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1. Evaluation of failure parameters in composite plates
1.1.1. Introduction

The failure analysis of simply supported, orthotropic plates subjected to global/local bending

loadings is performed via the Finite Element Method (FEM). Carrera's Unified Formulation (CUF) is adopted in order to implement a large variety of two-dimensional theories that work for both thick and thin composite plates. A nine-nodes element is used, in which the MITC (Mixed Interpolation of Tensorial Components) method is employed to contrast the locking phenomenon that affects finite elements. The minimum first-ply failure loading and the failure locations are obtained via equivalent-single layer (EDN), zig-zag (EDZN) and layer-wise theories (LDN), where N is the order of expansion of the displacements in the thickness direction. Maximum stress, Tsai-Wu's, Tsai-Hill's and Hashin's failure criteria are assumed. The accuracy of two-dimensional theories has been already assessed via comparison with the three-dimensional solutions, calculated analytically, and it has been demonstrated that the CUF permits to describe very accurately the stress field in the plate. 
1.1.2.  Brief overview of failure criteria
The analytical definition of 3-dimensional failure criteria used in this work is given. 

The first criterion is the ‘Maximum stress criterion’ that doesn’t consider any interaction between different stress components. The failure occurs when the stress in any direction exceeds the stress associated to the failure. If the cartesian material reference system is considered and fibers are taken parallel to axis 1, the conditions for failure can be stated as:
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Xt and Xc are respectively the material strength in the fiber direction under tension and compression (longitudinal tensile and compressive strengths). Yt and Yc are respectively the material strength normal to the fiber direction under tension and compression (transverse tensile and compressive strengths). S is the longitudinal shear strength. The failure index (FI) can be obtained as:
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being X= Xt or X= -Xc if σ11(0 or σ11<0, Y= Yt or Y= -Yc if σ22(0 or σ22<0 and Z= Yt or Z= -Yc if σ33(0 or σ33<0.
The Tsai-Wu criterion was not derived from a physical basis, but it was formulated in order to fit experimental results [22,23]. It is an interactive approach in which the failure condition is expressed by the following inequality:
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where:
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The Tsai-Hill criterion was formulated by referring to distorsonal energy [24,25] and is thus an interactive criterion. The condition for failure is given by the following inequality:
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where the parameters  X, Y and Z depend on the considered quadrant of the coordinate plane, being X=Xt or X=Xc if σ11(0 or σ11<0, Y=Yt or Y=Yc if σ22(0 or σ22<0 and Z=Yt or Z=Yc if σ33(0 or σ33<0, respectively. 
The Hashin criterion proposes a combination of three interactive and non-interactive conditions in order to distinguish between fiber, matrix and interlaminar failure caused by tension or compression. The conditions for failure are given by the following inequalities.
Fiber failure:
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Matrix failure:
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Interlaminar failure:
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1.1.3. Numerical results
The first-ply failure loading can be obtained for each criterion via some algebraic manipulations and thanks to the problem linearity. The symmetric configuration [0°/90°]S is studied above all, even though the influence of the lamination sequence on the minimum failure loading is investigated. Ply angles are measured with respect to the x axis. The plies are all made of T300/5208 graphite/epoxy. The mechanical material properties are:
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The material strengths are:
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The plies all have the same thickness. Unless otherwise specified, the plate sides are of equal length. A uniform loading acts on the plate top and it is directed along the positive direction of the through-the-thickness axis. A mesh 10X10 is considered that is enough to ensure the convergence of the solution for both thick and thin plates. The analyses were carried out in order to investigate the effects on the failure loadings and on the accuracy of the CUF two-dimensional models of the side-to-thickness ratio a/h and the laminate lay-up.
The minimum first-ply failure loadings and locations computed via the three-dimensional exact solution and CUF two-dimensional FEM models are presented in Table 1-4. In the case where a two-dimensional theory predicts a failure location that is coincident with the one obtained via the 3D solution, the ratio between the two solutions is reported. The considered criteria all predict the failure to occur at the top of the center point in the case of a/h as low as 50.

For a/h as high as 10, the polynomial criteria yield a failure that occurs at the bottom of the plate, while for maximum stress and Hashin's one, the top of the center point fails first. This is due to the importance that the normal out-of-plane stress component σ33 assumes on each criterion. In all of the cases, failure is due to the normal stress components. Tsai-Wu's criterion is the least conservative for a/h=5. In all of the remaining cases, the minimum among the minimum failure load is predicted by Hashin's criterion. According to this criterion, failure is due to the tension of the matrix. Failure is predicted to occur at the plate top, which is in tension, and in the case of fiber failure Hashin's criterion would yield the same failure value as the maximum stress one. The values are quite widespread; the ratio between the minimum and the maximum values is equal to 0.86 for a/h=100 and 50 and it decreases to 0.34 in the case of very thick plates. ED4 slightly underestimates the failure loads for a/h=50 and, in the case of very thick plates, it overestimates them by about 1% for a/h=10 and 5. EDZ3 behaves in the opposite manner. LW models are very accurate for any value of the side-to-thickness ratio. In most cases, they are conservative. In the cases in which they are not conservative, the difference from the exact solution is negligible.
The influence of the lamination sequence is presented in Figures 1 and 2. Relatively thick, a/h=10, and thick, a/h=5, plates are accounted for. The total laminate thickness is kept constant.

0° and 90° degree layers have been alternatively added in order to obtain a symmetrical stacking sequence. The results have been obtained via the Tsai-Wu's and Hashin's criteria. The failure mechanics is not influenced by the stacking sequence, the failure locations being equal to those

addressed in Tables 1-4. For a/h=10, lamination [0°/90°/0°]S yields the maximum value of the failure loading. It is higher than the reference lamination lay-up by about 4%. In the case of thick plates, after a growth in correspondence to the first three configurations, the value remains almost constant. An improvement between 11% and 18%, with respect to the reference configuration, is obtained depending on the failure criterion. The considerations previously addressed about the two-dimensional models have been confirmed here.
[image: image12.png]Table 1: Minimum first-ply failure loading values, locations and errors via the maximum stress criterion.

afl 00 50 10 5 2
[MPa]  x1072 x10-" x1 x10 x10
3D 665127 261237 5A918" 153287 391927

ED4  6.6380,1.00 2.6374, 1.00 54977, 1.00 1.5365, 1.00 3.8968, 0.99
EDZ3  6.6550, 1.00 2.6427, 1.00 5.4227,0.99 14721,0.96 3.4643, 0.8
LD4  6.6512,1.00 2.6423, .00 5.4953, 1.00  1.5333, 1.00 3.8918, 0.99

(a) failure location at the top of the center point. (4) 2D-3D minimum failure loading ratio in

the case of coincident failure locations.

Table 2: Minimum first-ply failure loading values, locations and errors via the Tsai-Wu’s criterion.

afh 100 50 0 5 2
[MPa]  x10-2 x10-" x1 x10 x10
3D 735447 2.9307 6.5436" 1.9672" 4.5953"
ED4  7.3391,1.00 2.9250, 1.00 1,100 19889101 45673, —
EDZ3 7.3580,1.00 29312, 1.00 6.4576,0.99 18880, —  4.2031, 091
LD4  7.3544,1.00 29308, 1.00 65436, .00 1.9673, 100 4.5770, 1.00

Tailure location at: (a) the top of the center point; (b) the bottom of the center point. (c) 2D-3D

minimum failure loading ratio in the case of coincident failure locations.

Table 3: Minimum first-ply failure loading values, locations and errors via the Tsai-Hill’s criterion.

afh 100 50 0 5 2
[MPa]  x10-2 x10-" x1 x10 x10
3D 6.3680" 25417 5.6318" 1.7533" 655747

ED4  6.3564, 1.00 25373, 1.00 5.6392, L00 L7704, LO1 55116, —
EDZ3  6.3714, 1.00 25420, 1.00  5.5675,0.99 16892, 0.96 54800, —
LD4  6.3680, 1.00 25417, 1.00 5.6319, .00 1.7533, LO0 6.5569, 1.00

Tailure location at: (a) the top of the center point; (b) the bottom of the center point. (c) 2D-3D

minimum failure loading ratio in the case of coincident failure locations.




[image: image13.png]Table

: Minimum first-ply failure loading values, locations and errors via the Hashin's criterion.
afl 00 50 10 5 2
[MPa]  x1072 x10-" x1 x10 x10
3D G.6135" 2.6303" 500577 L1951 22270

ED4  6.6303,1.00 2.6254, .00 5.0081, 1.00 1.1976, 1.00 2.2200, 1.00
EDZ3  6.6474, 1.00 2.6307, 1.00 9,0.99  1.1586, 0.97 2.0785, 0.93
LD4  6.6435, 1.00  2.6303, .00 5.0061, 1.00 1.1957, 1.00 2.2185, 1.00

(@) failure location at the top of the center point. (6) 2D-3D minimum failure loading ratio in

the case of coincident failure locations.
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Figure 1: Minimum failure loads versus lamination sequence via (a) Tsai-Wu's and (b) Hashin’s criteria for
a/h=10.
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Figure 2 Minimum failure loads versus lamination sequence via (a) Tsai-Wu's and (b) Hashin’s criteria for
a/h=5.




1.1.4. Some results from component-wise model
 
Maximum Stress criteria Failure Indices above the cross-section (failure condition in bending loading) are shown for a single cell modeled as a homogeneous layer and in CW perspective respectively in Figure 3 (a) and (b).
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Figure 3: Maximum Stress 3D Failure Index 

σYY Axial Stress distribution above a double cell cross-section in Component-Wise perspective is depicted in Figure 4. The detailed stress distribution of the stress field provides a more specific knowledge of the components behavior and makes easier the identification of failure initiation according to the employed criterion. In Figure 5 is shown FI distribution above the double cell cross-section for the Maximum Stress Criterion. A failure index equal to 1 indicates the critical condition for the failure achievement. 
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Figure 4: σYY Axial Stress distribution above a double fiber/matrix cell cross-section in Component-Wise approach 
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Figure 5: Failure Index Maximum Stress Criterion for a double fiber/matrix cell in Component-Wise approach 
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