ing fields due to their intermediate characteristics between elastic
solids and viscous fluids. The most common applications of visco-
elastic materials are in the damping technology where the ability
to retain retractions and, consequently, dynamic deformations, is
exploited. Therefore, they are usually adopted in the noise control
of vehicles, airplanes, trains, engines, and turbomachinery [1].
Passive damping treatments mainly consist of thin/moderately
thick viscoelastic layers embedded on surfaces (unconstrained
layer damping) or constrained between stiffer components
(constrained layer damping) [2]. The study of their dynamics
essentially involves three main issues: (a) the modeling of mate-
rial properties; (b) the solution of nonlinear complex eigenvalue

problems; and (c) the kinematic modeling of the structure. First,
the characterization of viscoelastic materials is performed through
dedicated tests such as creep, stress relaxation, and dynamic
mechanical analysis, which enable the constitutive relations to be
interpolated for limited ranges of frequencies at different tempera-
tures [3,4]. As far as solving techniques are concerned, several
methods have been developed for the prediction of complex
eigenvalues and corresponding eigenvectors, such as the modal
strain energy technique [5,6], the direct frequency response
method [7], the iterative complex eigensolution [8], and the
asymptotic solution method [9,10]. More details about these meth-
odologies can be found in Ref. [11]. The last aspect, which is the
main topic of this paper, concerns the used assumptions for the
description of the kinematics of the viscoelastic structures. Since
damping treatments are conceived to maximize shear deforma-
tions of the viscoelastic layer, an accurate prediction of the stress
distribution is of primary importance. For this reason, many dis-
placement theories based on beam, plate/shell and solid assump-
tions have been proposed using analytical and numerical
approaches. For instance, Kerwin [12] analytically solved the
vibrational problem for simply supported or infinitely long visco-
elastic beams. The lack of generality of Kerwin’s theory was over-
come by Di Taranto [13], which considered finite-length beams
subjected to arbitrary boundary conditions. Over the years, other
examples of analytical solutions were proposed by Mead and Mar-
kus [14], Yan and Dowell [15], Rao [16] and Bhimaraddi [17].
With the purpose of modeling more complex configurations, the
FEM has been extended to the viscoelastic problem. According to
the sandwich modeling technique, several beam [10,18–20] and
plate [9,21] elements have been proposed in the literature. In these
works, Euler–Bernoulli and Kirchoff–Love theories were used for
assuming the displacement field of the constraining layers,
whereas the soft-core kinematics was approximated by the first-
order shear deformation models, namely the Timoshenko and
Reissner–Mindlin theories. As stated in Ref. [22], these kinematic
assumptions imply that the structure does not experience signifi-
cant strains or stresses associated with the thickness direction.
Hence, this hypothesis may lead to inaccurate results when, for
instance, a thick viscoelastic layer is considered. Significant
improvements can be achieved using higher-order theories, such
as Refs. [7], [22], and [23].

Another usual technique to simulate the behavior of visco-
elastic structures is the use of commercial software, which enables
us to combine different FEs (beam, plate, and solid FEs). Useful
insights about this methodology were provided in Refs. [24] and
[25], where MSC.NASTRAN FEs were used to model three-layered
planar structures. In particular, plate and solid assemblies, full-3D
solutions, and equivalent FEs were evaluated in terms of accuracy
and computational costs. Although 3D models provide accurate
results, their use may involve two main problems, namely a high
computational cost for complex geometries and numerical patholo-
gies such as the shear-locking, which require the use of dedicated
numerical techniques (reduced selective integration, MITC, etc.)
[25,26].

To provide an alternative to the 3D modeling preserving the
numerical efficiency of 1D theories, this paper presents the vibra-
tional study of viscoelastic structures through an advanced beam
formulation. The higher-order beam theories have been derived
from the CUF [27], which allows to conceive an infinite number
of kinematic theories. Within the CUF framework, the compo-
nentwise (CW) approach has been here adopted to approximate
the displacement field of each structural component. The CW
approach exploits the inherent capability of Lagrange-type expan-
sions (LEs) CUF beam models to be assembled at the cross sec-
tion level. The CW methodology allows only beam elements to be
used to model each component of the structures (constraining
layer, base, viscoelastic core, etc.) with arbitrary kinematic
assumptions, which depend on the characteristics of the compo-
nents (deformability, mechanical properties, etc.). Moreover, only
physical surfaces are employed to build the mathematical model.
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The enhanced capabilities of the CW–CUF approach have already
been observed in static and dynamic analyses of aeronautical,
civil, and composite structures [28,29]. Numerical assessments
have been performed on symmetric and asymmetric three-layered
beams with isotropic and orthotropic constraining layers and I-
shaped damper. The results have been reported in terms of fre-
quencies and modal loss factors, and they have been compared
with 3D numerical solutions and with results available in the liter-
ature. The article is organized as follows: Section 1 presents the
basic notions of the LE formulation; Section 2 contains the pre-
liminaries for the viscoelastic problem; Section 3 is devoted to the
numerical results, and the concluding remarks are given in Sec. 4.

2 The Kinematic Assumption: Lagrange-like

Expansions

According to the unified formulation, the displacement field is
an expansion of generic cross-sectional functions, Fs

uðx; y; zÞ ¼ Fsðx; zÞusðyÞ s ¼ 1; 2;…;M (1)

where us is the vector of the generalized displacement, M is the
number of terms of the expansion, and in according to the general-
ized Einstein’s notation, s indicates summation. In this work, the
functions, Fs(x, z), are Lagrange-like polynomials and the isopara-
metric formulation is used to deal with arbitrary shape geometries.
For the nine-point element (hereafter referred as L9), the interpo-
lation functions are given by

Fs ¼
1

4
r2þ rrs

� �
s2þ sss

� �
s¼ 1;3;5;7

Fs ¼
1

2
s2
s s2� sss

� �
1� r2ð Þþ 1

2
r2
s r2� rrs

� �
1� s2ð Þ s¼ 2;4;6;8

Fs ¼ 1� r2ð Þ 1� s2ð Þ s¼ 9

(2)

where r and s vary from �1 to þ1, whereas rs and ss are the
coordinates of the nine points in the natural coordinate frame (see
Fig. 1).

The displacement field of a L9 element is therefore

ux ¼ F1ux1
þ F2ux2

þ F3ux3
þ � � � þ F9ux9

uy ¼ F1uy1
þ F2uy2

þ F3uy3
þ � � � þ F9uy9

uz ¼ F1uz1
þ F2uz2

þ F3uz3
þ � � � þ F9uz9

(3)

where ux1
;…; uz9

are the displacement variables of the problem
and they represent the translational displacement components of
each points of the L9 element. The beam cross section can be dis-
cretized by using several L-elements for further refinements. For
more details on Lagrange 1D models, the authors suggest to refer
to Refs. [30] and [31], where Lagrange elements with 3, 4, 6, and
16 nodes were described.

2.1 Preliminaries and 1D-CUF FEs. The classical FE tech-
nique enables arbitrary shaped cross sections and boundary condi-
tions to be considered. The generalized displacement vector is

usðyÞ ¼ NiðyÞqsi (4)

where qsi is the nodal displacement vector

qsi ¼ f quxsi
quysi

quzsi
gT

(5)

The Lagrangian shape functions Ni are reported in Ref. [32] (Sec.
5.2.2) for beam elements with two, three, and four nodes. The
PVDs is here adopted in order to derive the equations of motion

dLint ¼ dLext þ dLine (6)

where d stands for virtual variation, Lint and Line are the strain and
inertial energies, respectively. Assuming that the work of external
loadings Lext is null, Eq. (6) becomes

dLine � dLint ¼
ð

V

ðduTq€uÞdV �
ð

V

ðdeT
p rp þ deT

n rnÞdV ¼ 0 (7)

where €u is the acceleration and, q is the material density. The
stresses r and strains e are grouped as it follows:

ep ¼ fezz exx exzgT rp ¼ frzz rxx rxzgT

en ¼ fezy exy eyygT rn ¼ frzy rxy ryygT (8)

The subscript p refers to the terms lying on the cross section,
while n refers to those lying on the orthogonal planes to the cross
section. The linear strain–displacement relations and Hooke’s law
are, respectively,

ep ¼ Dpu

en ¼ ðDny þ DnpÞu
(9)

rp ¼ ~Cppep þ ~Cpnen

rn ¼ ~Cnpep þ ~Cnnen

(10)

in which Dp, Dny, and Dnp are the linear differential operators
reported in Ref. [32].

For isotropic and orthotropic materials, the explicit forms of the
coefficients of the ~C matrices are reported in Ref. [33]. In this
paper, the complex modulus approach has been used to define the
viscoelastic materials properties. According to this methodology,
the usual engineering moduli are defined as complex quantities.
For example, the Young’s modulus is

EðixÞ ¼ Ec0ðxÞ � ð1þ igcðxÞÞ (11)

where Ec0(x) is the storage modulus, gc(x) is the corresponding
material loss factor, and i ¼

ffiffiffiffiffiffiffi
�1
p

.
The virtual variation of the strain energy is written in a compact

form using Eqs. (1), (4), (9), and (10)

dLint ¼ dqsi
TKijssqsi (12)

The K
ijss is the complex fundamental nucleus of the stiffness

matrix

Kijss ¼ Iij
l / ðD T

np Fs IÞ ~C
k

np ðDp Fs IÞ þ ~C
k

nn ðDnp Fs IÞ
h i

þðD T
p Fs IÞ ~C

k

pp ðDp Fs IÞ þ ~C
k

pn ðDnp Fs IÞ
h i

�X

þI
ij;y
l / ðDT

np Fs IÞ ~C
k

nn þ ðD T
p Fs IÞ ~C

k

pn

h i
Fs �X IX y

þI
i;yj
l IX y / Fs

~C
k

np ðDp Fs IÞ þ ~C
k

nn ðDnp Fs IÞ
h i

�X

þI
i;yj;y
l IX y / Fs

~C
k

nn Fs �X IX y

(13)

where

IX y ¼
0 0 1

1 0 0

0 1 0

2
4

3
5 / … �X ¼

ð
X

… dX (14)

ðIij
l ; I

ij;y
l ; I

i;yj
l ; I

i;yj;y
l Þ ¼

ð
l

ðNi Nj; Ni Nj;y ; Ni;y Nj; Ni;y Nj;yÞ dy (15)

The virtual variation of the inertial energy is

dLine ¼
ð

l

dqT
siNi

ð
X
qkðFsIÞðFsIÞ dX

� �
Nj €qsj dy (16)
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where €q is the nodal acceleration vector and qk is the material
density of the generic structural components. The last equation
can be written in the following compact manner:

dLine ¼
ð

l

dqT
siM

ijss€qsj dy (17)

where M
ijss is the real-valued mass matrix in fundamental nucleus

form. Its components are

Mxx
ijss ¼ Myy

ijss ¼ Mzz
ijss ¼ Iij

l / ðFsq
kIFsÞ�

Mxy
ijss ¼ Mxz

ijss ¼ Myx
ijss ¼ Myz

ijss ¼ Mzx
ijss ¼ Mzy

ijss ¼ 0 (18)

Homogeneous equations of motion are solved assuming a periodic
solution q ¼ �q�eix�t in order to determine the complex eigenval-
ues (K�n ¼ Kn þ i K0n) and corresponding complex eigenvectors
(�qn) of the system

ð�K�nMþKðxnÞÞ�qn ¼ 0 (19)

The damped frequencies are related to the real part of complex
eigenvalues (xn ¼

ffiffiffiffi
K
p

n), while the modal loss factors are defined
as gn ¼ ðK0nÞ=ðKnÞ. Since the storage modulus and the material
loss factor may be, in general, functions of the angular vibrational
frequency, the eigenvalue problem of Eq. (19) is nonlinear and,

hence, it is solved through an iterative process. The convergence
of the method is reached when

k xj � xj�1 k
xj�1

� e

where xj and xj�1 are the current and previous iteration frequen-
cies, respectively, and e is the tolerance.

3 Numerical Results

3.1 Viscoelastic Beams With Isotropic Constraining
Layers. A sandwich beam with a rectangular cross section, metal-
lic faces, and a viscoelastic core has been analysed (see Fig. 2).
The length and the width of the cantilevered structure have been
assumed equal to L¼ 0.3 m and b¼ 0.05 m, respectively. The
lower and upper constraining faces with thicknesses hfb¼ 0.0012
and hft¼ 0.0008 m, respectively, have been made of aluminum
with Young’s modulus Ef ¼ 64 GPa, density qf ¼ 2695 kg/m�3,
and Poisson’s ratio �f ¼ 0.32. The material properties of the thin

Fig. 2 Dimensions of rectangular cross section beam

Table 1 Frequencies (Hz) and modal loss factors of the asymmetric beam

f1 f2 f3 f4 f5 f6 f7 f8

Bending frequencies
Exp. [18] 16 80 210 391 625 908 1241 1622
FEM [18] 16 80 212 395 631 915 1247 1628
5 B4 16.260 83.916 222.92 418.06 670.15 986.91 1373.2 1863.9
8 B4 16.226 83.735 222.36 416.53 665.83 967.02 1320.0 1725.4
10 B4 16.215 83.676 222.20 416.18 665.11 965.38 1316.2 1718.1
15 B4 16.200 83.596 221.98 415.75 664.36 964.07 1313.7 1713.1

Bending loss factors
Exp. [18] 0.055 0.156 0.206 0.223 0.223 0.216 0.205 0.191
FEM [18] 0.058 0.164 0.214 0.231 0.230 0.220 0.206 0.190
5 B4 0.054 0.165 0.213 0.233 0.234 0.226 0.211 0.193
8 B4 0.054 0.165 0.214 0.234 0.235 0.228 0.216 0.200
10 B4 0.054 0.165 0.214 0.234 0.235 0.228 0.216 0.201
15 B4 0.054 0.165 0.214 0.234 0.235 0.228 0.216 0.201

Fig. 3 Root loci related to the first six torsional mode shapes
of the asymmetric structure

Fig. 1 Coordinates mapping between coordinate systems
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core (hc¼ 0.0001016 m) have been assumed frequency-
dependent, according to the following viscoelastic laws:

Gc ¼ 2:783� 1:023

zG
zG ¼ 0:394þ 0:0003736f

gc ¼ 1:683þ 0:001468

zg
� 0:5274

z0:25
g

zg ¼ 0:005þ 0:0006134f

where f (Hz) is the natural frequency. A convergence study has
been performed to evaluate the effects of the number of four-node
beam elements (B4) along the longitudinal axis. For each mathe-
matical model, three LE9 (one per each layer) have been used to
discretize the cross section. The results related to the first eight
flexural mode shapes are listed in Table 1 where, for comparison

purposes, numerical and experimental results presented in Ref.
[18] are reported. The comparisons have revealed that the pro-
posed approach yields values close to the reference solutions and,
eight B4 elements ensure the convergence of frequencies and
modal loss factors for the considered mode shapes. Figure 3 shows
the root loci for the first six torsional mode shapes obtained from
the above mathematical models. The curves related to the differ-
ent discretizations are almost overlapped since the number of
beam elements does not significantly affect torsional eigenvalues.
Furthermore, it is noteworthy that the torsional loss factors have
the same order of magnitude of those related to the flexural modes
of Table 1.

In the second assessment, a symmetric sandwich beam has been
considered. The structure consisted of a viscoelastic core with
thickness hc¼ 0.127 mm constrained between two metallic layers
with Young’s modulus Ef¼ 69 GPa, density qf¼ 2766 kg/m�3,

Table 2 Frequencies, f (Hz), as functions of the core loss factor gc

gc f1 f2 f3 f4 f5 f6 fþ7 fþ8

0.1 Ref. [14] 64.075 296.41 743.7 1393.9 2261.09 — — —
Ref. [34] 63.614 294.236 738.028 1382.912 2242.606 3315.226 — —
Ref. [10] 64.1 296.6 744.4 1395.6 2264.5 3349.7 — —
3D FEa 64.524 298.338 749.571 1409.876 2299.435 3425.558 850.224 2567.734
3D FEb 64.417 297.686 747.294 1401.857 2277.416 3373.856 966.230 2921.406
3D FEc 64.374 297.835 747.367 1401.194 2273.752 3363.731 1001.933 3030.627

LE9 64.373 297.867 747.515 1401.733 2275.652 3369.951 1031.143 3118.251

1.0 Ref. [14] 67.41 302.8 748.6 1396.6 2262.88 — — —
Ref. [34] 67.251 302.307 745.001 1386.887 2245.306 3317.018 — —
Ref. [10] 67.4 303.0 749.4 1397.9 2266.3 3350.9 — —
3D FEa 68.215 306.449 756.402 1413.870 2301.861 3427.000 850.769 2570.417
3D FEb 68.106 305.800 754.256 1405.771 2280.058 3375.561 966.864 2924.931
3D FEc 68.052 305.965 754.345 1405.157 2276.435 3365.485 1002.632 3034.714

LE9 68.050 306.001 754.503 1405.708 2278.336 3371.720 1031.851 3122.600

1.5 Ref. [14] 69.88 308.85 754.0 1397.7 2265.0 — — —
Ref. [34] 69.816 309.855 753.161 1391.618 2248.594 3319.181 — —
Ref. [10] 69.9 309.1 755.2 1401.4 2268.4 3352.3 — —
3D FEa 70.819 314.047 764.418 1418.096 2304.828 3428.824 851.185 2572.127
3D FEb 70.707 313.400 762.404 1410.439 2283.277 3377.640 967.333 2926.937
3D FEc 70.645 313.575 762.520 1409.877 2279.704 3367.621 1003.142 3036.941

LE9 70.643 313.614 762.687 1410.441 2281.621 3373.871 1032.369 3124.899

Note: “þ”: frequencies related to torsional mode shapes.

Table 3 Loss factors, g (%), as functions of the core loss factor gc

gc f1 f2 f3 f4 f5 f6 fþ7 fþ8

0.1 Ref. [14] 2.815 2.424 1.54 0.889 0.573 — — —
Ref. [34] 2.813 2.426 1.544 0.891 0.574 0.392 — —
Ref. [10] 2.81 2.42 1.54 0.88 0.57 0.39 — —
3D FEa 2.815 2.410 1.515 0.857 0.537 0.354 0.149 0.161
3D FEb 2.816 2.417 1.530 0.877 0.561 0.378 0.151 0.169
3D FEc 2.810 2.415 1.532 0.881 0.566 0.384 0.157 0.178

LE9 2.809 2.415 1.532 0.881 0.566 0.384 0.152 0.176

1.0 Ref. [14] 20.22 21.77 15.02 8.81 5.7 — — —
Ref. [34] 20.202 21.786 15.056 8.833 5.719 3.909 — —
Ref. [10] 20.2 21.7 15.0 8.8 5.7 3.8 — —
3D FEa 20.027 21.411 14.704 8.480 5.350 3.527 1.418 1.470
3D FEb 20.031 21.477 14.839 8.678 5.578 3.772 1.431 1.496
3D FEc 19.984 21.443 14.853 8.714 5.628 3.828 1.480 1.558

LE9 19.781 21.201 14.776 8.703 5.629 3.829 1.429 1.517

1.5 Ref. [14] 22.956 29.625 21.9 13.095 8.52 — — —
Ref. [34] 22.938 29.650 21.935 13.128 8.541 5.845 — —
Ref. [10] 22.95 29.55 21.75 13.05 8.4 5.7 — —
3D FEa 22.679 28.956 21.317 12.584 7.986 5.279 2.059 2.086
3D FEb 22.678 28.965 21.494 12.872 8.323 5.644 2.076 2.109
3D FEc 22.626 28.908 21.514 12.923 8.398 5.727 2.146 2.185

LE9 22.333 28.319 21.272 12.877 8.390 5.726 2.068 2.119

Note: “þ”: frequencies related to torsional mode shapes.
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Poisson’s ratio �f¼ 0.3, and thickness hfb¼ hft¼ 1.524 mm. The
beam length and the width dimension have been assumed equal to
L¼ 177.8 mm and b¼ 12.7 mm, respectively. This beam configu-
ration was extensively analysed in previous works by assuming
either constant or frequency-dependent properties of the core. For
the case of constant values of gc, the storage core modulus, the
density, and the Poisson’s ratio of the core have been assumed
equal to Ec0¼ 1.794 MPa, qc¼ 968.13 kg/m�3, and �c¼ 0.3,
respectively. Tables 2 and 3 list the damped frequencies and the
modal loss factors for different gc. The values obtained with three
LE9 are compared with solutions available in the literature and
those derived from three different 3D FE models. In particular,
the 3D FEa model consisted of two eight-node brick elements
along the width direction, three elements (one per each layer)
along the thickness and 25 elements along the longitudinal axis
(1575 degrees-of-freedom (DOF)). The second solution (3D FEb)
has been obtained by using a twice number of elements through
the three directions (9450DOFs). Finally, the 3D FEc mesh
(63,000DOFs) has been built by using 9, 20, and 100 elements
along the thickness, the width, and the length of the beam, respec-
tively. For the flexural mode shapes, the comparisons have
revealed a significant agreement between the various approaches,
both in terms of frequencies and modal loss factors. As far as tor-
sional deformations (seventh and eighth columns) are concerned,
the first two solid solutions have predicted lower torsional fre-
quencies respecting to the CUF and 3D FEc results. The first two
models, which are clearly not convergent, were built using FEs
with large values of dimensional ratios (A.R. ’ 150). The signifi-
cant dimensional distortion has led to an inaccurate prediction of
torsional frequencies with respect to the finest solid solution and,
the appearance of spurious mode shapes. It should be noted that
the proposed beam solution has required the same number of
DOFs of the coarsest solid model (1575DOFs). For the frequency-
dependent case [10], the core has been considered made of 3M
ISD112 viscoelastic material whose mechanical properties vary
according to the following equation:

Gc xð Þ ¼ G0 1þ
X3

j¼1

Dj x
x� i Xj

0
@

1
A (20)

where G0 is the shear modulus of the delayed elasticity and (Dj,
Xj) the Maxwell parameters obtained by master curves fitting (see

Table 4). The density of the 3M ISD112 material and its Poisson’s
ratio have been assumed equal to qc¼ 1600 kg/m�3 and �c¼ 0.49,
respectively. The frequencies and loss factors related to the first
four bending modes are shown in Table 5. For comparison pur-
poses, the results obtained from the approached complex eigenm-
odes (ACMs) and exact complex eigenmodes (ECMs) techniques
presented in Ref. [10] have been reported. The analyses have been
performed adopting either 9- or 16-node Lagrange elements (one
element per each layer). For both temperature values, the compar-
isons have pointed out the significant agreement with the refer-
ence solutions. For the first torsional mode, as expected, the LE16
model predicts lower frequencies and higher loss factors than
those obtained from the LE9 discretization.

3.2 Viscoelastic Beams With Orthotropic Constraining
Layers. In order to evaluate the effects of lamination sequence on
the dynamics of viscoelastic structures, the constraining layers
have been considered made of orthotropic material with
E11¼ 138.6 MPa, E22¼E33¼ 8.27 MPa, �12¼ �13¼ �23¼ 0.3,
G12¼G13¼G23¼ 4.12 MPa and, qf¼ 1824 kg/m�3. The density
and Poisson’s ratio of the core have been assumed equal to
qc¼ 999 kg/m�3 and �c¼ 0.3, respectively, while the Young’s
modulus has been again assumed constant (Ec0¼ 1.794 MPa).
First, assuming gc¼ 0.6 and the fiber angle as a problem parame-
ter according to the [h/core/�h] scheme, the analyses have been
performed with three LE16 and three LE9 models. Table 6 lists
frequencies and the modal loss factors related to the first four flex-
ural mode shapes. The comparisons with 3D FEc solutions
(63,000DOFs) have demonstrated the significant accuracy of the
CW approach. As expected, the use of the higher-order displace-
ment expansion (LE16) slightly improves the results. Moreover,
Fig. 4 shows the variations of frequencies and modal loss factors
as functions of the fiber angle for the first torsional mode. As
shown in Fig. 4(a), the use of cubic expansions within Lagrange
elements determines significant improvements in the computation
of frequencies. Conversely, the CUF curves related to the modal
loss factors (see Fig. 4(b)) are almost overlapped.

Second, the symmetric lamination sequence [h/core/h] has been
evaluated. This configuration involves significant bending-torsion
coupling. The results derived from analyses performed with the
16-node Lagrange elements are graphically shown in Fig. 5 for
gc¼ 1.5. In particular, Figs. 5(a) and 5(b) show frequencies and
loss factors related to modes dominated by the bending whereas
the remaining graphs, Figs. 5(c) and 5(d), concern the first tor-
sional mode shape. As usual, 3D solutions have been taken as ref-
erence values. The comparisons have pointed out the good
agreement between the two approaches also for the symmetric
lamination sequence.

3.3 The I-Beam Damper. The I-beam acts as a constraining
layer by inducing thickness deformation in the adhesive and pro-
viding the required bending stiffness. The considered structure
and the section dimensions are shown in Fig. 6(a). Both base and

Table 4 Maxwell series terms at 27 �C and 20 �C of 3M ISD112

27 �C 20 �C

j G0 (MPa) Dj Xj (rad s�1) G0 (MPa) Dj Xj (rad s�1)

1 0.5 0.746 468.7 0.0511 2.8164 31.1176
2 — 3.265 4742.4 — 13.1162 446.4542
3 — 43.284 71532.5 — 45.4655 5502.5318

Table 5 Frequencies (Hz) and modal loss factors for the viscoelastic law of Eq. (20)

f1 f2 f3 f4 fþ5 g1 g2 g3 g4 gþ5

27 �C
ACM [10] 65.04 322.47 839.97 1556.38 — 0.159 0.260 0.288 0.270 —
ECM [10] 65.34 326.08 849.49 1567.53 — 0.156 0.255 0.278 0.269 —
LE16 65.801 330.750 865.909 1595.476 1025.140 0.158 0.261 0.284 0.272 0.0474
LE9 65.809 330.811 866.110 1595.992 1042.472 0.158 0.261 0.284 0.272 0.0469

20 �C
ACM [10] 61.96 314.58 821.85 1530.85 — 0.262 0.198 0.169 0.0963 —
ECM [10] 63.07 316.54 823.29 1530.60 — 0.196 0.187 0.160 0.0948 —
LE16 64.992 323.168 840.875 1546.769 1024.844 0.220 0.199 0.156 0.0864 0.0210
LE9 65.001 323.228 841.071 1547.264 1042.197 0.220 0.199 0.156 0.0863 0.0205

Note: “þ”: frequencies and loss factors related to torsional mode shape.
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I-beam are made of aluminum with Young’s modulus
Ef¼ 69 GPa, density qf¼ 2766 kg/m�3 and, �f¼ 0.3. The mechan-
ical properties of the adhesive are the same of those used in Sec.
2, assuming gc equal to 1.5. The analyses have been performed by
using the 1D-CUF LE9 elements as shown in Fig. 6(a). The
results are shown in Fig. 7, where the first ten modes, frequencies
and modal loss factors are compared with those obtained from a
convergent 3D FE solution (see Fig. 6(b)). Besides the bending
modes, the proposed 1D element enables the structure kinematics
to be described by detecting torsional, shear, and shell-type defor-
mations. Despite the structure being stubby, the agreement of 1D-

CUF results with the reference solution is significant, especially in
terms of frequencies. As expected, the modal shapes characterized
by the highest damping values mainly involve the motions of the
base since the viscoelastic adhesive undergoes to significant
deformations (see Figs. 7(e), 7(g), and 7(h)).

4 Conclusions

New beam FEs based on the CW approach have been used for
the study of the dynamics of structures with passive damping. The
higher-order beam elements have been obtained through the CUF.

Table 6 Frequencies (Hz) and modal loss factors for the viscoelastic beam with orthotropic constraining layers (gc 5 0.6)

h deg 0 15 30 45 60 75 90

3D f1 102.263 82.444 55.721 40.213 34.779 33.162 33.040
f2 478.762 417.611 293.802 211.338 182.641 172.425 171.834
f3 1227.24 1074.70 743.966 517.812 441.515 418.035 416.614
f4 2324.74 2017.15 1373.62 923.191 770.612 731.512 728.888

LE16 f1 102.268 82.697 56.015 40.394 34.862 33.524 33.391
f2 478.768 419.382 295.801 212.536 183.162 176.298 175.643
f3 1226.93 1079.92 750.022 521.135 442.815 425.718 424.154
f4 2323.15 2027.71 1386.80 930.128 773.027 740.492 737.627

LE9 f1 102.280 83.571 56.807 40.656 34.901 33.526 33.391
f2 479.047 426.079 301.979 214.841 183.527 176.319 175.649
f3 1228.68 1100.90 771.971 530.518 444.259 425.795 424.180
f4 2329.33 2072.59 1440.67 956.961 777.246 740.704 737.706

3D g1 0.174 0.087 0.051 0.046 0.044 0.043 0.043
g2 0.105 0.096 0.115 0.140 0.148 0.149 0.148
g3 0.054 0.070 0.110 0.156 0.176 0.179 0.179
g4 0.028 0.052 0.095 0.141 0.169 0.174 0.175

LE16 g1 0.173 0.086 0.050 0.045 0.043 0.042 0.042
g2 0.105 0.095 0.113 0.139 0.148 0.148 0.148
g3 0.054 0.069 0.108 0.154 0.175 0.178 0.178
g4 0.028 0.051 0.093 0.139 0.167 0.173 0.173

LE9 g1 0.173 0.084 0.049 0.044 0.043 0.042 0.042
g2 0.105 0.092 0.110 0.136 0.147 0.148 0.148
g3 0.054 0.068 0.105 0.150 0.174 0.178 0.178
g4 0.028 0.051 0.091 0.134 0.166 0.173 0.173

Fig. 4 Frequencies (a) and modal loss factors and (b) related to the first torsional mode
shape of the orthotropic beam [h/core/2h]. gc 5 0.6
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The complex modulus approach was adopted in order to describe
the damping characteristics of viscoelastic materials. The material
properties were considered either constant or frequency-
dependent. Numerical simulations were performed on beamlike

structures with rectangular and I-shaped section. The constraining
layers were considered made of both metallic and orthotropic
materials. The comparisons with results available in the literature
and 3D FE solutions pointed out the valuable capabilities of the

Fig. 5 Frequencies and modal loss factors related to the first mode shapes of the orthotropic
beam [h/core/h]. gc 5 1.5. “—”: 3D FE, “– – –”: 3L16 (a) bending frequencies, (b) bending loss
factors, (c) torsional frequencies, and (d) torsional loss factors.

Fig. 6 Dimensions (mm) and numerical models for the I-beam damper: (a) LE9 model (5475DOFs) and (b) solid model
(56,400DOFs)
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proposed method in the study of damped structures. Besides the
bending frequencies, which are typically provided by the beam
approach, the 1D-CUF elements have enabled the torsional, shell-
like, and coupled modes to be investigated. This capability may
be extremely useful when viscoelastic materials are used to pas-
sively control dynamic instabilities, for example, the bending-
torsional flutter and, instabilities of rotating structures.
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