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Summary

The aerospace structure design is one of the most challenging field in the mechanical
engineering. The advanced structural configurations, introduced to satisfy the weight
and strength requirements, require advanced analysis techniques able to predict com-
plex physical phenomena.

Finite Element Method, FEM, is one of the most used approach to perform analy-
ses of complex structures. The use of FEM method allows the classical structural
models to be used to investigate complex structures where a close form solution is
not available. The FEM formulation can be easily implemented in automatic calcu-
lation routines therefore this approach can take advantage of the improvements of
computers. In the last fifty years many commercial codes, base on FEM, has been
developed and commercialized, as examples it is possible to refer to Nastran R© by
MSC or Abaqus R© by Dassault Systémes.

All the commercial codes are based on classical structural models. The beam model
are based on Euler-Bernoulli or Timoshenko theories while two-dimensional models
deal with Kirchhoff or Mindlin theories. The limitations introduced by the kinematic
assumptions of such theories make the FEM elements based oh these models inef-
fective in the analysis of advanced structures. The physical phenomena introduced
by composite and smart materials, multi-field application and unconventional loads
configurations can not be investigated using the classical FEM models, where the
only solution improvement can be reached by refining the mesh and increasing the
number of degrees of freedom.

This scenario makes the development of advanced structural models very attractive in
the structural engineering. With the development of new materials and structural so-
lutions, a number of new structural models have been introduced in order to perform
an accurate design of advanced structures. Classical structural model have been im-
proved introducing more refined kinematics formulation. One- and two- dimensional
models are widely used in aerospace structure design, the limitations introduced by
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the classical models have been overcame by introducing refined kinematic formula-
tions able to deal with the complexities of the problems.

On the other hand, while in the classical models each point is characterized by 3
translations and 3 rotations, the use of advanced models with complex kinematic in-
troduces a number of complication in the analysis of complex geometries, in fact is
much more difficult to combine models with different kinematics.

The aim of this thesis is to develop new approaches that allow different kinematic
models to be used in the same structural analysis. The advanced models used in the
present thesis have been derived using the Carrera Unified Formulations, CUF. The
CUF allows any structural model do be derived by means of a general formulation
independent from the kinematics assumed by the theory. One-, two- and three- di-
mensional models are derived using the same approach. These models are therefore
combined together using different techniques in order to perform structural analysis
of complex structures.

The results show the capabilities of the present approach to deal with the analy-
sis of typical complex aerospace structure. The performances of variable kinematics
models have been investigated and many assessment have been proposed. This walled
structure, reinforced structure and composite and sandwich material have been con-
sidered. The advanced models introduced in this thesis have been used to perform
static, dynamic and aeroelastic analysis in order to highlight the capabilities of the
approach in different field. The results show that the present models are able to pro-
vide accurate results with a strong reduction in the computational cost with respect
classical approaches.
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Sommario

Il design delle strutture aerospaziali é uno dei campi di maggior interesse nell’ambito
dell’ingenieria meccanica. The configurazioni strutturali avanzate, introdutte per
soddisfare i requisiti di peso e rigidezza, richiedono tecniche di analisi avanzate in
grado di predire fenomeni fisici complessi.

Il metodo degli Elementi Finiti, FEM, é l’approccio piú usato nell’analisi di strut-
ture complesse. L’utilizzo del FEM permette di usare modelli strutturali classici per
l’analisi di strutture complesse, per le quali non Ã¨ a disposizione una soluzione in
forma chiusa. Il metodo FEM si presta ad una facile implementazione all’interno
di codici di calcolo automantico rendendolo molto efficace dati i continui miglio-
ramenti delle prestazioni dei moderni calcolatori. Negli ultimi cinquant’anni sono
stati sviluppati molti codici commerciali basati sul FEM, possiamo ricordare a titolo
di esempio il codice Nastran R© sviluppato dalla MSC or Abaqus R© della Dassault
Systémes.

Tutti i codici commerciali sono basati sui modelli strutturali classici. Gli elementi
trave sono basati sui modelli di Euler-Bernoulli o Timoshenko mentre i modelli bi-
dimensionali si rifanno alle teorie di Kirchhoff o Mindlin Le limitazioni introdotte
dalle approssimazioni cinematiche di queste teorie rendono tqli modelli poco efficaci
nell’analisi di structture avanzate. I complessi fenomeni fisici introdotti dai mate-
riali compositi, i materiali “smart” o le applicazioni multicampo non possono essere
studiate usando i modelli FEM classici, dove l’unica possibilitá di migliorare la solu-
zione risiede nell’infittimento della discretizzazione, aumentandone di conseguenza
il costo computazionale.

Lo sviluppo di modelli strutturali avanzati risulta quindi fondamentale. Con l’avvento
di nuovi materiali e soluzioni strutturali avanzate sono stati introdotti un gran nu-
mero di modelli strutturali innovativi. I modelli classici sono stati migliorati intro-
ducendo formulazioni cinematiche via via piú complesse. Nel design delle strut-
ture aerospaziali sono utilizzati modelli uni, bi e tridimensionali, in tutti i casi
l’introduzione di cinematiche complesse permette il superamento dei limiti propri
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dei modelli classici.

D’altra parte, mentre i modelli classici sono caratterizzati dall’assunzione di 6 gra-
di di libertá per nodo, 3 traslazionali e 3 rotazionali, i modelli strutturali avanzati
possono avere in ogni punto incognite diverse sia in numero che in natura rendendo
molto piú complessa l’operazione di unione tra mdoelli con diversa cinematica.

Lo scopo di questa tesi e sviluppare nuove tecniche che permettano di unire mo-
delli con cinematiche diverse. I modelli strutturali avanzati utilizzati in questa tesi
sono stati derivati usando la the Carrera Unified Formulations, CUF. La CUF per-
mette di derivare modelli con cinematica qualsiasi ustillizzando una formulazione
unificata, indipendente dalla cinematica scelta. Tale approccio é stato utilizzato per
sviluppare modelli a una, due o tre dimensioni. Tali modelli sono quindi stati com-
binati insieme in modo da poter svolgere analysis di strutture complesse.

I risultati mostrano la capacita di questi modelli di affrontare analisi di strutture
complesse tipiche delle costruzioni aerospaziali The prestazioni dei vari modelli pro-
posti sono tarte valutate e descritte nei particolari. Le analisis sono state rivolte
allo studio di strutture in parete sottile e gusci rinforzati, sia materiali compositi
che sandwich cono stati utilizzati nelle analisi. Sono state sviluppate analisi di tipo
statico, dinamico ed infine anche aeroelastico in modo da mostrare le capacitá di tali
modelli anche nelle analisi multicampo. Tali modelli si sono dimostrati capaci di for-
nire risulatai accurati riducendo drasticamente il costo computazionale dell’analisi
di strutture complesse.
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Introduction

The analysis of aeronautical structure is a challenging problem. These structures
are characterised by a large number of components and so are very complex to
investigate. In the past century many models have been proposed in order to analyse
parts of these complex structures. A possible approach in the analysis of complex
structures was proposed by Argiris and Kelsey [1960] by referring to the so-called
“force method”, see also Bruhn [1973]. These methods, even if based on some
strong assumptions, were widely employed in the preliminary design of aeronautical
structures.

In the last fifty years the use of computer allowed new methods to be used and
the number of unknowns to be increased dramatically. In this scenario a number of
new computational approaches was introduced in the design of aerospace structures.
Whatever the method used in the solution, all these approaches are based on classical
structural model. In particular two class of theories have been widely used: one-
dimensional model (rod/beam) and two-dimensional theories (plate/shell).

The introduction of advanced materials, e.g. composite materials, and the de-
velopment of complex structures pointed out the limits of classical theories and
required refined models.

Advanced structural models
The most used one-dimensional theories are those by Euler-Bernoulli [Euler, 1744],
de Saint-Venant [1856] and Timoshenko [1921]. The first two do not account for
transverse shear deformations while Timoshenko foresees a uniform shear distri-
bution along the cross-section of the beam. Mucichescu [1984] made a compar-
ison between Eulero-Bernoulli and Timoshenko. None of these are able to de-
tect non-classical effects such as warping, out- and in-plane deformations, torsion-
bending coupling and localized boundary conditions, both geometrical and mechan-
ical. These kinds of effects are usually due to small slenderness ratios, thin-walled
structures, and the anisotropy of the materials.
Many attempts have been proposed to overcome the limitations of classical theories
and to allows 1D models to be applied to any beam geometries subjected to any
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boundary conditions. Many examples of these models can be found in many well
known books on the theory of elasticity, for example by Novozhilov [1961].
Recent developments is beam models have been obtained by means of different ap-
proach: introduction of shear correction factors, use of warping functions based
on de Saint-Venat’s solution, variational asymptotic solution (VABS), generalized
beam theories (GBT), and higher order beam models. Some of the most relevant
contributions are discussed below.
A considerable amount of work has been done to try to improve the global response
of classical beam theories by the use of appropriate shear correction factors, as in
the books by Timoshenko and Woinowski-Krieger [1970] and by Sokolnikoff [1956].
Among the many available articles the papers by Cowper [1966], Krishna Murty
[1985], Pai and Schulz [1999], and Mechab et al. [2008] are of particular interest.
An extensive effort was made by Gruttmann and co-workers [Gruttmann et al.,
1999, Gruttmann and Wagner, 2001, Wagner and Gruttmann, 2002] to compute
shear correction factors, many structural types were considered: torsional and flex-
ural shearing stresses in prismatic beams, arbitrary shaped cross-sections, wide, and
thin-walled structures as well as bridge-like structures.
El Fatmi [2007b,c] introduced improvement of the displacement models over the
beam section by introducing a warping function φ to improve the description of
normal and shear stress of the beam. By means of this model end-effects due
to boundary condition were investigated as in the work by Krayterman and B.
[1987]. The de Saint-Venant solution has been the theoretical base of many ad-
vanced beam models. 3D elasticity equations were reduced to beam-like structures
by Ladéveze and Simmonds [1998]. The resulting solution was modeled as the sum
of a de Saint-Venant part and a residual part and applied to high aspect ratio
beams with thin walled sections. Further beam theories were based on the dis-
placements field proposed by Ieşan [1986] and solved by means of a semi-analytical
finite element by Dong et al. [2001]. Asymptotic type expansion in conjunction with
variational methods has been proposed by Berdichevsky et al. [1992] where a com-
mendable reviews of prior works on beam theory development is given. This work
has been the origin of an alternative approach to constructing refined beam the-
ories. A characteristic parameter (e.g. the cross-section thickness for a beam) is
exploited to build an asymptotic series. Those terms which exhibit the same order
of magnitude as the parameter when it vanishes are retained. Some valuable con-
tribution are those by Volovoi and Hodges [2000], Yu et al. [2002], Yu and Hodges
[2004]. Generalized beam theories were originated with Schardt’s work [Schardt,
1966, 1989]. GBT improves classical theories by using piece-wise beam description
of thin-wall sections. It has been extensively employed and extended in various
forms by Silvestre and Camotim [2002], Silvestre [2007].
A review was made by Kapania and Raciti [1989] focusing on: bending, vibration,
wave propagations, buckling and post-buckling. Aeroelastic problems of thin walled
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beams were considered in the articles by Librescu and Song [1992] and Qin and Librescu
[2002].
Many others higher-order theories have been introduced to include non-classical ef-
fects which are based on enhanced displacement fields over the beam cross-section.
Some considerations on higher order beam elements were made by Washizu [1968].
An advanced model was proposed by Kanok-Nukulchai and Shik Shin [1984]; they
improved classical finite beam elements introducing new degrees of freedom to de-
scribe cross-section behavior. The above literature overview clearly shows the inter-
est on further developments on refined theories for beams.

As for the one-dimensional models, also the classical two-dimensional models
are not able to deal with the advanced structure analyses. The Love-Kirchhoff
model does not take into account the shear stresses while they are included in the
Reissner-Mindlin model but are assumed constant over the thickness of the struc-
ture. Some theoretical details about these models can be found in the book by
Timoshenko and Goodier [1970] and Timoshenko and Woinowski-Krieger [1970].
The work by Carrera [1995, 1997] highlighted the importance of the higher-order
terms in the analysis of multi-layered structures. Particular attention should be
put in the inter-laminar stresses analysis, in fact, the discontinuity in the mate-
rial properties at the layer interface make the stress field much more complicated
that in the isotropic structures. Many works based on 3D solutions highlighted
the importance of the inter-laminar stresses, some of those are the contributions
by Noor and L. [1974], Noor and S. [1989], Noor and Peters [1989], Ren [1987] and
Varadan and Bhaskar [1991]. From these works it appears that bot the transversal
displacement and stresses must be continuous to provide accurate results, this re-
quirement is referred as C0

z requirement.
In the last fifty years a number of new model devoted to the analysis of multi-layered
structures were introduced. An overview of the main contributions can be found in
the works by Bert [1980], Grigolyuk and Kulikov [1988] and Kapania [1989].
If only axiomatic approaches are considered it is possible to distinguish two main
approaches in the analysis of the multi-layered structures. The first approach con-
siders the multi-layered structure as a single layer, therefore is called Equivalent
Single Layer (ESL) method. It uses a refined kinematic formulation able to predict
transversal deformation and shear strains as shown in the works by Whitney and Sun
[1974], Reddy and Liu [1985] and Librescu et al. [1989]. A more accurate approach
allows each layer to be considered singularly, this approach is named Layer-Wise
(LW). This methods is able to provide accurate results because it allows the stresses
continuity to be achieved between the layer, as shown in the works by Hsu and T.
[1970], Ceung [1972] and Barbero et al. [1990].

As shown in this short overview of the refined structural models, many new
approaches have been proposed in the last decades in order to provide accurate and
reliable techniques in the design of advanced structures. On the other hand most of
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the actual commercial codes are base on classical models that can be easily handled
in computational codes. The refined models are only used in the design of small or
critical components.

Variable kinematics models

Both, one- and two- dimensional models, provide good results for structural com-
ponents but are not able to simulate complex structure such as a whole aircraft.
The analysis of complex structures requires to consider complex geometry and struc-
tural element with different features, therefore the common approach is to use both
one- and two-dimensional models in the same analysis.
In literature can be found many example of this approach; the work by Assan [1999]
deal thit the static analysis while Buermann et al. [2006] present a buckling analy-
sis.
The use of the Finite Element Method allows different model to be used in the
same analysis without any limitation. Commercial codes can easily handle different
models because they are based mostly on the classical assumption of 6 degrees of
freedom, 3 displacements and 3 rotations, for each node (solids only have 3 displace-
ments). This approach allows 1D, 2D and 3D models to be connected very easily
by imposing the compatibility of displacements and rotations on the shared nodes.
Refined models are based on different kinematics assumption therefore each nodes
can have a different number of degrees of freedom this make the problem of combin-
ing different models more complex. Higher-order theories can be based on different
kinematics and the assemblage of different elements requires appropriate techniques.
The most simple approach is to impose the equivalence of the displacements in one
ore more points between two structures. The use of “Lagrange Multipliers” (LM) al-
low the displacement congruence to be imposed in a finite number of points therefore
different parts of a structure can be combined using this approach. An application
of this method was presented by Carrera et al. [2013a]. The weak point of the use
of Lagrange Multipliers is that the congruence is imposed only in a finite number
of point and the solution can be afflicted by the number and the position of those
points.
A more “smeared” approach is the “Arlequin” method [Biscani et al., 2011], which
imposes an overlapping area where the two models are merged using some smooth
functions. This approach, however, requires to introduce a new mathematical tool
that needs to be tuned in order to provide reliable results.
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Carrera Unified Formulation
The Carrera Unified Formulation (CUF) first appeared in the work by Carrera [1995]
where it was used to derive a class of two-dimensional theories using a compact for-
mulation. A number of work on two-dimensional model derived using CUF appeared
in the following years, CUF was used to derive Equivalent Single Layer [Carrera,
1997] and Layer-Wise models [Carrera, 1999a,b]. Many articles have been devoted
to the importance of the inter-laminar continuity of stresses [Carrera, 1997], the
so-called C0

z requirement. The Zig-Zag function proposed by Murakami [1986] was
introduced. The work by Carrera [2003] presented the theoretical foundations of
the unified method that has been the basis of a large number of applications and
extensions of the CUF to the analysis of innovative research fields. A multifield
formulation was presented by Carrera et al. [2008a]. Thermoelastic [Carrera, 2002]
and piezoelectric [Robaldo et al., 2006] effects was introduced. Functional Graded
Material (FGM) have also been investigated as shown in the work by Carrera et al.
[2008b].
In the last few years, the two-dimensional formulation, which had previously been
devoted to flat panels, has been extended to shell FEs by Cinefra et al. [2013]. The
model has been extended to FGM application by Cinefra et al. [2012].
The complete CUF formulation has recently been presented for two-dimensional
problems in the book written by Carrera and Nali [2011].
In 2010 the CUF has been extended to higher-order beam models. The first ap-
proach to one-dimensional models was proposed by Carrera and Giunta [2010]. The
works by Carrera et al. [2010], Carrera and Petrolo [2010b] and Carrera and Petrolo
[2010a] introduced different one-dimensional models, although they all refer to the
CUF. These models were used to perform static analyses [Carrera et al., 2011d] and
dynamic analyses [Carrera et al., 2011b].
The large number of new theories introduced by the CUF has made it necessary to
have a new approach to investigate the accuracy of each model, Carrera E and M
[2012] used a genetic algorithm to investigate the influence of the higher-order terms
on the solution.
The one-dimensional models based on CUF were used in many different analysis.
The problem of buckling was investigated in Ibrahim et al. [2012]
Thin-walled structures with reinforcements was investigated and the results have
been presented by Carrera et al. [2013b]. The use of higher-order models allows a
“quasi-3D” solution to be obtained
Many work was presented on the aeroelasticity of lifting surfaces and panels. The
works by Carrera et al. [2011c] deal with static aeroelasticity. Petrolo [2013] has
introduced a classical unsteady flow formulation that extends the use of advanced
beam models to flutter analysis. Aeroelastic phenomena have been investigated in
the supersonic range in Carrera and Zappino [2014].
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A complete review of all the one dimensional models derived by means of the CUF
can be found in the book by Carrera et al. [2011a].

Present work outline
The present thesis proposes new approaches that allow different kinematic models
to be used in the same structural analysis. The advanced models used in the present
thesis have been derived using the Carrera Unified Formulations, CUF.

In the first part of the thesis a unified formulation for one-, two- and three-dimensional
higher order models is introduced. The CUF allows any structural model to be de-
rived by means of a general formulation independent from the kinematics assumed
by the theory. The FEM method is used to solve the structural models in order to
deal with any geometric and boundary condition configurations.

In the second part of the thesis are explored different approaches that can be used
to combine models with different kinematics. In particular two methods are intro-
duced in detail. The first aims to impose the congruence of the displacements in
some node share by different structures, the second introduces an “Hybrid” element
able to connect models with different kinematic.

Many results are presented in order to show the capabilities of the present approach
to deal with the analysis of typical complex aerospace structure. The performance
of the one- two- and three-dimensional models are investigated and highlighted. Af-
terwards models with different kinematics are combined in order to perform analysis
of complex structure. This walled structure, reinforced structure and composite and
sandwich material have been considered. The advanced models introduced in this
thesis have been used to perform static, dynamic and aeroelastic analysis in order
to highlight the capabilities of the approach in different field.

In the last part of this thesis the present refined models are used to solve the aeroe-
lastic problem. These models are used to perform panel flutter analysis of complex
structures. One- and two-dimensional models are used and the results are compared.

The final conclusions and future developments of the present work are reported
in the last chapter.
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Part I

Derivation of 3D, 2D and 1D
models using CUF



Chapter 1

Preliminaries

This chapter introduces the notations and the quantities that will be used in the
present thesis. The fundamental equations of the continuum mechanics are herein
introduced. For such of brevity some details have been omitted but they can be
found in any book of structural mechanics, see the boob by Timoshenko and Goodier
[1970], Washizu [1968] and Bathe [1996]

1.1 Notation and system of reference
The formulation introduced in the present work is derived in Cartesian coordinates,
as shown in figure 1.1 The displacement vector is denoted with u and its components

Figure 1.1. Cartesian coordinate system

are:

uT (x,y,z) =
{

ux uy uz

}
(1.1)

The superscript "T " denote transposition. Stresses are denoted using σ, and the
strains vector is written as ε. Stresses and strain vector can be written in explicit
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1 – Preliminaries

form as:
σT =

{
σxx σyy σzz σxy σxz σyz

}
(1.2)

εT =
{

εxx εyy εzz εxy εxz εyz

}
(1.3)

1.2 Geometrical relations
The relations between the displacement vector u and the strain vector, ε, are given
by the geometrical equation in their linear form:

εxx = ∂ux

∂x
; εxx = ∂uy

∂y
; εxx = ∂uz

∂z
;

γxy = ∂ux

∂y
+ ∂uy

∂x
; γxz = ∂ux

∂z
+ ∂uz

∂x
; γyz = ∂uy

∂z
+ ∂uz

∂y
. (1.4)

Eq. 1.4 can be written in compact form in according with the notation introduced
in Eq.1.1 and Eq. 1.3, therefore the strain vector can be written as:

ε = bu (1.5)

where matrix b is a differential operator. In explicit form, Eq. 1.5 becomes:

εxx

εyy

εzz

γxz

γyz

γxy


= bu =



∂x 0 0
0 ∂y 0
0 0 ∂z

∂z 0 ∂x

0 ∂z ∂y

∂y ∂x 0




ux

uy

uz

 (1.6)

1.3 Equilibrium equations
The stress components introduced in equation 1.2 must fulfill the following differ-
ential equations:

δux :∂σxx

∂x
+ ∂σxz

∂z
+ ∂σxy

∂y
= gx

δuy :∂σyy

∂y
+ ∂σyz

∂z
+ ∂σyx

∂x
= gy (1.7)

δuz :∂σzz

∂z
+ ∂σzx

∂x
+ ∂σzy

∂y
= gz

where gx, gy and gz are volume forces. These are the equilibrium equation and
must be verified in each point.
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1 – Preliminaries

1.4 Constitutive laws
The relations between stresses and strains can be derived using the material proper-
ties. In the present thesis the materials properties are considered linear and therefore
the Hooke’s law is used. The stress can be expressed in term of strain using the
following equation:

σ = Cε (1.8)

If the material is isotropic, matrix C can be written conventionally using Lamé’s
coefficients:

C =



λ + 2G λ λ 0 0 0
λ λ + 2G λ 0 0 0
λ λ λ + 2G 0 0 0
0 0 0 G 0 0
0 0 0 0 G 0
0 0 0 0 0 G


(1.9)

where
λ = Eν

(1 + ν)(1 − 2ν)
, G = E

2(1 + ν)
. (1.10)

If the material is orthotropic, matrix C can be written in the material reference
system as:

C =



C11 C12 C13 0 0 0
C21 C22 C23 0 0 0
C31 C32 C33 0 0 0
0 0 0 C44 0 0
0 0 0 0 C55 0
0 0 0 0 0 C66


(1.11)

In order to express the matrix C in the global system of reference is is mandatory
to apply one or more rotation. In the case of the material is rotated only around
z − axis, as shown in Fig. 1.2, matrix C assumes the form:

C =



C11 C12 C13 0 0 C16
C21 C22 C23 0 0 C26
C31 C32 C33 0 0 C36
0 0 0 C44 C45 0
0 0 0 C54 C55 0

C61 C62 C63 0 0 C66


(1.12)

The presence of terms C1,6, C2,6 and C3,6 introduces a coupling between bending
and in-plane phenomena. In other words, an in-plane forces can produce a moment.
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1 – Preliminaries

Figure 1.2. Reference system rotation. xm, ym and zm represent the material
reference system. The material reference system must be rotated of the angle θ to
be aligned with the global reference system.
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Chapter 2

Governing equation via PVD

In this chapter the Principle of Virtual Displacements (PVD) is used to derive the
governing equation of the elastic problem. The formulation in term of displacement
allow the equilibrium equations to be written in compact form, the Fundamental
Nucleus (FN). The Fundamental Nuclei, introduced herein in strong form, will be
used in the following chapters to derive any structural model using a unified notation,
without the needs to a dedicated formulation.

2.1 Principle of Virtual Displacements
Indefinite equilibrium equations are well-known in the theory of elasticity and have
been introduced in Chapter 1. The use of the Principle of Virtual Displacements(PVD)
allows the same equations to be derived in terms of displacements. The PVD can
be written in its static case as

δLint = δLext (2.1)

where Lint is the internal elastic work, Lext is the work done by the external forces
and δ indicates the virtual variation. The internal work can be expressed in explicit
form as:

δLint =
∫

V
(σxxδεxx + σyyδεyy + σzzδεzz + σxzδεxz + σyxδεyz + σxyδεxy) dV (2.2)

The same equation can be written in compact form using the matrix formulation:

δLint =
∫

V
δεT σdV. (2.3)

The external work on a general body C is expressed as a sum of four contributions:
volume forces, g, on volume V , surface forces, p, on surface S, the line forces , q,
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2 – Governing equation via PVD

on the line l and the concentrated force, P , at the point Q. The formulation of the
external work, introduced in Chapter 1, becomes:

δLext =
∫

V
δuT gdV +

∫
S

δuT pdS +
∫

L
δuT qdy + δuT |QP (2.4)

The relationship between the displacement vector u and the strain vector, ε is given
by the geometrical relation:

ε = bu (2.5)
where matrix b is a differential operator. In explicit form, the equation becomes

εxx

εyy

εzz

γxz

γyz

γxy


= bu =



∂x 0 0
0 ∂y 0
0 0 ∂z

∂z 0 ∂x

0 ∂z ∂y

∂y ∂x 0




ux

uy

uz

 (2.6)

The internal work can be written in terms of displacement,

δLint =
∫

V
δ(bu)T σdV =

∫
V

(δuT bT )σdV (2.7)

It is is possible to move the differential operator from the displacement to the strains
by integrating by parts 1,∫

V
(δuT bT )σdV = −

∫
V

δuT (bT σ)dV +
∫

S
δuT (In

T σ)dS (2.9)

In the first term of the right-hand side, operator b acts on the stress vector. The
PVD can be written as

−
∫

V
δuT (bT σ)dV +

∫
S

δuT (In
T σ)dS =

=
∫

V
δuT gdV +

∫
S

δuT pdS +
∫

L
δuT qdy + δuT |QP (2.10)

From this equation, and using the virtual variation definition, it is possible to derive
the equilibrium equation at a generic point P on volume V of body C,

δu : −bT σ = g (2.11)

1Integration by parts on a volume integral can be expressed as:∫
V

(δuT DT )σdV = −
∫

V

δuT (DT σ)dV +
∫

S

δuT (In
T σ)dS (2.8)

where In is a matrix with the cosine directors. See Washizu [1968].
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2 – Governing equation via PVD

From this equation, it is clear that the differential operator b must be the same for
both the equilibrium and the geometrical equations.
The integrals on the surface give the boundary conditions, that can be expressed as

δu : In
T σ = p (2.12)

2.2 Equilibrium equation in strong form
The equilibrium equations can be derived in explicit form by expanding Equation
(2.11):

δux :∂σxx

∂x
+ ∂σxz

∂z
+ ∂σxy

∂y
= gx

δuy :∂σyy

∂y
+ ∂σyz

∂z
+ ∂σyx

∂x
= gy (2.13)

δuz :∂σzz

∂z
+ ∂σzx

∂x
+ ∂σzy

∂y
= gz

which are those in Chapter 1. The same can be done for the boundary conditions,
see Equation (2.12). This is omitted for the sake of brevity.
Hooke’s law allows one to write the equilibrium equations in terms of displacements,

δu : −bT Cbu = g (2.14)

If the material is isotropic, matrix C can be written conventionally using Lamé’s
coefficients:

C =



λ + 2G λ λ 0 0 0
λ λ + 2G λ 0 0 0
λ λ λ + 2G 0 0 0
0 0 0 G 0 0
0 0 0 0 G 0
0 0 0 0 0 G


(2.15)

where
λ = Eν

(1 + ν)(1 − 2ν)
, G = E

2(1 + ν)
. (2.16)

The equilibrium equations can be written, in strong form, using a matrix k, which
originates from the previous indicated matrix multiplication,

δu : ku = g (2.17)

where
k = −bT Cb (2.18)
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2 – Governing equation via PVD

This book mostly deals with isotropic and homogeneous materials and for the sake
of simplicity the matrix C is assumed to be constant in V . The matrix k is a 3 × 3
matrix, it contains 9 differential operators,

k =

 kxx kxy kxz

kyx kyy kyz

kzx kzy kzz

 (2.19)

which, in explicit form, becomes (see also Chapter 1

kxx = − (λ + 2G) ∂x∂x − G ∂y∂y − G ∂z∂z

kxy = − λ ∂x∂y − G ∂y∂x

kxz = − λ ∂x∂z − G ∂z∂x

kyx = − λ ∂y∂x − G ∂x∂y

kyy = − (λ + 2G) ∂y∂y − G ∂x∂x − G ∂z∂z (2.20)
kyz = − λ ∂y∂z − G ∂z∂y

kzx = − λ ∂z∂x − G ∂x∂z

kzy = − λ ∂z∂y − G ∂y∂z

kzz = − (λ + 2G) ∂z∂z − G ∂x∂x − G ∂y∂y

The symbol ∂x means partial derivatives respect x. In Equation (2.20) the deriva-
tives appear in pairs since the first derivatives is due to virtual variation of the strains
while the second is due to the stresses. Since in the strong form the displacements
are continuous functions it is possible to state that

∂y∂x = ∂x∂y = ∂yx, ∂z∂x = ∂x∂z = ∂zx, ∂z∂y = ∂y∂z = ∂zy (2.21)

therefore Equation (2.20) becomes

kxx = − (λ + 2G) ∂xx − G ∂yy − G ∂zz

kxy = − (λ + G) ∂xy

kxz = − (λ + G) ∂xz

kyx = − (λ + G) ∂yx

kyy = − (λ + 2G) ∂yy − G ∂xx − G ∂zz (2.22)
kyz = − (λ + G) ∂yz

kzx = − (λ + G) ∂zx

kzy = − (λ + G) ∂zy

kzz = − (λ + 2G) ∂zz − G ∂xx − G ∂yy
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2 – Governing equation via PVD

Finally the equilibrium equations can be written in terms of displacements,

δux : − (λ + 2G)
(

∂2ux

∂x2

)
− G

(
∂2uz

∂y2 + ∂2ux

∂z2

)
+

− (λ + G)
(

∂2uy

∂x∂y
+ ∂2uz

∂x∂z

)
= gx (2.23)

δuy : − (λ + 2G)
(

∂2uy

∂y2

)
− G

(
∂2uy

∂x2 + ∂2uy

∂z2

)
+

− (λ + G)
(

∂2ux

∂y∂x
+ ∂2uz

∂y∂z

)
= gy (2.24)

δuz : − (λ + 2G)
(

∂2uz

∂z2

)
− G

(
∂2uz

∂x2 + ∂2uz

∂y2

)
+

− (λ + G)
(

∂2uz

∂z∂x
+ ∂2uy

∂z∂y

)
= gz (2.25)

2.3 Fundamental nucleus in strong form

Although there are 9 terms in matrix k, only 2 terms have a different structure, let
us consider the following two,

kxx = − (λ + 2G) ∂xx − λ ∂zz − λ ∂yy (2.26)
kxy = − λ ∂xy − G ∂yx (2.27)

It is evident that the other components of matrix k can be obtained in a similar
form of kxx and kxy. The elements on the diagonal have the form of kxx, therefore
the terms kyy and kzz have the same form of kxx with the indexes permuted. The
elements out of the diagonal come from a permutation of the indexes of kxy in fact
kxz, kyz, kyx, kzx and kzy can be obtained by permuting the indexes in kxy.

2.4 Extension to composite material

If composite material are considered the formulation of the fundamental nuclei can-
not be reduced at only two terms but all the 9 terms should be considered:
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2 – Governing equation via PVD

kxx =∂xC11∂x + ∂yC61∂x + ∂zC44∂z + ∂xC16∂y + ∂yC66∂y

kxy =∂xC12∂y + ∂yC62∂y + ∂zC45∂z + ∂xC16∂x + ∂yC66∂x

kxz =∂xC13∂z + ∂yC63∂z + ∂zC44∂x + ∂zC45∂y

kyx =∂yC21∂y + ∂xC61∂y + ∂zC54∂z + ∂yC26∂y + ∂xC66∂y

kyy =∂yC22∂y + ∂xC62∂y + ∂zC55∂z + ∂yC26∂x + ∂xC66∂x (2.28)
kyz =∂yC23∂z + ∂yC13∂z + ∂zC54∂x + ∂zC55∂y

kzx =∂zC31∂x + ∂xC44∂z + ∂yC45∂z + ∂zC36∂y

kzy =∂zC32∂y + ∂xC45∂z + ∂yC55∂z + ∂zC36∂x

kzz =∂zC33∂z + ∂xC44∂x + ∂yC54∂x + ∂xC45∂y + ∂yC55∂y

It is possible to see that the form of the nucleus elements is similar at the isotropic
case. In this case the 9 terms have to be written in explicit form because the material
constants cannot be written in terms of Lamé parameters.
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Chapter 3

3D - Solid Elements

The present chapter introduces the three-dimensional finite element models. The
solid elements herein introduced do not have any difference with respect the ele-
ments in the commercial codes from the theoretical point of view. The use of the
CUF allows the FEM matrices to be written in indicial form, this means that the
formulation does not depend on the number of nodes of the element considered.

3.1 Displacement approximation
The introduction of the finite element method allows the displacement field to be
written as the sum of known functions multiplied by a constant. In the simple case

Figure 3.1. Example of a 8-nodes solid element.

an eight nodes (see Fig. 3.1) elements is considered and the displacement field can
therefore be written as:

u = u1N1 + u2N2 + u3N3 + u4N4 + u5N5 + u6N6 + u7N7 + u8N8 (3.1)
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3 – 3D - Solid Elements

The same displacement field can be written in indicial form. If i is the index used
for the displacement:

u = Niui (3.2)
The virtual variation of the displacement can be written in the same form using
index j,

δu = Njδuj (3.3)
The strains and their virtual variations can also be written in this compact form,

ε = bNiui (3.4)
δε = bNjδuj (3.5)

In the same way, the stresses become
σ = CbNiui (3.6)

Indices i and j can vary according to the number of nodes of the element.

3.2 Fundamental Nucleui derivation
The displacement approximation introduced above can be used to derive the weak
form of the governing equation of the three-dimensional problem.

3.2.1 Stiffness matrix
The stresses and strains can be expressed in the compact form shown in Equations
(3.5) and (3.6). Therefore the virtual variation of the internal work in compact form
becomes

δLint = δuj

(∫
V

Njb
T CbNidV

)
ui (3.7)

It is now possible to introduce the 3 × 3matrix Kij,
δLint = δujk

ijui (3.8)
Matrix kij is the fundamental nucleus of the stiffness matrix and is a 3 × 3 matrix,
as shown in the following formula,

Kij =
∫

V

[
Nj

bT︷ ︸︸ ︷[
3 × 6

]
C︷ ︸︸ ︷ 6 × 6


b︷ ︸︸ ︷ 6 × 3


︸ ︷︷ ︸ 3 × 3



Ni

]
dV =

 kij
xx kij

xy kij
xz

kij
yx kij

yy kij
yz

kij
zx kij

zy kij
zz

 (3.9)
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3 – 3D - Solid Elements

In explicit form, for the isotropic material, the 9 terms are:

kij
xx =(λ + 2G)

∫
V

Ni,xNj,xdV + G
∫

V
Ni,yNj,ydV + G

∫
V

Ni,zNj,zdV

kij
xy =λ

∫
V

Ni,yNj,xdV + G
∫

V
Ni,xNj,ydV

kij
xz =λ

∫
V

Ni,zNj,xdV + G
∫

V
Ni,xNj,zdV

kij
yx =λ

∫
V

Ni,xNj,ydV + G
∫

V
Ni,yNj,xdV

kij
yy =(λ + 2G)

∫
V

Ni,yNj,ydV + G
∫

V
Ni,xNj,xdV + G

∫
V

Ni,zNj,zdV (3.10)

kij
yz =λ

∫
V

Ni,zNj,ydV + G
∫

V
Ni,yNj,zdV

kij
zx =λ

∫
V

Ni,xNj,zdV + G
∫

V
Ni,zNj,xdV

kij
zy =λ

∫
V

Ni,yNj,zdV + G
∫

V
Ni,zNj,ydV

kij
zz =(λ + 2G)

∫
V

Ni,zNj,zdV + G
∫

V
Ni,xNj,xdV + G

∫
V

Ni,yNj,ydV

The fundamental nucleus has a “formal” invariant, it does not change with any
change in the shape functions or the number of nodes in the element. It is easy
to build the stiffness matrix using the fundamental nucleus. Figure 3.2 shows a
graphical representation of the assembly procedure. The loops on indices i and j

Figure 3.2. Assembly procedure of the stiffness matrix for a solid model

allow the matrix of the single element to be created, more elements can be assembled

20



3 – 3D - Solid Elements

in the classic FEM way by superimposing the stiffness of the shared nodes according
to the PVD statements Equations (3.10) show clearly that FN of 3D FE, are the
same of those of the weak form of 3D elasticity problems, see Chapter 2. If we
compare the the strong form of the element kxx (see Eq. 2.27) with the same term
in Equation 3.10 we have,

kxx = −(λ + 2G) ∂x ∂x −G ∂y ∂y −G ∂z ∂z

kij
xx = +(λ + 2G)

∫
V

Ni,xNj,xdV +G
∫

V
Ni,yNj,ydV +G

∫
V

Ni,zNj,zdV

(3.11)
The weak form of the FN can be easily derived from the strong form with few
operations:

• move the derivative from the displacements to the shape functions, the second
derivatives must be split in a derivative on the displacement and one on their
virtual variation.

• the sign is opposite since there is no need of integrating by parts.
The automatic computation of the terms of the FN requires the evaluation of the
integral of the shape function over the volume of the element. This operation is
a classic operation to be performed in the FEM models, some details about the
numerical integration procedure can be found in Appendix A.

3.2.2 Mass matrix
The virtual variation of the inertial work, as well as the internal work, can be
expressed in terms of displacements. If the displacements are expressed in compact
formulation, the inertial work becomes

δLine = δuj

(∫
V

NjIρINidV
)

üi (3.12)

The identity matrix I is introduced and the fundamental nucleus of the mass matrix
is

δLine = δujM
ijü (3.13)

where
mij =

∫
V

NjIρINidV (3.14)

Matrix mij is a 3 × 3 matrix. It only has 3 elements on the diagonal that are not 0,

mij
xx =

∫
V

NjρNidV

mij
yy =

∫
V

NjρNidV (3.15)

mij
zz =

∫
V

NjρNidV
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3 – 3D - Solid Elements

While the elements outside the diagonal are null,

mij
yz = mij

zx = mij
zy = mij

xy = mij
xz = mij

yx = 0 (3.16)

The assembly of the global mass matrix follows the same rules as those of the stiffness
matrix. The loops on the indices i and j give the mass matrix of the elements. The
mass matrix of the structure can be assembled by superimposing the masses of the
shared nodes.

3.2.3 Loading vector
The loading vector can be derived using the formulation of the virtual variation of
the external work. The virtual variation of the displacements in Equation (3.3) can
be used to express the virtual variation of the external work in the CUF framework.
The virtual variation of the external work can be written as:

δLext =
∫

V
δuT gdV +

∫
S

δuT pdS +
∫

L
δuT qdy + δuT

j P (3.17)

were g are the volume forces, p are the surface forces, q are the line forces and P
are the concentrated loads. The external loads are usually applied as surface loads
(a pressure), or as a concentrated load.

Each contribution of the external load can be written in the indicial form. The
volume loads become

δLext =
∫

V
δuT gdV = δuT

j

∫
V

NjgdV (3.18)

The surface load are

δLext =
∫

S
δuT pdS = δuT

j

∫
S

NjpdS (3.19)

The line loads becomes

δLext =
∫

l
δuT qdl = δuT

j

∫
l
Njqdl (3.20)

Where l is the line where the load is applied. Finally the concentrated loads are

δLext = δuT P = δuT
j NjP (3.21)

The load vector can be written as the sum of the previous contributions

P =
∫

V
NjgdV +

∫
S

NjpdS +
∫

l
Njqdl + NjP (3.22)

The load vector of the element can be assembled following the same procedure that
was introduced for the stiffness matrix. In this case, only a loop on j gives the load
vector of the element. The global vector can be derived by summing the loads in
the shared nodes.
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Chapter 4

2D - Plate elements

In this chapter the two-dimensional element are derived in the frameworks of the
CUF. Two classes of refined 2D models are considered, the Equivalent Single Layer
(ESL) and the Layer Wise (LW) models. In this thesis is used the structural model
introduced by Cinefra et al. [2013], fore sake of brevity not all the details are re-
ported herein but they can be found in the book by Carrera et al. [2014].

4.1 Displacement approximation

4.1.1 Classical models
The classical plate element are based on the models of Kirchhoff and Mindlin. The
Kirchhff models does not take into account the transversal shear strain, the dis-
placement field can be assumed as:

ux = u0x +∂u0z

∂x
z

uy = u0y +∂u0z

∂y
z

uz = u0z

(4.1)

The displacement field must fulfil the kinematic assumptions:

• Transverse normals do not have elongation;

• Transverse normals remains perpendicular to the mid surface (no transverse
shear stress);

• Transverse normals remains straight after deformation.
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4 – 2D - Plate elements

The Kirchhoff model, also referred as CPT (Classic Plate Theory) has been improved
by Mindlin which introduced the transverse shear contribution. This improvement
remove the second assumption introduced by CPT, therefore the transverse normals
have not to be perpendicular respect to the mid surface. From the kinematics point
of view this means that the rotation of the transverse normal becomes independent
from the vertical displacement, so:

ux = u0x +φx z
uy = u0y +φy z
uz = u0z

(4.2)

where φx and φy stand respectively for the rotation around the y −axis and the x−
axis. The Mindlin model, also referred as FSDT (First Shear Deformation Theory),
introduces a constant distribution of transverse shear strain over the thickness. This
assumption improve the CPT models but is not enough to make this model suitable
for the analysis of composite and sandwich panels. A more refined model is required
in order to have reliable results.

4.1.2 Refined plate models
Refined 2D models can be obtained introducing a refined formulation of the displace-
ment along the thickness. The displacement formulation can be described using a
function expansion that allow the kinematic to be improved increasing the number
of terms in the expansion. There are many possibilities in the chose of the functions
used to approximate the thickness deformation. Two different approaches are herein
used: the Equivalent Single Layer (ESL) and the Layer-Wise (LW) approximation.
In the case of Equivalent Single Layer (ESL) models, a Taylor expansion is employed
as thickness functions:

Fτ uτ =
N∑

τ=1
zi−1ui−1 = z0u0 + z1u1 + . . . + zN−1uN−1 (4.3)

In the case of Layer-Wise (LW) models, the displacement is defined at k-layer level:

Fτ uk
τ = Ft uk

t + Fb uk
b + Fr uk

r uk
s , τ = t,b,r , r = 2,...,N. (4.4)

Ft = P0 + P1

2
, Fb = P0 − P1

2
, Fr = Pr − Pr−2. (4.5)

in which Pj = Pj(ζk) is the Legendre polynomial of j-order defined in the ζk-domain:
−1 6 ζk 6 1. The top (t) and bottom (b) values of the displacements are used as
unknown variables and one can impose the following compatibility conditions:

uk
t = uk+1

b , k = 1,Nl − 1. (4.6)
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4 – 2D - Plate elements

The LW models, in respect to the ESLs, allow the zig-zag form of the displacement
distribution in layered structures to be modelled. As shown in Fig. 4.1, LW mod-

Figure 4.1. Comparisons between ESL and LW possible thickness distributions.

els allow a zig-zag form of the strain distribution therefore the continuity of the
transversal train can be ensured.

4.1.3 FEM model
The FEM approximation can be introduced using the two-dimensional shape func-
tion, Ni:

uτ (x,y) = Niuτi (4.7)

The formulation of the shape function can be found in any FEM book as the one
by Oñate [2009] The displacement field therefore becomes:

u(x,y,z) = Ni(x,y)Fτ (z)uτi (4.8)

As for the three-dimensional model, the virtual variation of the displacement can
be written as:

u(x,y,z) = Nj(x,y)Fs(z)ujs (4.9)

4.2 Fundamental nuclei
The governing equation of the two-dimensional problem can be derived using the
PVD. The indicial notation allows the eruptions to be written in terms of funda-
mental nuclei.

4.2.1 Stiffness matrix
The virtual variation of the internal work in compact form is

δLint = δujs

(∫
V

NjFsb
T CbNiFτ dV

)
uτi (4.10)
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4 – 2D - Plate elements

The plate model used herein is based on the MITC9 (Mixed interpolation of Tenso-
rial Components) formulation, therefore the matrix b assume a more complex formu-
lation with respect the one reported in Eq. 1.6. The details about the formulation
can be found in the work by Cinefra et al. [2013] and the book by Carrera et al.
[2014]. It is now possible to introduce the 3 × 3matrix Kτsij,

δLint = δujK
τsijui (4.11)

Matrix kτsij is the fundamental nucleus of the stiffness matrix and is a 3×3 matrix,
as shown in the following formula,

Kτsij =
∫

V

[
Nj

bT︷ ︸︸ ︷[
3 × 6

]
C︷ ︸︸ ︷ 6 × 6


b︷ ︸︸ ︷ 6 × 3


︸ ︷︷ ︸ 3 × 3



Ni

]
dV =

 kτsij
xx kτsij

xy kτsij
xz

kτsij
yx kτsij

yy kτsij
yz

kτsij
zx kτsij

zy kτsij
zz



(4.12)

In explicit form, the 9 terms are

kτsij
xx =(λ + 2G)

∫
V

Ni,xNj,xFτ FsdV + G
∫

V
Ni,yNj,yFτ FsdV + G

∫
V

NiNjFτ,zFs,zdV

kτsij
xy =λ

∫
V

Ni,yNj,xFτ FsdV + G
∫

V
Ni,xNj,yFτ FsdV

kτsij
xz =λ

∫
V

NiNj,xFτ,zFsdV + G
∫

V
Ni,xNjFτ Fs,zdV

kτsij
yx =λ

∫
V

Ni,xNj,yFτ FsdV + G
∫

V
Ni,yNj,xFτ FsdV

kτsij
yy =(λ + 2G)

∫
V

Ni,yNj,yFτ FsdV + G
∫

V
Ni,xNj,xFτ FsdV + G

∫
V

NiNjFτ,zFs,zdV

(4.13)

kτsij
yz =λ

∫
V

NiNj,yFτ,zFsdV + G
∫

V
Ni,yNjFτ Fs,zdV

kτsij
zx =λ

∫
V

Ni,xNjFτ Fs,zdV + G
∫

V
NiNj,xFτ,zFsdV

kτsij
zy =λ

∫
V

Ni,yNjFτ Fs,zdV + G
∫

V
NiNj,yFτ,zFsdV

kτsij
zz =(λ + 2G)

∫
V

NiNjFτ,zFs,zdV + G
∫

V
Ni,xNj,xFτ FsdV + G

∫
V

Ni,yNj,yFτ FsdV

The fundamental nucleus has a “formal” invariant, it does not change with any
change in the shape functions or the number of nodes in the element. It is easy
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Node Element Structure
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Figure 4.2. Assembly procedure of the stiffness matrix for a solid model

to build the stiffness matrix using the fundamental nucleus. Figure 4.2 shows a
graphical representation of the assembly procedure. The loops on indices i and j
allow the matrix of the single element to be created, more elements can be assembled
in the classic FEM way by superimposing the stiffness of the shared nodes according
to the PVD statements Equations 4.13 show clearly that FN of 2D FE, are the same
of those of the weak form of 3D elasticity problems, see Chapter 2. If we compare
the the strong form of the element kxx with the same term in Equation 4.13 we have,

kxx = −(λ + 2G) ∂x ∂x −G ∂y ∂y −G ∂z ∂z

kτsij
xx = +(λ + 2G)

∫
V

Ni,xNj,xFτ FsdV +G

∫
V

Ni,yNj,yFτ FsdV +G

∫
V

NiNjFτ,zFs,zdV

(4.14)
The weak form of the FN can be easily derived from the strong form with few

operations:

• move the derivative from the displacements to the shape functions, the second
derivatives must be split in a derivative on the displacement and one on their
virtual variation.

• the sign is opposite since there is no need of integrating by parts.

In the case of the two-dimensional problem the differential operator required to be
applied to the correct shape function. The derivatives on x and y act on the FEM
shape functions, while the derivative in z acts on the thickness functions, Fτ and Fs.
The integrals that appear in Eq.4.13 can be evaluated numerically, the procedure
can be obtained as a particular case of the three-dimensional integration reported
in Appendix A.
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4 – 2D - Plate elements

4.2.2 Mass matrix
The virtual variation of the inertial work, as well as the internal work, can be
expressed in terms of displacements. If the displacements are expressed in compact
formulation, the inertial work becomes

δLine = δuj

(∫
V

NjFsIρIFτ NidV
)

üi (4.15)

The identity matrix I is introduced and the fundamental nucleus of the mass matrix
is

δLine = δujsM
τsijü (4.16)

where
mij =

∫
V

NjIρINidV (4.17)

Matrix mij is a 3 × 3 matrix. It only has 3 elements on the diagonal that are not 0,

mτsij
xx =

∫
V

NjFsρNiFτ dV

mτsij
yy =

∫
V

NjFsρNiFτ dV (4.18)

mτsij
zz =

∫
V

NjFsρNiFτ dV

While the elements outside the diagonal are null,

mτsij
yz = mτsij

zx = mτsij
zy = mτsij

xy = mτsij
xz = mτsij

yx = 0 (4.19)

The assembly of the global mass matrix follows the same rules as those of the stiffness
matrix. The loops on the indices i and j give the mass matrix of the elements. The
mass matrix of the structure can be assembled by superimposing the masses of the
shared nodes.

4.2.3 Loading vector
The loading vector can be derived using the formulation of the virtual variation of
the external work. The virtual variation of the displacements in Equation (3.3) can
be used to express the virtual variation of the external work in the CUF framework.
The virtual variation of the external work can be written as:

δLext =
∫

V
δuT gdV +

∫
S

δuT pdS +
∫

L
δuT qdy + δuT

j P (4.20)

were g are the volume forces, p are the surface forces, q are the line forces and P
are the concentrated loads. The external loads are usually applied as surface loads
(a pressure), or as a concentrated load.
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4 – 2D - Plate elements

Each contribution of the external load can be written in the indicial form. The
volume loads become

δLext =
∫

V
δuT gdV = δuT

js

∫
V

NjFsgdV (4.21)

The surface load are

δLext =
∫

S
δuT pdS = δuT

js

∫
S

NjFspdS (4.22)

The line loads becomes

δLext =
∫

l
δuT qdl = δuT

js

∫
l
NjFsqdl (4.23)

Where l is the line where the load is applied. Finally the concentrated loads are

δLext = δuT P = δuT
jsNjFsP (4.24)

The load vector can be written as the sum of the previous contributions

P sj =
∫

V
NjFsgdV +

∫
S

NjFspdS +
∫

l
NjFsqdl + NjFsP (4.25)

The load vector of the element can be assembled following the same procedure that
was introduced for the stiffness matrix. In this case, only a loop on j and s gives
the load vector of the element. The global vector can be derived by summing the
loads in the shared nodes.
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Chapter 5

1D - Beam elements

In this chapter the one-dimensional elements are derived in the frameworks of the
CUF. Fore sake of brevity not all the details are reported herein but they can be
found in the book by Carrera et al. [2011a].

5.1 Displacement approximation

5.1.1 Classical Theories

A linear distribution of the displacement uy and a constant distributions of ux and
uz across the cross-section is assumed by classical beam theories. The displacement
field above the beam cross-section is:

ux = u0x (y)
uy = u0y (y) +θ (y) x +φ (y) z
uz = u0z (y)

(5.1)

where u0x, u0y, u0z are the displacements along the three directions; θ and φ are the
rotations around z− and x− axis, respectively. The Euler-Bernoulli theory [Euler,
1744] introduces a further assumption to neglect the transverse shear deformations
εxy and εyz. The related displacement field becomes :

ux = u0x (y)
uy = u0y (y) −ux,y (y) x −uz,y (y) z
uz = u0z (y)

(5.2)

However, the shear stress play an important role in various beam problems. By
including the shear deformations εxy and εyz, the Eq.(5.1) represents the kinematic
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5 – 1D - Beam elements

field of the Timoshenko theory [Timoshenko, 1921] which could also be written in
the following form:

ux = u0x (y)
uy = u0y (y) +(εxy − ux,y) x +(εyz − uz,y) z
uz = u0z (y)

(5.3)

which is equivalent to Eq.(5.1) and the shear strains (εxy, εyz) and bending contri-
butions (ux,y, uz,y) are separate.
Even though the Timoshenko model provides a constant distribution of shear de-
formation above the cross-section, it is not able to detect more complex deforma-
tions/stress state of the cross-section, such as the out- and in-plane deformations
and the bending/torsion coupling.

Refined Theories based on Taylor expansion

Many attempts have been made to improve classical beam models. For instance,
the warping functions were introduced to detect the cross-section deformation:

ux = u0x (y)
uy = u0y (y) +f (x) (εo

xy) −ux,y x +f (z) (εo
yz) −uz,y z

uz = u0z (y)
(5.4)

where f(x) and f(z) are the warping functions and εo
xy, εo

yz are the transverse shear
strains measured on the beam reference axis. So far, Eq.(5.4) neglect the in-plane
axial strains εxx and εzz. Theories (5.2), (5.3) and (5.4) are all based on hypotheses,
which may be too restrictive.
To circumvent the problem, other higher-order theories have been derived such as
Matsunaga’s model in which the displacement components are expressed as follows:

ux = 0
uy = zn uyn

uz = zn uzn

(5.5)

where, according to the generalized Einstein notation, the subscripts and super-
scripts indicate summation.
However, for a complete removal of the inconsistency, we should assume:

u = xm zn u(mn)(y), m,n = 1,2,....,N (5.6)

where u is the displacement vector. The number of terms N needs to be chosen
properly. Variational statement could be used to write governing equations that
permit the calculation of the introduced displacement variables ux(mn), uy(mn) and
uz(mn). As Washizu pointed out [Washizu, 1968], the major drawback of this method
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5 – 1D - Beam elements

is the large number of related governing equations (3N). The Carrera Unified For-
mulation (CUF) represents a possible avenue to tackle this problem. In fact, the
CUF considers the displacement field as an N -order expansion in terms of generic
functions, Fτ :

u = Fτ (x,z)uτ (y), τ = 1,2,....,T (5.7)

where uτ is the displacement vector and T stands for the number of terms of the
expansion. In line with Eq.(5.6) in previous works, Eq.(5.7) has been employed by
adopting a MacLaurin expansion that uses 2D polynomials xi zj as base (i and j
are positive integers). The capabilities of these functions have been assessed in the
literature. For example, the second-order displacement field is:

ux = ux1 + x ux2 + z ux3 + x2 ux4 + xz ux5 + z2 ux6

uy = uy1 + x uy2 + z uy3 + x2 uy4 + xz uy5 + z2 uy6

uz = uz1 + x uz2 + z uz3 + x2 uz4 + xz uz5 + z2 uz6

(5.8)

while the third-order displacement field becomes :

ux = ux1 + x ux2 + z ux3 + x2 ux4 + xz ux5 + z2 ux6 + x3 ux7 + x2z ux8 + xz2 ux9 + z3 ux10

uy = uy1 + x uy2 + z uy3 + x2 uy4 + xz uy5 + z2 uy6 + x3 uy7 + x2z uy8 + xz2 uy9 + z3 uy10

uz = uz1 + x uz2 + z uz3 + x2 uz4 + xz uz5 + z2 uz6 + x3 uz7 + x2z uz8 + xz2 uz9 + z3 uz10

(5.9)
A remarkable feature is that classical beam theories are obtainable as particular

cases of Taylor expansions. It should be noted that classical theories require reduced
material stiffness coefficients to contrast Poisson’s locking. Unless otherwise speci-
fied, for classical and first-order models Poisson’s locking is corrected according to
[Carrera et al., 2011a].

Advanced Theories based on Lagrange Expansions

LE models exploit Lagrange polynomials to build 1D higher-order theories. In this
paper two type of cross-section polynomial sets are adopted: nine-point elements,
L9, and sixteen-point elements, L16. The isoparametric formulation is exploited to
deal with arbitrary shaped geometries. The L9 interpolation functions are given by
Oñate [2009]:

Fτ = 1
4(r2 + r rτ )(s2 + s sτ ) τ = 1,3,5,7

Fτ = 1
2s2

τ (s2 − s sτ )(1 − r2) + 1
2r2

τ (r2 − r rτ )(1 − s2) τ = 2,4,6,8

Fτ = (1 − r2)(1 − s2) τ = 9

(5.10)
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Where r and s from −1 to +1. The displacement field given by an L9 element is:

ux = F1 ux1 + F2 ux2 + F3 ux3 + F4 ux4 + F5 ux5 + F6 ux6 + F7 ux7 + F8 ux8 + F9 ux9

uy = F1 uy1 + F2 uy2 + F3 uy3 + F4 uy4 + F5 uy5 + F6 uy6 + F7 uy7 + F8 uy8 + F9 uy9

uz = F1 uz1 + F2 uz2 + F3 uz3 + F4 uz4 + F5 uz5 + F6 uz6 + F7 uz7 + F8 uz8 + F9 uz9

(5.11)
Where ux1 ,...,uz9 are the displacement variables of the problem and they represent
the translational displacement components of each of the nine points of the L9
element, this means that LE models provide elements having displacement variables
only.

5.1.2 FEM model
A classical Finite Element technique is adopted with the purpose of easily dealing
with arbitrary shaped cross-sections. The generalized displacement vector is given
by:

uτ (y) = Ni(y)uτi (5.12)

where Ni are the shape functions and qτi is the nodal displacement vector:

qτi =
{

quxτi
quyτi

quzτi

}T
(5.13)

For the sake of brevity, the shape functions are not listed here. They can be found
in the literature, for instance in [Bathe, 1996]. The theory order of the beam model
is related to the expansion on the cross-section and it is not correlated with the
number of nodes per element along the y axis. In other words, these two parameters
are totally free and not related to each other. The stiffness matrix of the elements
and the external loadings, which are consistent with the model, are obtained via the
Principle of Virtual Displacements.

5.2 Fundamental nuclei

5.2.1 Stiffness matrix
The virtual variation of the internal work in compact form is

δLint = δujs

(∫
V

NjFsb
T CbNiFτ dV

)
uτi (5.14)

It is now possible to introduce the 3 × 3matrix Kτsij,

δLint = δujK
τsijui (5.15)
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Matrix kτsij is the fundamental nucleus of the stiffness matrix and is a 3×3 matrix,
as shown in the following formula,

Kτsij =
∫

V

[
Nj

bT︷ ︸︸ ︷[
3 × 6

]
C︷ ︸︸ ︷ 6 × 6


b︷ ︸︸ ︷ 6 × 3


︸ ︷︷ ︸ 3 × 3



Ni

]
dV =

 kτsij
xx kτsij

xy kτsij
xz

kτsij
yx kτsij

yy kτsij
yz

kτsij
zx kτsij

zy kτsij
zz



(5.16)

In explicit form, the 9 terms are

kτsij
xx =(λ + 2G)

∫
V

NiNjFτ,xFs,xdV + G
∫

V
Ni,yNj,yFτ FsdV + G

∫
V

NiNjFτ,zFs,zdV

kτsij
xy =λ

∫
V

Ni,yNjFτ Fs,xdV + G
∫

V
NiNj,yFτ,xFsdV

kτsij
xz =λ

∫
V

NiNjFτ,zFs,xdV + G
∫

V
NiNjFτ,xFs,zdV

kτsij
yx =λ

∫
V

NiNj,yFτ,xFsdV + G
∫

V
Ni,yNjFτ Fs,xdV

kτsij
yy =(λ + 2G)

∫
V

Ni,yNj,yFτ FsdV + G
∫

V
NiNjFτ,xFs,xdV + G

∫
V

NiNjFτ,zFs,zdV

(5.17)

kτsij
yz =λ

∫
V

NiNj,yFτ,zFsdV + G
∫

V
Ni,yNjFτ Fs,zdV

kτsij
zx =λ

∫
V

NiNjFτ,xFs,zdV + G
∫

V
NiNjFτ,zFs,xdV

kτsij
zy =λ

∫
V

Ni,yNjFτ Fs,zdV + G
∫

V
NiNj,yFτ,zFsdV

kτsij
zz =(λ + 2G)

∫
V

NiNjFτ,zFs,zdV + G
∫

V
NiNjFτ,xFs,xdV + G

∫
V

Ni,yNj,yFτ FsdV

The fundamental nucleus has a “formal” invariant, it does not change with any
change in the shape functions or the number of nodes in the element. It is easy
to build the stiffness matrix using the fundamental nucleus. Figure 5.1 shows a
graphical representation of the assembly procedure. The loops on indices i and j
allow the matrix of the single element to be created, more elements can be assembled
in the classic FEM way by superimposing the stiffness of the shared nodes according
to the PVD statements Equations (5.17) show clearly that FN of 1D FE, are the
same of those of the weak form of 3D elasticity problems, see Chapter 2. If we
compare the the strong form of the element kxx with the same term in Equation
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Figure 5.1. Assembly procedure of the stiffness matrix for a solid model

(5.17) we have,

kxx = −(λ + 2G) ∂x ∂x −G ∂y ∂y −G ∂z ∂z

kτsij
xx = +(λ + 2G)

∫
V

NiNjFτ,xFs,xdV +G

∫
V

Ni,yNj,yFτ FsdV +G

∫
V

NiNjFτ,zFs,zdV

(5.18)
The weak form of the FN can be easily derived from the strong form with few

operations:

• move the derivative from the displacements to the shape functions, the second
derivatives must be split in a derivative on the displacement and one on their
virtual variation.

• the sign is opposite since there is no need of integrating by parts.

5.2.2 Mass matrix
The virtual variation of the inertial work, as well as the internal work, can be
expressed in terms of displacements. If the displacements are expressed in compact
formulation, the inertial work becomes

δLine = δuj

(∫
V

NjFsIρIFτ NidV
)

üi (5.19)

The identity matrix I is introduced and the fundamental nucleus of the mass matrix
is

δLine = δujsM
τsijüiτ (5.20)

where
mij =

∫
V

NjIρINidV (5.21)
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Matrix mij is a 3 × 3 matrix. It only has 3 elements on the diagonal that are not 0,

mτsij
xx =

∫
V

NjFsρNiFτ dV

mτsij
yy =

∫
V

NjFsρNiFτ dV (5.22)

mτsij
zz =

∫
V

NjFsρNiFτ dV

While the elements outside the diagonal are null,

mτsij
yz = mτsij

zx = mτsij
zy = mτsij

xy = mτsij
xz = mτsij

yx = 0 (5.23)

The assembly of the global mass matrix follows the same rules as those of the stiffness
matrix. The loops on the indices i and j give the mass matrix of the elements. The
mass matrix of the structure can be assembled by superimposing the masses of the
shared nodes.

5.2.3 Loading vector
The loading vector can be derived using the formulation of the virtual variation of
the external work. The virtual variation of the displacements in Equation (3.3) can
be used to express the virtual variation of the external work in the CUF framework.
The virtual variation of the external work can be written as:

δLext =
∫

V
δuT gdV +

∫
S

δuT pdS +
∫

L
δuT qdy + δuT

j P (5.24)

were g are the volume forces, p are the surface forces, q are the line forces and P
are the concentrated loads. The external loads are usually applied as surface loads
(a pressure), or as a concentrated load.

Each contribution of the external load can be written in the indicial form. The
volume loads become

δLext =
∫

V
δuT gdV = δuT

js

∫
V

NjFsgdV (5.25)

The surface load are

δLext =
∫

S
δuT pdS = δuT

js

∫
S

NjFspdS (5.26)

The line loads becomes

δLext =
∫

l
δuT qdl = δuT

js

∫
l
NjFsqdl (5.27)
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Where l is the line where the load is applied. Finally the concentrated loads are

δLext = δuT P = δuT
jsNjFsP (5.28)

The load vector can be written as the sum of the previous contributions

P sj =
∫

V
NjFsgdV +

∫
S

NjFspdS +
∫

l
NjFsqdl + NjFsP (5.29)

The load vector of the element can be assembled following the same procedure that
was introduced for the stiffness matrix. In this case, only a loop on j and s gives
the load vector of the element. The global vector can be derived by summing the
loads in the shared nodes.
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Part II

Mixing variable kinematics models



Chapter 6

Combining variable kinematics
models

Many different finite element models have been presented in the first part of this
thesis, in particular one-, two- and three- dimensional models have been described.
The solution of a real problem usually requires to build a mathematical model which
includes a combination of 3D, 2D and 1D finite elements.
Commercial codes can easily handle different models because they are based mostly
on the classical assumption of 6 degrees of freedom, 3 displacements and 3 rotations,
for each node (solids only have 3 displacements). This approach allows 1D, 2D and
3D models to be connected very easily by imposing the compatibility of displace-
ments and rotations on the shared nodes.
The models presented in this book are based on the variable kinematics assumption
of 6 degrees of freedom per node therefore the problem of combining different models
becomes more complex. Higher-order theories can be based on different kinematics
and the assemblage of different elements therefore requires appropriate techniques.

The CUF based FEs presented in this thesis can be divided into two families.
The first family includes FEs that only have displacements as unknowns: the three-
dimensional model (see Chapter 3), the plate model based on Layer-Wise formula-
tion (see Chapter 4 and the beam model based on Lagrange expansion (see Chapter
5. The second family includes models in which the unknowns are not only displace-
ments, such as the plate model based on an equivalent single layer (see Chapter 4
formulation or the one-dimensional model based on the Taylor expansion (see Chap-
ter 5.
The models of the first family can be assembled using the classical approach by im-
posing compatibility of the displacements at nodes, as in commercial codes. What-
ever model is used, one- two- or three- dimensional, two nodes can be easily con-
nected by simply adding the related stiffness in the assembly procedure. In the
following sections this approach is referred to as “shared stiffness”. An example of
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this approach applied to the CUF was presented by E and E [2013].
If the models in the second family have to be combined with those of the first, or
have to be combined with each others, the shared stiffness approach cannot be used
since the displacements do not appear as explicitly unknowns. In this case, an ap-
propriate technique has to be used in order to mix different FEs in the same model.
A possible solution consist in introduce “Lagrange Multipliers” (LM) as they allow
the compatibility to be imposed between two generic points of the structure. An
application of this method was presented by Carrera et al. [2013a].
A more “smeared” approach is the “Arlequin” method [Biscani et al., 2011], which
imposes an overlapping area where the two models are merged using some smooth
functions.

6.1 Fundamental nucleus rotation
The formulation introduced can be generalized for elements arbitrary oriented in
the space. The rotation matrix around the 3 axis can be written as:

Λx =

 1 0 0
0 cos(θ) sin(θ)
0 −sin(θ) cos(θ)

 , Λy =

 cos(φ) 0 sin(φ)
0 1 0

−sin(φ) 0 cos(φ)

 , Λz =

 cos(ξ) −sin(ξ) 0
sin(ξ) cos(ξ) 0

0 0 1


(6.1)

where θ, φ and ξ are the rotation around the axis: x,y,and z. As showd in 6.1. The

Figure 6.1. Local and Global system of reference.

complete rotation matrix can be written as:

[Λ] = [Λx][Λy][Λz] (6.2)
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the generic displacement vector u expressed in the local system of reference,uloc,
can be expressed in a global system of reference,uglob, by using the formulation:

uglob = [Λ]uloc (6.3)

The fundamental nucleus expressed in the local system, [Kijτs]loc, of reference so
can be turn in the global system of reference, [Kijτs]glob, as show in the following
formulation:

[Kijτs]glob = [Λ][Kijτs]loc[Λ]T (6.4)

6.2 Mixing via shared nodes approach

6.2.1 Theoretical formulation
The most common approach to couple FEs with different kinematics consists to
“add” or “share” the stiffness of the nodes. Let us consider two structures, structure
A and structure B, which “share” (see Figure 6.2) a finite number of nodes. The
displacement vector of the structure A is uA, while uB is the displacement vector of
the structure B. These vectors can be split into two contributions, “free” displace-

shared node

free node

A B

uA
y

uA
z

uA
x uB

y

uB
z

uB
x

=

Figure 6.2. Example of two structures, A and B, which share some nodes in which
the displacement compatibility is imposed

ment, uf , and displacements of the “shared” nodes, us. The shared nodes are the
nodes that belong to both structures. The free nodes are those that belong to only
one structure. Therefore, the following vectors can be written

uAT = (uA
f , uA

s ) (6.5)
uBT = (uB

f , uB
s ) (6.6)

By exploiting these two vectors, the stiffness matrix can be split into four contribu-
tions and the virtual variation of the internal work of structure A becomes

δLA
int =

{
δuA

f δuA
s

} [ KA
ff KA

fs

KA
sf KA

ss

]{
uA

f

uA
s

}
(6.7)
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The same can be done for the structure B. In explicit form, the virtual variation of
the internal work of the two structures becomes:

δLA
int = δuA

f KA
ffuA

f + δuA
s KA

sfuA
f + δuA

f KA
fsu

A
s + δuA

s KA
ssu

A
s (6.8)

δLB
int = δuB

f KB
ffuB

f + δuB
s KB

sfuB
f + δuB

f KB
fsu

B
s + δuB

s KB
ssu

B
s (6.9)

If compatibility is imposed among the shared nodes,

uA
s = uB

s = us (6.10)

the displacement vector of the whole structure can be written as

uT = (uA
f , uB

f , us) (6.11)

The virtual variation of the internal work of the two structures is

δLint = δLA
int + δLB

int (6.12)

and, in matrix form, becomes

δLint =
{

δuA
f δuB

f δus

}


KA
ff 0 KA

fs

0 KB
ff KB

fs

KA
sf KB

sf KA
ss + KB

ss





uA
f

uB
f

us


(6.13)

The same approach can be used to derive the load vector. The loads can be split
into P f and P s; the first contributions are the loads on the free nodes, while the
second ones are the load on the shared nodes. The load vectors of the structures
become

P AT = {P A
f , P A

s } (6.14)

P BT = {P B
f , P B

s } (6.15)

The virtual variation of the external work can be written as

δLA
ext = δuA

f P A
f + δuA

s P A
s (6.16)

δLB
ext = δuB

f P B
f + δuB

s P B
s (6.17)

The virtual variation of the external work of the whole structure becomes

δLext =
{

δuA
f δuB

f δus

}


P A
f

P B
f

P A
s + P B

s


(6.18)
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By introducing the PVD (δLint = δLext) it is possible to write
KA

ff 0 KA
fs

0 KB
ff KB

fs

KA
sf KB

sf KA
ss + KB

ss





uA
f

uB
f

us


=



P A
f

P B
f

P A
s + P B

s


(6.19)

which describes the problem as two part of the structure which are modelled by two
different kinematics, sharing a given number of nodes.

6.3 Mixing via hybrid elements approach
In order to connect ESL models and LW models, or TE models with LE models in
one-dimensional theories, it is mandatory to introduce some procedures because the
DOFs nature in the nodes can be different, so it is not possible to simply sum the
stiffness.

The classical FEM considers the same structural model in each node of the ele-
ment. The use of the indicial notation in the CUF frameworks allows the structural
approximation to be changed in each nodes of the element without increase the com-
plexity of the formulation. The new element, herein called ”Hybrid” can be used to
connect model with different kinematics.

This approach can be use din dot 1D and 2D element. From mathematical point
of view it does not introduce any other approximation than FEM and structural
model, this feature improves the “matrix quality” because it does not need of new
matrix to couple the different models, as happens for the Langrange multiplier
method of the Arlequin method.

6.3.1 Hybrid 1D models
In the case of one-dimensional model we can have different hybrid models, we may
have the necessity to connect two elements based on Taylor expansion (TE) but with
different order or we can connect two elements one based on TE and the second on
Lagrange Expansion (LE).

TE-TE Hybrid element

Lets consider the case in which 2 elements based on TE but with different expansion
orders have to be connected. The nodes that have to be shared have a different
kinematics and a different number of degrees of freedom. Because of that the stiffness
of the two nodes can not be ’summed’ but we need a dedicated approach to connect
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the DOFs of the first structure with the DOFs of the second structure. A hybrid
element can be developed to inter-connect the two different kinematics.

A two nodes beam element is used to develop the new hybrid element. The
element should have at the first node the kinematics of the first structure and at
the second node the kinematics of the second structure.

Figure 6.3 shows this situation. The hybrid element can be derived considering
a 2 nodes element with the order equal to the higher order of the two beams. As
shown in the figure it is possible to force the first node to have a poorer kinematics
introducing some constraints on the higher order terms. Finally, the matrix of the
hybrid element can be obtained excluding the constrained nodes.
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Figure 6.3. Example of two structures, A and B, which are connected
with a hybrid element.

This derivation procedure can be generalized using the indicial formulation in-
troduced by the CUF. In the case of the hybrid element each nodes can have a
different order of expansion. The displacement field can be generally written as:

u = NiFτ uiτ i = 1 . . . Nn, τ = 1 . . . T, (6.20)

where Nn is the number of the nodes of the element and T is the number of terms

45



6 – Combining variable kinematics models

in the expansion.
In the case of the hybrid element the number of terms of the expansion is a

property of the nodes and not a property of the element therefore T becomes a
function of i:

T −→ T (i) (6.21)

In order to emphasize the fact that the expansion is function of the node, the nucleus
can be written in the following form,

kτ isjij
xx =(λ + 2G)

∫
V

NiNjFτ i,xFsj ,xdV + G
∫

V
Ni,yNj,yFτ iFsj dV + G

∫
V

NiNjFτ i,zFsj ,zdV

kτ isjij
xy =λ

∫
V

Ni,yNjFτ iFsj ,xdV + G
∫

V
NiNj,yFτ i,xFsj dV

kτ isjij
xz =λ

∫
V

NiNjFτ i,zFsj ,xdV + G
∫

V
NiNjFτ i,xFsj ,zdV

kτ isjij
yx =λ

∫
V

NiNj,yFτ i,xFsj dV + G
∫

V
Ni,yNjFτ iFsj ,xdV

kτ isjij
yy =(λ + 2G)

∫
V

Ni,yNj,yFτ iFsj dV + G
∫

V
NiNjFτ i,xFsj ,xdV + G

∫
V

NiNjFτ i,zFsj ,zdV

(6.22)

kτ isjij
yz =λ

∫
V

NiNj,yFτ i,zFsj dV + G
∫

V
Ni,yNjFτ iFsj ,zdV

kτ isjij
zx =λ

∫
V

NiNjFτ i,xFsj ,zdV + G
∫

V
NiNjFτ i,zFsj ,xdV

kτ isjij
zy =λ

∫
V

Ni,yNjFτ iFsj ,zdV + G
∫

V
NiNj,yFτ i,zFsj dV

kτ isjij
zz =(λ + 2G)

∫
V

NiNjFτ i,zFsj ,zdV + G
∫

V
NiNjFτ i,xFsj ,xdV + G

∫
V

Ni,yNj,yFτ iFsj dV

In the hybrid nucleus the expansion functions, Fτ and Fs, are written as, Fτ i and
Fsj because the order of the expansion is a property of the node.

TE-LE Hybrid element

The approach used to connect two TE element with different order of expansion
can be used to develop a hybrid element able to link two element with different
kinematics, the first whit a TE and the second with a LE.

In this case, the displacement field is written as:

u = NiFτ uτi (6.23)

The displacement field must follow the TE in the first node and the LE in the
second. In this case also the expansion function, and not anly the number of terms,
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must be considered function of the node:

Fτ −→ Fτ (i) −→ F i
τ (6.24)

F i
τ indicates that the expansion over the cross-section depends also on the struc-

tural nodes were it is evaluated.
Also in this case the FN becomes:

kτsij
xx =(λ + 2G)

∫
V

NiNjF
i
τ,xF j

s,xdV + G
∫

V
Ni,yNj,yF i

τ F j
s dV + G

∫
V

NiNjF
i
τ,zF j

s,zdV

kτsij
xy =λ

∫
V

Ni,yNjF
i
τ F j

s,xdV + G
∫

V
NiNj,yF i

τ,xF j
s dV

kτsij
xz =λ

∫
V

NiNjF
i
τ,zF j

s,xdV + G
∫

V
NiNjF

i
τ,xF j

s,zdV

kτsij
yx =λ

∫
V

NiNj,yF i
τ,xF j

s dV + G
∫

V
Ni,yNjF

i
τ F j

s,xdV

kτsij
yy =(λ + 2G)

∫
V

Ni,yNj,yF i
τ F j

s dV + G
∫

V
NiNjF

i
τ,xF j

s,xdV + G
∫

V
NiNjF

i
τ,zF j

s,zdV

(6.25)

kτsij
yz =λ

∫
V

NiNj,yF i
τ,zF j

s dV + G
∫

V
Ni,yNjF

i
τ F j

s,zdV

kτsij
zx =λ

∫
V

NiNjF
i
τ,xF j

s,zdV + G
∫

V
NiNjF

i
τ,zF j

s,xdV

kτsij
zy =λ

∫
V

Ni,yNjF
i
τ F j

s,zdV + G
∫

V
NiNj,yF i

τ,zF j
s dV

kτsij
zz =(λ + 2G)

∫
V

NiNjF
i
τ,zF j

s,zdV + G
∫

V
NiNjF

i
τ,xF j

s,xdV + G
∫

V
Ni,yNj,yF i

τ F j
s dV

The present formulation introduces some more complexities with respect to the
previews formulation. In fact, when i /= j, one expansion function is a Taylor
function while the second is a Lagrange function. Usually the Taylor functions are
defined in physical coordinates while the Lagrange function in the natural coor-
dinates. This requires more attention in the integration but does not reduce the
efficiency of the model.

6.3.2 Hybrid 2D models
Also the two-dimensional models can be connected using the hybrid models. As for
the one-dimensional model the expansion becomes a function of the nodes and not
of the element.

ELS-ESL hybrid element

As for the case of the TE-TE hybrid element, it is possible to connect two ESL
model with different expansion order. Each nodes of the hybrid element can have a
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different order of the expansion so the function are indicated as:

Fτ −→ Fτ i (6.26)
Fs −→ Fsj (6.27)

ESL-LW hybrid model

As for the case of the TE-LE hybrid element, it is possible to connect the two
elements, one with ESL and the other with LW kinematics. Each nodes of the
hybrid element can have a different expansion so the function are indicated as:

Fτ −→ F i
τ (6.28)

Fs −→ F j
s (6.29)
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Chapter 7

Panel flutter

Panel flutter is an unstable aeroelastic phenomenon that can cause the failure of
wing, fuselage and missile panels. This occurs above all supersonic speeds, although
it has also been observed in the subsonic regime. Unlike wing or missile flutter, which
involves the whole wing/missile, panel flutter only involves panels that are usually
bounded by two transverse stiffeners (ribs) and two longitudinal stiffeners (stringers).
The phenomenon involves a small or moderately large amplitude vibration, usually
a limit cycle oscillation (LCO), which appears because of non-linear geometrical
strains. As a consequence, the panel is subject to fatigue loading, which eventually
destroys it or the attachments. Another feature is that the aerodynamic load only
acts on the external surface of the panels, while the internal surface is exposed to
constant pressure. This phenomenon appeared immediately after the World War II
with the arrival of the first supersonic flights, but panel flutter had already been
observed on V2 rockets and it had caused most of them to fail. It was also seen in
many other projects, such as Saturn V Nichols [1969] in which panel flutter appeared
in a non destructive form. In those years, many theoretical studies were conducted
in order to develop computational tools that were able to describe the phenomenon
and to predict the critical conditions. Important contributions to the understanding
of panel flutter have been made by Dowell [1970, 1966, 1967], Fung [1960] and Johns
[1965]. Several studies have considered different structural models, while others have
analyzed the effects of various parameters.

In order to create an aeroelastic model, structural and aerodynamic theories have
to be developed. As pointed out by McNamara and Friedmann [2007], various mod-
els allow a number of phenomena to be investigated over different ranges. Different
structural elements, such as, both geometrically linear and non-linear, beams (1D)
and plates (2D) have been used in the analyses. On the other hand, the aerody-
namic approach, has been the same in most of the works and is based on a linearised
supersonic theory, known as the Piston theory. The model was first introduced by
Lightill [1953] and Morgan et al. [1958] and was proposed for aeroelastic analysis
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by Ashley and Zartarian [1956]. It has an easy formulation and provides accurate
results in the supersonic range, with Mach number over 1.7 Vedeneev [2012]. The
non linear formulation of the model is used in the hypersonic range.

Many works based on these models have been proposed since the 1950s till
now in order to include multiple effects in panel flutter analysis. Most of them
focus on the structural model. The introduction of composite materials was one of
the most challenging areas and the works by Shiau and Lu [1992] , Dixon and Mei
[1993] and Kouchakzadeh et al. [2010] can be considered remarkable. Other contri-
butions to panel flutter analysis are those by Ganapathi [1995] for curved panels, by
Dowell [1970] on differential pressure across a panel, by Xue and Cheung [1993] and
Lee et al. [1999] on thermal loads and by Kariappa et al. [1970] on in-plane loads.

The introduction of the Finite Element Method (FEM) was an important step
forward in panel flutter analysis. Most recent works have been carried out using
this model and mainly plate and shell elements are dealt with. The introduction of
the FEM has allowed the general structural problem to be addressed, but has not
improved solution reliability.

The flow model is the most critical point in aeroelastic analysis and the Piston
Theory is not suitable to investigate aeroelastic phenomena over each Mach range.
Some refined aerodynamic models, based on potential flow and unsteady aerody-
namics, were introduced by Kornecki et al. [1976], and the effect of viscosity was
take into account by Dowell [1973a] and Gordiner and Visbal [2002]. With the de-
velopment of Computational fluid dynamics [Anderson, 1995], a powerful new tool
was made available for aeroelastic analysis. The introduction of such a complicated
method was not an easy task and one example is the work by Hashimoto et al. [2009]
in which a FEM model is coupled to a CFD model.

Panel flutter phenomena mainly involves aeronautical structures, but it has also
appeared on space structures during the coasting phase. Non destructive aeroelastic
phenomenon was detected on Saturn V rockets, and analytical and experimental
tests were carried out in this contest by Nichols [1969].

The new launcher generations attempt to improve performances by introducing
new panels, to protect the cryogenic stage during the coasting phase, which are
then ejected in order to reduce the weight outside the atmosphere. These panels,
called Versatile Thermal Insulation (VTI) panels, are larger than common aeronau-
tical panels and are usually connected to the main structure by means of pinched
points (usually pyrotechnical nuts). Their dimensions, boundary conditions (BC)
and weight requirements make VTI panels very flexible and they can therefore be
easily affected by aeroelastic phenomena.

Very few works in literature deal with VTI-panel features. The crucial points are
the BC and the flow properties. Several works on point supported panels have been
devoted to dynamic analysis [Fan and Cheung, 1984], but very few papers concern
the effect of the boundary condition position on panel flutter. One of these is by
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Shanthakumar et al. [1977], but only one [Dowell, 1973b] is about a point supported
configuration. Two recent works on this topic have been presented by Carrera et al.
[2011e,f].

7.1 Aerodynamic model
The aerodynamic model used in the present work is based on the Piston Theory.
This model was used in the aeroelastic analysis first by Ashley and Zartarian [1956],
it has an easy formulation and it provide accurate results in the supersonic range,
with Mach number greater than 1.7. The piston theory assumes the flow on a panel
to be similar at an one-dimensional flow in channel (in a piston). Generally speaking
the pressure behaviour may be described by means of the total pressure formulation:

p

p0
=
[
1 + γ − 1

2
uz

a0

] 2γ
γ−1

(7.1)

Were a0 is the sound velocity and w is the piston velocity. While eq.7.1 is exact for
an supersonic expansion, it loses its accuracy in presence of a shock wave because
the flow is not isentropic. Many proposals were made in order to extend its validity
also for a non isentropic flow. In Lightill [1953] a cubic approximation has bee
introduced in which the eq.7.1 is substituted by:

p

p0
= 1 + γ

(
uz

a0

)
+ γ(γ + 1)

4

(
uz

a0

)2
+ γ(γ + 1)

12

(
uz

a0

)3
(7.2)

By introducing the pressure coefficient:

Cp = p − p0

q
(7.3)

were:
q = 1

2
ρflowV 2 = γ

2
p0M

2 (7.4)

Upon substituting eq.7.4 and 7.3 in eq.7.2 it is possible to write the piston theory
in the following form:

Cp = 2
M2


(

uz

a0

)
+ γ + 1

4

(
uz

a0

)2
+ γ + 1

12

(
uz

a0

)3
 (7.5)

A general formulation of the piston theory is proposed in Morgan et al. [1958]:

Cp = 2
M2

C1

(
uz

a0

)
+ C2

(
uz

a0

)2
+ C3

(
uz

a0

)3
 (7.6)
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Starting from the Morgan formulation [Morgan et al., 1958], an improved model
was derived by introducing a quasi-steady theory proposed by Van Dyke [1952].
The vertical displacement uz may be expressed in a two dimensional formulation as:

uz = ∂uz

∂t
± V

∂uz

∂y
(7.7)

The sign of the velocity V depends on its direction: positive if V is in the positive
y − direction, negative if V is in the negative y − direction. Substituting eq.7.7
in 7.6 and considering a the first order expansion proposed in [Lightill, 1953] it is
possible to derive the well know piston theory formulation that is used in the most
of the analysis on panel flutter:

∆p(y,t) = 2q

M

{
∂uz

∂y
+ 1

V

∂uz

∂t

}
. (7.8)

Eq.7.8 shows that the local differential pressure is function of the velocity of the
normal displacement and of the slope of the surface. A refined formulation have
been proposed by Krumhaar [1963] for low supersonic range:

∆p(y,t) = 2q√
M2 − 1

{
∂uz

∂y
+ M2 − 2

M2 − 1
1
V

∂uz

∂t

}
(7.9)

It is easy to show that when the Mach number goes to infinity the eq.7.9 coincides
to eq.7.8. In this work eq.7.9 is used to compute the virtual work related to the
aerodynamic forces. The differential pressure, acting on the panel, given by eq.7.9
can be express as the sum of two terms:

∆p(y,t) = ±A
∂uz

∂y
+ B

∂uz

∂t
(7.10)

where:
A = ± 2q√

M2 − 1
; B = 2q√

M2 − 1
M2 − 2
M2 − 1

1
V

. (7.11)

The first term, (±A
∂uz

∂y
), depend on the vertical displacement, uz, and it can be pos-

itive or negative according to the direction of the flow with respect to the y − axis.
It represent a contribution to the stiffness of the problem so it is called aerody-
namic stiffness. The second term, (B ∂uz

∂t
), depend on the vertical velocity of the

displacements,∂uz

∂t
, it may be interpreted as a damping so it is called aerodynamic

damping.
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7.2 1D aeroelastic model
In this section is derived the aeroelastic model based on the one-dimensional refined
theories introduced in Chapter 5. Figure 7.1 shows the reference system used in the
following formulation.

V8

x

y

z

a

t

b

Figure 7.1. Reference system used in the one-dimensional aeroelastic model.

7.2.1 Aerodynamic Matrices Formulation
The aerodynamic matrix may be derived evaluating the work, δLa, of a differential
pressure, ∆p, acting on a surface, Λ.

δLa =
∫

Λ
(δu∆p) dΛ (7.12)

Considering the formulation proposed in eq.7.10 and introducing the displacement
formulation, differential pressure can be written as:

∆p = A
∂uz

∂y
+ B

∂uz

∂t
=

= A
∂(I∆pqiτ Fτ Ni)

∂y
+ B

∂(I∆pqiτ Fτ Ni)
∂t

=

= A · I∆pqiτ Fτ
∂Ni

∂y
+ B · Fτ NiI∆p

∂qiτ

∂t

(7.13)

Where:

I∆p =

 0 0 0
0 0 0
0 0 1

 (7.14)
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Being dΛ = dx · dy and substituting eq.7.19 in eq.7.18, the virtual work of the
differential pressure can be written as:

δLa =
∫

Λ
δqiτ Fτ Ni

(
AI∆pqsjFs

∂Nj

∂y
+ BFτ NiI∆p

∂qsj

∂t
) dx dy =

=δqT
iτ

[
A
∫

x

(
Fτ Fs

)
dx
∫

L
Ni

∂Nj

∂y
dyI∆p

]
qsj+

+ δqT
iτ

[
B
∫

x

(
Fτ Fs

)
dx
∫

L
NiNj dyI∆p

]
∂qsj

∂t
=

=δqT
iτ

[
Kijτs

a

]
qsj + δqT

iτ

[
Dijτs

a

]∂qsj

∂t

(7.15)

Where Kijτs
a is the aerodynamic stiffness matrix and it may be written in the form:

[
Kijτs

a

]
= 2q√

M2 − 1

∫
x

(
Fτ Fs

)
dx

 0 0 0
0 0 0
0 0

∫
L Ni

∂Nj

∂y
dy

 (7.16)

Dijτs
a is the aerodynamic damping matrix and it may be written in following form:

[
Dijτs

a

]
= 2q√

M2 − 1
1

V∞

(
M2 − 2
M2 − 1

) ∫
x

(
Fτ Fs

)
dx

 0 0 0
0 0 0
0 0

∫
L NiNj dy

 (7.17)

Both the aerodynamic matrix are written in form of fundamental nucleus.

7.3 2D aeroelastic model
In this section is derived the aeroelastic model based on the two-dimensional refined
theories introduced in Chapter 4. Figure 7.2 shows the reference system used in the
following formulation.

7.3.1 Aerodynamic Stiffness Matrix [Ka]
The aerodynamic stiffness matrix may be derived evaluating the work, δLaer, made
by a differential pressure, ∆p, due to the slope of the surface in the flow direction.

δLA
aer =

∫
Λ
(δuk∆pA) dΛ (7.18)

where the index A indicates that only the contribution of the slope is considered,
and Λ is the surface where the pressure is acting. Considering the formulation
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Figure 7.2. Reference system used in the two-dimensional aeroelastic model.

proposed in eq.7.10 and introducing the displacement formulation reported in eq.4
, differential pressure can be written as:

∆pA = A
∂uz

∂α
= A · I∆p

∂Ni

∂α
Fτ qk

iτ (7.19)

Where:

I∆p =

 0 0 0
0 0 0
0 0 1

 (7.20)

Being dΛ = dα · dβ and substituting eq.7.19 in eq.7.18, the virtual work of the
differential pressure can be written as:

δLA
aer = δqkT

js

[
A
(
FsFτ

) ∫
Λ

Nj
∂Ni

∂α
I∆p dαdβ

]
qk

iτ = δqkT

js kkijτs
a qk

iτ (7.21)

Where kkijτs
a is the aerodynamic stiffness matrix and it may be written in the form:

kkijτs
a = 2q√

M2 − 1
Fτ Fs


0 0 0
0 0 0

0 0
∫

Λ
Nj

∂Ni

∂α
dαdβ

 (7.22)

Aerodynamic Damping Matrix [Da]

The aerodynamic damping matrix may be derived evaluating the work, δLaer, made
by a differential pressure, ∆p, due to the vertical displacement velocity of the surface.

δLB
aer =

∫
Λ
(δuk∆pB) dΛ (7.23)

where the index B indicates that only the contribution of the vertical displacement
velocity is considered. Considering the formulation proposed in eq.7.10 and intro-
ducing the displacement formulation reported in eq.4 , differential pressure can be
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written as:
∆pB = B

∂uk
z

∂t
= B · Fτ NiI∆p

∂qk
iτ

∂t
(7.24)

δLB
aer = δqkT

js

[
B
(
Fτ Fs

) ∫
Λ

NiNjI∆p dαdβ

]
∂qk

iτ

∂t
= δqkT

js dkijτs
a

∂qk
iτ

∂t
(7.25)

Dijτs
a is the aerodynamic damping matrix and it may be written in following form:

dkijτs
a = 2q√

M2 − 1
1

V∞

(
M2 − 2
M2 − 1

) ∫
x

(
Fτ Fs

)
dx


0 0 0
0 0 0
0 0

∫
Λ

NiNj dαdβ

 (7.26)

7.4 Aero-thermo-elastic formulation
The strain and the stress field related to the thermal load is assumed as:

εh = αp∆T ; σh = Cpαp∆T = λp∆T (7.27)

where αp contains the in-plane thermal expansion coefficients along x, y and xy
direction, ∆T is a vector (3 × 1) containing the temperature gradient and Cp is the
in-plane material matrix. In order to obtain the fundamental nuclei, has been used
the Von Karman non linear differential matrix:

δLheat =
∫

V
(δεnl

xx

T
σh

xx + δεnl
yy

T
σh

yy + δεnl
xy

T
σh

xy)dV = δqT
iτ

[∫
V

[(
(Fτ Ni,xNj,xFs

)
σh

xx+

+
(
(Fτ Ni,yNj,yFs

)
σh

yy +
(
(Fτ Ni,xNj,yFs

)
σh

xy

]
dV
]
qsj = δqT

iτ

[
Kijτs

heat

]
qsj

(7.28)

For thin structures, the fundamental nuclei of Thermal Stress matrix ( 3 × 3 )
has only the third diagonal element different from zero.

7.5 Solution of the aeroelastic problem
The FEM aeroelastic problem is formulated such as a second order dynamic system:

([K] + [Ka]) {q} + ([D] + [Da]) {q̇} + ([M ]) {q̈} = 0 (7.29)

In which, the structure is represented by the matrix K, D and M, that are the stiff-
ness, damping and mass matrix, respectively. The aerodynamic forces are expressed
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in terms of Ka and Da . If the structural damping is negligible the eq.7.29 can be
reduced to:

([K] + [Ka]) {q} + ([Da]) {q̇} + ([M ]) {q̈} = 0 (7.30)

For a linear problem it is possible to assume a periodic solution:

{q} = {q̄} eiωt

{q̇} =iω {q̄} eiωt

{q̈} = − ω2 {q̄} eiωt

(7.31)

Substituting eq.7.31 in eq.7.30 the FE formulation becomes:

{q̄} eiωt
[
([K] + [Ka]) + ([Da]) iω − ([M ]) ω2

]
= 0 (7.32)

Eq.7.32 represents a quadratic eigenvalues problem (QEP). The eigenvalues are in
general complex number, the imaginary part is related to the natural frequencies,
the real part to the damping of the aeroelastic system and represent the exponential
decay of the oscillation, usually expressed in [1/s].

7.6 Quadratic eigenvalues problem (QEP) solu-
tion

Quadratic eigenvalues problem (QEP) is not a classical lienar eigenvalue problem. A
possible solution can be made by switching the QEP of a generic order R (where R
is the number of degrees of freedom, DOF) in a classic ’linear’ eigenvalues problem
of order 2 × R. To make it, the following ’trick’ can be used:([K] + [Ka]) {q} + ([Da]) {q̇} + ([M ]) {q̈} = 0

− {q̇} + {q̇} = 0
(7.33)

now, by introducing:

{Q} =
{

{q}
{q̇}

}
{
Q̇
}

=
{

{q̇}
{q̈}

} (7.34)

it is possible to obtain the following form:

[R]
{
Q̇
}

+ [T ] {Q} = 0 (7.35)
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Where:

[R] =
[

[Da] [M ]
[I] [0]

]

[T ] =
[

([K] + [Ka]) [0]
[0] − [I]

] (7.36)

by switching the problem in the term of frequency the eq. 7.35 assumes the form:[
R
]

[
T
] − 1

ω

[
I
]

= 0 (7.37)

Where:
[T ]−1 [R] =

[
([K] + [Ka])−1 [Da] ([K] + [Ka])−1 [M ]

− [I] [0]

]
(7.38)

The problem in eq.7.37 is in the classical form and it can be solved with the standard
eigensolvers.
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Chapter 8

Structural models assessments

8.1 Static analysis

8.1.1 C-shaped thin-walled section
A cantilevered C-shaped cross-section beam is considered to evaluate the capabilities
of the present beam model in the thin-walled structures analysis. The geometric
characteristics have been taken from Vlasov [1961].

Figure 8.1. C-shaped cross-section geometry and loading.

Fig. 8.1 shows the cross-section geometry, the height h is considered equal to 5
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[m], b is equal to 3.5 [m] and the thickness, t, is assumed to be 0.2 [m], the length of
the beam, L, is 18 [m]. Young’s modulus, E, is equal to 30 [GPa], and the Poisson
ratio, ν is equal to 0.33. Two forces, F x

1 and F x
2 (see Fig. 8.1), equal to 200 [kN] are

posed in [1.095, ± h/2, L] acting in ± x-direction in order to reproduce an equivalent
torsional moment, Mteq , equal to 1000 [kNm]. Ten elements B4 are used in the axial
discretization.
The twisting angle, Θ1 , is used to give comparisons with results form solid el-
ements analysis and from literature: Vlasov [1961], Tralli [1986], Back and Will
[1998], Kim and Kim [2005], El Fatmi [2007a].

Table 8.1 shows the value of the twisting angle in many points along the y axis
and for various structural models.

Figure 8.2 shows the deformed cross-section at beam tip evaluated by means of
different structural model, the displacements have been scaled by a ×100 factor to
make the figure clearer.

In Fig. 8.3 is reported the twisting angle behavior along the y − axis evaluated
by means of different structural models.

The following considerations hold:

1. A tenth-order beam model is needed to reach a good level of accuracy in the
evaluation of Θ and to match the results from the solid model.

2. The proposed beam model, with the appropriate order of expansion, provides
better results than those from literature in term of twisting angle.

1

In the classical models based on displacements degree of freedom, Θ my be defined as:

tan(Θ) = δux

δz
= δuz

δx

the twisting angle in the CUF formulation can be written as:

tan(Θx) = δux

δz
= ux2 + x ux5 + 2z ux6 + ...

tan(Θz) = δuz

δx
= uz3 + 2x uz4 + z uz5 + ...

this equation shows that the twisting angle is not a property of the whole section but a property
of the point, also the equivalence δux

δz = δuz

δx is not automatically satisfied. In order to compare
the results with those from literature in this work only the constant term is considered in the
evaluation of the twisting angle so θ has been defined as:

Θ = arctan(ux2) + arctan(uz3)
2
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Undeformed
Solid

CUF N=6
CUF N=10

Figure 8.2. Deformation of C-shaped cross-section beam at y=L for different
structural models, displace- ments amplification ×100.
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Figure 8.3. Twisting angle of the C-shaped cross-section beam along y-axis, com-
parisons between different models.

3. The twisting angle behavior along the y − axis (Fig. 6) is not linear as one
might expect from the classical torsion theory, the present model indeed take
into account higher order effects due to normal stresses, torsional-bending
coupling section warping.
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8.1.2 End-effects on compact sections

A cantilevered beam is analyzed to investigate the end-effects due to the boundary
conditions. A rectangular compact section is considered. The height h is assumed
to be equal to 1 [m], the ratio b/h is assumed to be equal to 0.5, the aspect ratio
L/h is assumed to be 6, where L is the length of the beam. Two loading settings
are considered: a concentrated load in z-direction, Fz, and a concentrated load
in y-direction, Fy; both loads are posed in [0, L, 0] and are equal to 1 [N]. An
orthotropic material is considered; its features are shown in Tab. 8.2. Forty B4
elements are used in the axial discretization. A comparison with higher order beam
models [Ghazouani and El Fatmi, 2010] and 3D-FEM solution is given. Fig. 8.4a
shows the value of the normal tension σyy in the area close to the constraint for a
beam subject to bending load. The diagram shows that:

1. The classical theory, EBBM, does not predict the local effects due to the
boundary conditions.

2. The end-effects on σyy are confined to an area of length equal to three times
the height, h, of the cross-section.

3. The results from a third-order beam model agree with those from literature.

4. At the constrained cross-section the role of higher-order models is extremely
evident. An N = 5 model is able to increase the accuracy of the model signifi-
cantly. The adoption of higher-order CUF beam models is able to improve the
solution from other models and leads to the 3D solution for increasing beam
orders.

In Fig. 8.4b a traction load is considered. The results are given in terms of σt

σSV
yy

,

where σt is equal to (σxx + σzz)/2 and σSV
yy is equal to the force Fy divided by the

area of the cross-section. It is possible to highlight that:

1. The end-effects on σt are confined to an area of length equal to the height, h,
of the cross-section.

2. The first-order beam model results match those from literature.

3. The results from a third-order beam model agree with those from a 3D-FEM
analysis.
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Figure 8.4. End-effects due to the boundary conditions on a cantilevered beam
with rectangular compact section. Comparison of the results from CUF beam
theories and those from Ghazouani and El Fatmi [2010].

8.2 Dynamic analysis

8.2.1 Cantilevered Compact Section

A cantilevered beam with a rectangular cross-section is considered for a preliminary
assessment of the present beam model. The dimensions of the cross-section edges, b
and h, are equal to 0.03 [m] and 0.1 [m] respectively. The length-to-thickness ratio,
L/h, is considered equal to 100. A benchmark solution is obtained by means of the
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Euler-Bernoulli beam model (EBBM):

ωn = 1
2π

√
D

ρA

(
βn

)2
(8.1)

where ωn is the natural frequency; A is the cross-section area; D is a stiffness
parameter which is given by the product of the moment of inertia , I, and the Young
modulus, E; βn is the boundary condition parameter which for a cantilevered beam,
is computed by exploiting the following equation:

cos(βnL) cosh(βnL) = −1 (8.2)

Table 8.3 shows the first ten bending frequencies obtained with different beam mod-
els. Comparisons with analytical and solid models are made and hexahedral solid
elements are used. Table 8.4 presents the first four torsional frequencies and the
results are compared with those from solid elements. The number of degrees of free-
dom (DOF’s) of each model is shown in both tables. The following considerations
hold.

1. The bending frequencies computed by means of EBBM or higher-order models
are in perfect agreement with those obtained with MSC Nastran or solving Eq.
8.1.

2. The higher the bending mode, the greater the differences between the models
considered. This is due to role of the shear in the short wavelength bending
modes.

3. The EBBM and the TBM are unable to predict torsional modes.

4. A linear model (N=1) is needed to detect the torsional frequencies and a
higher-order model is required to obtain good accuracy (at the least N=2).

5. The first-order theory provides lower frequencies then the second-order theory
because of the Poisson locking correction.

A convergence study is shown in Figure 8.5. The 7th bending frequency in the
plane y − z is investigated. The graph shows the percentage differences between
the frequency computed with different beam models and the analytical frequency
(ωEBBM) given by Eq. 8.1 versus the number of DOF’s of each model. The percent-
age difference is defined as:

∆% = ωEBBM − ω

ωEBBM

× 100 (8.3)
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Figure 8.5. Convergence analysis on the 7th bending mode in the plane y − z,
rectangular cross-section, reference frequency 98.776 [Hz].

The CUF results are compared with two different MSC Nastran solutions; the
first one uses unidimensional beam elements and the second one uses solid three-
dimensional elements. The number of DOF’s is increased by refining the mesh in
the axial direction. It is possible to highlight that:

1. The solution obtained by means of the MSC Nastran beam elements shows
the lowest number of DOF’s and provides good accuracy.

2. The solution obtained by means of MSC Nastran solid elements provides the
best accuracy, but is very expensive in terms of computational costs.

3. The results provided by means of CUF have good accuracy while the number
of DOF’s of a fourth-order CUF beam model lies in between those of the MSC
Nastran beam and the solid element models.

4. It is important to underline that the MSC Nastran beam element (CBAR)
is based on classical beam models and is therefore unable to predict torsional
modes, whereas a fourth order CUF beam model is able to detect a wide
variety of modes that will be shown in the next section.
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y [m]
DOF’s 3 6 9 12 15 18

Θ [rad] × 10−3

[Vlasov, 1961] 0.163 0.611 1.284 2.124 3.075 4.081
[Tralli, 1986] 0.193 0.669 1.369 2.234 3.209 4.239
[Back and Will, 1998] 0.188 0.659 1.354 2.215 3.185 4.210
[Kim and Kim, 2005] (CASE 4) 0.193 0.669 1.368 2.233 3.207 4.236
[El Fatmi, 2007a] - - - - - 4.203
CUF N=4 1395 0.136 0.444 0.875 1.392 1.970 2.708
CUF N=6 2604 0.115 0.531 1.163 1.963 2.939 4.268
CUF N=10 6138 0.192 0.723 1.541 2.573 3.777 5.136
Nastran 22200 0.229 0.785 1.603 2.618 3.704 4.966

Table 8.1. Twisting angle (Θ) along the y-axis of a beam with C-
shaped cross-section under torsional loading, comparison of various one-
dimensional and solid models.

E11 [GPa] E22 [GPa] E33 [GPa] G12 [GPa] G13 [GPa] G23 [GPa] ν12 ν13 ν23
206.80 5.17 5.17 3.10 3.10 2.55 0.25 0.25 0.25

Table 8.2. Mechanical properties of the orthotropic matherial.

Sol.Eq. 8.1 EBBM TBM N = 1 N = 2 N = 3 N = 4 Nastran
DOF ′s 605 605 1098 2178 3630 5445 36000

1 0.250 0.250 0.250 0.250 0.250 0.250 0.250 0.250
2 0.833 0.833 0.833 0.833 0.834 0.834 0.834 0.833
3 1.566 1.565 1.565 1.565 1.567 1.567 1.567 1.567
4 4.384 4.382 4.382 4.382 4.388 4.388 4.388 4.387
5 5.219 5.219 5.217 5.217 5.223 5.223 5.223 5.219
6 8.592 8.586 8.585 8.585 8.599 8.598 8.598 8.596
7 14.203 14.194 14.190 14.190 14.213 14.212 14.212 14.210
8 14.615 14.610 14.597 14.597 14.615 14.613 14.613 14.602
9 21.216 21.202 21.195 21.195 21.230 21.228 21.228 21.225
10 28.639 28.621 28.576 28.576 28.612 28.604 28.604 28.584

Table 8.3. First ten bending frequencies of the beam with a rect-
angular cross-section, [Hz].
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EBBM TBM N = 1 N = 2 N = 3 N = 4 Nastran
DOF ′s 605 605 1098 2178 3630 5445 36000

1 -a -a 79.555 43.863 43.858 41.622 42.364
2 - - 238.667 127.740 127.684 124.870 127.100
3 - - 397.778 214.442 214.289 208.132 211.84
4 - - 556.890 294.024 293.743 291.417 294.17

(a): Results not provided by the model.

Table 8.4. First four torsional frequencies of the beam with a rect-
angular cross-section, [Hz].
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Chapter 9

Reinforced structure analysis

9.1 Analysis of transversal ribs by 1D CUF ele-
ments

Ribs could be considered as a ’very low’ aspect ratio one-dimensional structure.
The static response of a single rib is investigated in this section to assess the present
model for the subsequent analysis. The geometry of the structure is shown in Fig.9.1.
The length, L, is equal to 0.2 [m]; the radius, R, of the circular cross-section is 1[m].

�

�

�

Figure 9.1. ’Very low’ aspect ratio beam model.

The structure is clamped in the centre (C) along the whole y-axis. The structure
is loaded with a uniform pressure with a magnitude of 100 [Pa] acting along the radial
direction above the whole y-axis and in the intervals: 3

8π < θ < 5
8π and 11

8 π < θ <
13
8 π. The results are compared with a solid model from MSC NASTRAN R©.

In Tab.9.1 the results are presented in terms of displacements at different points:
a[R,L/2,R], a′[R,L,R] and b[R,L/2,0]; stress values are evaluated at the points a[R,L/2,R].
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Order DOFs Displacements Stress
uza ×E − 8 uya′ ×E − 10 uxb

×E − 9 σxxa ×E + 2 σzza ×E + 1
[m] [m] [m] [Pa] [Pa]

N=1 27 -0.5789 0.0000 0.2227 -0.025 -4.751
N=2 54 -0.6205 0.2836 0.1811 -0.035 -4.145
N=3 90 -0.9938 0.6707 0.3604 -0.505 -8.579
N=4 135 -1.0043 0.5212 0.3498 -0.569 -9.086
N=5 189 -1.1481 0.7674 0.2596 -0.960 -10.966
N=6 336 -1.1483 0.8673 0.2596 -0.918 -10.462
Solid 25000 -1.1498 0.8184 0.2828 -1.000 -9.975

Table 9.1. Displacements and stress of the ’very low’ aspect ratio beam evaluated
in different points by means of higher order beam model and a solid model.

9.67e-29 5.8e-10 1.16e-09

Figure 9.2. Cross-section displacements [m] at y=L/2. Sixth order theory.

The displacements related to the sixth order model at y = L/2 are depicted in
Fig.9.2.

Some stress distributions are reported in Fig.9.3. The following remarks can be
made.

• The present model is able to properly predict the displacements and the stress
of a ’very low’ aspect ratio beam. The results clearly show the capability of the
present higher-order model to detect 3D responses of the thin ribs considered.

• At least a fifth-order model is needed to obtain good accuracy in the results.
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-91.9 -38.2 15.6

(a) σxx

-109 -44 21.3

(b) σzz

-16.1 0 16.1

(c) σxz

Figure 9.3. Stress [Pa] distributions at y=L/2, sixth order theory.

It is concluded that the present model is able to describe properly the transverse
stiffeners.

9.1.1 Stiffened cylinder under internal pressure
A cylindrical structure under an internal pressure is investigated in this section.
Fig.9.4 shows the models considered and the cross-section geometry. All the models
have a diameter, d, equal to 2 [m] and a length, L, equal to 15 [m]. The skin has
a thickness, ts, equal to 0.002[m], the ribs have a square section where tr and Sr

are equal to 0.2[m]. The stringers have a rectangular section with base, b, equal
to 0.02[m], and an height, h, equal to 0.05[m]. Four different configurations are
investigated.

• Case 1 has a uniform section along the whole y−axis: no ribs and no stringers
have been considered.

• Case 2 is built by means of the skin and two ribs at y = 1
3L and y = 2

3L.

• Case 3 has a uniform section along the whole y − axis formed by the skin and
eight stringers uniformly distributed above the skin.

• Case 4 includes the skin, the two ribs and the stringers.
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Figure 9.4. Reference system and geometry of the different models. Case
1: only skin; Case 2: skin and ribs; Case 3: Skin and stringers; Case 4:
Skin, stringers and ribs.

The pressure load, P , has a magnitude equal to 1E+6 [Pa]. Both ends are clamped.
All the structural components are made of aluminium.

Table 9.2 shows the radial displacement of the section at y = L/2 for the different
cases. Comparisons with a two-dimensional model are given. A comparison with
an analytical solution have been proposed by means of the approach detailed in
Timoshenko and Woinowski-Krieger [1970] which gives the following formula for the
radial displacement of a cylinder under internal pressure:

ur =
P (d

2)
Ets

(
1 − 1

2
ν
)

(9.1)

Fig.9.5 shows the effects of the ribs by comparing the results of Case 1 and 2 in
terms of radial displacements. The effects of the longitudinal stiffening are shown
in Fig.9.7 where the results of case 2 and 4 are compared. The same results are
depicted in Fig.9.6 where the section at y = L/2 is considered.

A three-dimensional representation of the deformed models is shown in Fig.9.8a-
d. The following considerations can be made.

• The presence of ribs has a strong influence on the behavior of the thin-walled
cylinder; Fig.s 9.5, 9.8b and 9.8d show that the increase of the stiffness due to
the ribs drastically reduces the displacements in proximity of the stiffeners.

• The longitudinal stiffeners reduce the global displacements and they smooth
the local effects in the skin-ribs interface, Fig.9.7.

• A fourth order model is required to achieve accurate results.
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Figure 9.5. Displacements in the z direction of thin-walled cylinder with an inter-
nal pressure. Comparisons between the with-ribs model (CASE 2) and without-ribs
model (CASE 1). Displacements amplified of a ×100 factor.

• The results provided by the present model match very well with those from
the 2D model and those from literature, (as shown in Table 9.2).
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Figure 9.6. Section displacements of thin-walled cylinder with ribs under a
internal pressure load. Section analyzed at y=7.5. Comparisons between
the with-stringers model (CASE 4) and without-stringers model (CASE 2).
Displacements amplified of a ×100 factor.

Model N = 2 N = 4 N = 5 2Dmodel Sol. eq.9.1
ur × 10−2

DOFsCase1,3 2178 5445 7623 4900Case1

DOFsCase2,4 2880 7200 10080 6900Case2

Case 1 0.144 0.616 0.611 0.596 0.582
Case 2 0.146 0.605 0.604 0.603 0.582
Case 3 0.089 0.349 0.353
Case 4 0.089 0.351 0.355

Table 9.2. Displacements in z-direction evaluated in [0,7.5,1]. Comparisons be-
tween different theories and model.
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(a) CASE 1 (b) CASE 2

(c) CASE 3 (d) CASE 4

Figure 9.8. 3D view of the displacements of the different models, undeformed in
white, amplification factor ×300.
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Chapter 10

Mixed variable kinematics models
analysis

10.1 Assessment of the shared nodes approach
The dynamic response of a simplified model of aircraft is considered in order to
investigate the capabilities of the model to combine different structural models. The
geometry of the structure is depicted in fig.10.1. The geometry is function of the
parameter a that is considered equal to 0.5. The structure has a constant thickness
of 0.2 × a. No boundary condition are applied, so the structure is completely free.
The material used is aluminium. Different approach have been considered:

• Singular beam non-uniform section approach:

– Fourth order 1D model (TE) (fig10.9a)
– Fifth order 1D model (TE) (fig10.9a)
– 1D LE model whit not oriented beam (fig10.9b)

• multi beam approach:

– 1D LE model whit oriented beam (fig10.9c)
– 1D LE model whit oriented beam + 2D Shell element (fig10.9d)
– 1D LE model whit oriented beam + 3D element (fig10.9e)

The results in terms of natural frequencies are reported in tab.10.1. A 2D Nastran
Model is used as comparisons. The Degrees of Freedom of each model are reported
in the table.

The results show that the analysis of a simplified aircraft structure may be
carried out by means of higher order one-dimensional models. All the 1D model
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a

5a

5a

a

a

5a

3a

Figure 10.1. Aircraft model.

(a) 1D - Taylor Expansion
(TE-n) model

(b) 1D - Lagrange Expansion
(LE) model (Mod1)

(c) 1D - Lagrange Expansion
(LE) model (Mod2

(d) 1D - Lagrange Expansion
(LE) model + 2D shell ele-
ments

(e) 1D - Lagrange Expansion
(LE) model + 3D hexahedral
elements

Figure 10.2. Model considered in the analysis.

based on Lagrange Expansion (LE) are able to detect the first ten frequencies with
a good accuracy. The introduction of 2D elements and 3D elements based on CUF
formulation allow to connect higher order 1D model generally oriented in the space
so make this approach suitable for complex structure.

10.1.1 Sweep and Dihedral angle effects
In this section is used the same model presented in the previews one. The approach
presented in Figure 10.9c is adopted. Two new parameters are introduced, the sweep
and the dihedral angles are introduced in order to increase the complexity of the
problem as shown in Figure 10.3.

Three case are considered: the base model, a model with a sweep angle (ξ) equal
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TE4 TE5 LE(Mod1) LE(Mod2) LE+2D LE+3D NASTRAN
DOFs 2880 4032 1845 1323 1323 1323 6120
I 11.43 11.34 10.94 10.93 10.92 10.93 10.80
II 20.82 19.50 18.20 18.17 18.18 18.18 17.26
III 21.59 21.40 20.21 20.20 20.20 20.21 20.05
IV 51.45 51.14 50.40 50.55 50.62 50.80 50.37
V 73.24 52.99 52.12 51.61 51.62 51.62 51.16
VI 62.25 59.48 52.39 52.98 52.98 52.98 51.31
VII 81.92 74.98 66.96 67.48 67.48 67.48 65.55
VIII 74.79 74.61 70.63 71.78 71.78 71.78 69.94
IX 102.91 101.30 77.84 76.60 76.69 76.69 75.77
X 88.31 87.79 89.57 88.55 88.59 88.59 87.44

Table 10.1. First ten natural frequencies of the simplified aircraft model.

(a) Base model (b) Sweep angle

(c) Dihedral angle

Figure 10.3. Sweep angle and dihedral angles definition.

to 20 degrees and the model with the dihedral angle (ϕ) equal to 10. The results
are compared with those from the two-dimensional model used in the section above.

Table 10.2 shows the first ten natural frequencies of the different models. The
results are compared with those from the commercial code Nastran, in superscript is
reported the percentage difference between the two results. The frequency evaluated
using the present approach appear to be very close to the reference. With error that
are between 1% and 5%, only the sixth mode shows a error higher than 10%.
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ϕ = 0; ξ = 0 ϕ = 0; ξ = 20 ϕ = 10; ξ = 0
Mode 1D-LE 2D-Nastran 1D-LE 2D-Nastran 1D-LE 2D-Nastran

I 10.931.1% 10.80 10.793.0% 10.47 11.141.6% 10.96
II 18.175.2% 17.26 18.654.9% 17.77 18.384.1% 17.66
III 20.200.7% 20.05 20.094.7% 19.19 20.051.6% 19.73
IV 50.550.4% 50.37 49.17−0.1% 49.22 44.722.9% 43.45
V 51.610.9% 51.16 51.414.1% 49.37 52.350.7% 52.01
VI 52.983.3% 51.31 56.3921.8% 46.28 59.5118.9% 50.05
VII 67.482.9% 65.55 70.166.6% 65.83 66.971.3% 66.11
VIII 71.782.6% 69.94 72.214.7% 68.95 74.291.4% 73.25
IX 76.601.1% 75.77 78.326.3% 73.69 78.911.2% 77.95
X 88.551.3% 87.44 89.145.5% 84.46 89.045.0% 84.80

Table 10.2. First ten natural frequencies of the simplified aircraft model for
different configuration. In superscript is presented the percentage error with
respect the Nastran solution.
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Figure 10.4. Results of the M.A.C. analysis. On x axis there are the frequencies of
the first ten modes of the present model, on y axis the reference frequency. White
means zero, black means one.

In Figure 10.5 are reported the first five modes for the three models considered.
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In order to compare the results with those form Nastran in therms of modal shape
the Modal assurance criterion (M.A.C.) is used. The M.A.C. can be defined as:

M.A.C. = [ζp(i)T ζr(j)]2

[ζp(i)T ζp(i)][ζr(j)T ζr(j)]
(10.1)

Where ζp(i) is the i − th eigenvector from the present model and ζp(j) is the
j − th eigenvector from the reference model. The M.A.C, value is in between 0 and
1. Closer to one is the M.A.C, more similar are the modal shapes. The results are
reported in Figure 10.4. The results fo the base model show a very good correlation
for the first ten modes. The model with the sweep angle equal to 20 degrees show
a good agreement except for the sixth modes, the same that show a discrepancy
in the frequency. The model with the dihedral angle equal to 10 degrees show a
very good correlation except for a switch between the fifth and the sixth modes. In
conclusion the results show that the present model can be used with structure with
an arbitrary rotation.

10.2 Assessment of the hybrid elements
Let us consider the models reported in figure 10.8. It is a clamped clamped beam,
has a load at the mid-span and is built in aluminium alloy. The geometrical and
the material parameters are:

• b=0.2 m

• h=0.1 m

• L=1.0 m

• E=71.7 GPa

• ν= 0.3

• P=-100N

Different configuration have been considered in order to investigate the perfor-
mance of the hybrid elements. First of all classical formulation have been used,
Euler (EULE), LE expansion (LE-2Q9) where two Q9 element have been used on
the corss-section of the beam, and TE models, from TE-2 to TE-8. The model
TE-11 has been used as reference.

The central part of the beam is subject to a strong cross-section deformation,
so a higher-order model is required to evaluate properly the displacements. The
portion of beam close to the constraints can be analyzed with lower order models
because the cros section deformation is limited.
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10 – Mixed variable kinematics models analysis

(a) Mode I. ϕ = 0; ξ = 0 (b) Mode I. ϕ = 0; ξ = 20 (c) Mode I. ϕ = 10; ξ = 0

(d) Mode II. ϕ = 0; ξ = 0 (e) Mode II. ϕ = 0; ξ = 20 (f) Mode II. ϕ = 10; ξ = 0

(g) Mode III. ϕ = 0; ξ = 0 (h) Mode III. ϕ = 0; ξ = 20 (i) Mode III. ϕ = 10; ξ = 0

(j) Mode IV. ϕ = 0; ξ = 0 (k) Mode IV. ϕ = 0; ξ = 20 (l) Mode IV. ϕ = 10; ξ = 0

(m) Mode V. ϕ = 0; ξ = 0 (n) Mode V. ϕ = 0; ξ = 20 (o) Mode V. ϕ = 10; ξ = 0

Figure 10.5. Firs five modal shapes for the different model considered.

In order to reduce the computational affords and increase the accuracy of the
results some hybrid model have been introduced. The aim is to use a refined model
in the central part of the beam and a coarse model in the other parts.

Different models have been considered. The portion of beam close to the con-
straints have always been approximated with a TE-2 model, while the central part
of the beam has been approximated with: TE-4, TE-6, TE-9 and LW-2Q9.
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Figure 10.6. Description of the models considered.

The results in term of displacement in the loading point are reported in tab.10.3.
Figure 10.7 show the deformation of the beam for a model TE-7. Figure 10.8

put in relation the number of degrees of freedom and the percentage erro respect to
the TE-11 model.

The result shows that the pure TE model requires many DOFs to reach a good
accuracy in the results. The LE-2Q9 model is very accurate but has again many
DOFs. The mixed models increase the accuracy and reduce the number of DOFs.
The best solution, as is clear in fig 10.8, is obtained with the model TE-2/LE-2Q9.
In this case the difference respect the reference is only 1.3% but the Number of
DOFs switch from 4446 to 567, almost 10 times lower.

The Hybrid elements offer the possibility to increase the efficiency of the models
presented in this thesis, they allow the accuracy to be increased with a low number
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Model uz × 10−7 Err% DOFs
EULE -4.359 14.6 171
TE-2 -4.618 9.5 342
TE-3 -4.743 7.1 570
TE-4 -4.815 5.7 855
TE-5 -4.864 4.7 1179
TE-6 -4.912 3.8 1596
TE-7 -4.954 3.0 2052
TE-8 -4.995 2.2 2565
LE-2Q9 -5.097 0.2 855

TE-2/TE-4 -4.767 6.6 567
TE-2/TE-6 -4.862 4.8 840
TE-2/TE-9 -4.988 2.3 1402
TE-2/LE-2Q9 -5.037 1.3 567

TE-11 -5.105 - 4446

Table 10.3. Vertical displacement on the loading point for different structural model.

Figure 10.7. Te-7 model displacements.

of DOFs.
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Figure 10.8. Error vs DOFs.

10.3 Solution of complex structures

10.3.1 Aircraft structure
In this section a typical aircraft structure is considered. The structure is shown
in Figure 10.9. It represents a part of fuselage with the wing connection. Ribs,
longeron and thin skin are present in the same structure. The main dimensions of
the structure are reported in Table 10.4.

Dimensions [m]
a= 3.000 d= 0.040 g = 0.224
b= 3.160 e= 1.080 h = 0.080
c= 6.000 f= 0.002 i = 0.035

Table 10.4. First ten natural frequencies of the simplified aircraft model.

All the structure is considered built in aluminium alloy with a Young modulus
equal to 71.7 [MPa], the poisson ration equal to 0.3 and a density of 2700[Kg/m3].

The structure is considered symmetric, so for y = 0 and y = b are not allowed
the displacement in y direction, for x = 0 are not allowed the displacement in x, the
displacement in z are free, so the solution will provide a rigid-body mode.

The whole structure is solved using a one-dimensional model based on Lagrange
expansion. The fuselage is considered as a beam axis in the y direction and a variable
cross-section in order to consider the ribs. Also the wing is considered as a beam
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Figure 10.9. Typical aircraft structure considered.

with the axis in the x direction. The structure are joined in the shared nodes.The
complete model has 19056 degrees of freedom.

Mode Present (1D) Nastran (3D)
19065 DOF ∼ 30000 DOF

I 21.96 22.02
II 23.65 24.22
III 32.78 28.05
IV 35.63 -
V 59.99 48.95
VI 71.50 66.26
VII 86.60 -
VIII 95.82 -
IX 101.27 90.81

Table 10.5. First ten natural frequencies of the typical aircraft structure.

The results in terms of frequency are reported in 10.5, the rigid-body mode is
not considered. Some modal shape are reported in figure 10.10. The results are
compared with those from the commercial code Nastran evaluated by means of a
solid element model with about 30000 DOF.
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(a) Mode I, 21.96 Hz - Nastran 22.02 Hz (b) Mode II, 23.65 Hz - Nastran 24.22 Hz

(c) Mode III, 32.78 Hz - Nastran 28.05 Hz (d) Mode VI, 71.50 Hz - Nastran 66.26 Hz

(e) Mode IX, 101.27 Hz - Nastran 90.81 Hz

Figure 10.10. Five modal shape of the typical aircraft structure.

The results show as the present model is able to predict pretty well the complex
dynamic behaviour this structure. Many frequencies show a good agreement with
those from the commercial code. The modal shapes in Figure 10.10 show that
the model can predict very complex deformation that usually are not predicted by
classical beam element.
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10.3.2 Launcher structure
The capabilities of the present model allow complex structure to be investigated. In
this section the modal analysis of the launcher model, reported in Fig. 10.11, has
been performed. The structure has a central body with two lateral boosters. The

Figure 10.11. Launcher structure geometry

dark areas denoted the presence of a ribs while four longitudinal stringers have been
introduced in the central body as well as in the lateral boosters. The structure is
considered free, therefore none boundary conditions have been imposed. The two
boosters have been connected with the main structure at the bottom and in the
middle of the central body. The results obtained using the present model have been

FEM3D FEM2D-1D LE 9
DOF 565740 408456 29682

1 0.63 0.56 (−11.1%) 0.74 (+17.5%)

2 5.31 4.16 (−21.7%) 4.69 (−11.7%)

3 6.87 6.52 (−5.1%) 9.28 (+35.1%)

4 7.50 6.82 (−9.1%) 6.82 (−9.1%)

5 8.27 - 9.62 (+16.3%)

6 8.55 6.91 (−19.2%) 7.93 (−7.3%)

7 10.42 7.34 (−29.6%) 8.94 (−14.2%)

8 10.66 13.27 (24.5%) 12.49 (+17.2%)

Table 10.6. First 8 natural frequencies evaluated using different models.

compared with those from a commercial code. Two different model has been used
as reference, the first is a solid model while the second is a mixed model where
both shell and beam elements have been used. The shells for the thin panel and the
beams for the stringers and ribs. Tab. 10.6 shows the first 8 natural frequencies.
The results obtained using the present model are close to the results obtained using
the solid model. The combined 1D-2D model provides good results but does not
provide the fifth frequency. The present model lead to a dramatic reduction in the
number of the degrees of freedom, in fact, the LE model has about 20 time less DOF
than the solid model and more than 10 time less DOF than the combined 1D-2D
models. This results make the present model very attractive in the simulation of
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such structures. Fig. 10.12 shows an example of some modes of the launcher. It is
possible to see that the solution can be compare with a three-dimensional solution.
Both global and local modes can be detected.

(a) Mode 1 (b) Mode 2 (c) Mode
3

(d) Mode
5

(e) Mode
8

(f) Mode
12

Figure 10.12. Example of modes of the Launcher structure.

90



Chapter 11

Aeroealstic analysis

11.1 Panel flutter analysis of isotropic panels

11.1.1 Classical panel configuration

This section shows the results of the assessment of the aeroelstic model. The results
are compared with those by Krause [1998]. The model is considered simply sup-
ported (SS) on the trailing and leading edges, the length, b, is equal to 0.5 [m] and
the width, a, is equal to 1 [m]. The model has a thickness of 0.002 [m] and are build
with an aluminium alloy, the Young’s modulus is equal to 73[GPa], the Poisson
ratio is equal to 0.3 and the density is 2700 [Kg/m3]. same geometry and the same
material of the simply supported model considered in the section above. Also in
this analysis the flow properties came from the standard atmosphere model at an
altitude of 11000 [m]. Both models, Equivalent Single Layer (ED) and Layer-Wise
(LD), were considered. Expansions of different order were investigated: first, second
and third. A 6 × 6 element mesh was used. Table 11.1 shows the results in terms of
critical Mach number and flutter frequency. The first column shows the reference
values.

In Figure 11.1 is shown the evolution of the natural frequencies and damping by
increasing the Mach number, this results are evaluated using a first order equivalent
single layer model. The results shows that all the models provide good results and
can be compared with the reference, only the LD2 seems to be more stiff and provide
a critical Mach number and a frequency higher than the expected value. Because
of the results coming form this assessment in the next analyses the model LW2 will
not be used.
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Krause [1998] ED2 ED3 ED4 LD2 LD3 LD4
Critical Ma 4.5 4.39 4.36 4.36 5.24 4.36 4.36
Flutter Freq. 66.03 65.46 65.31 65.31 71.42 65.32 65.32

Table 11.1. Effect of the Structural model on the aeroelastic solution, the results
are compared with those from Krause [1998].
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Figure 11.1. Aeroelastic models assessment. Evolution of frequencies and
damping for a ED2 model.

11.1.2 Pinched panels configuration
In many aeronautical and space applications the panels are not fixed by classical
boundary conditions but are constrained in a finite number of points. In this sec-
tion is investigated the effect of the number of the pinched points on the flutter
boundary. The results are compared with those obtained by the authors in the work
[Carrera and Zappino, 2014] using a one-dimensional model. The panel analysed is
a square panel, each edge has a length equal to 0.5 [m]. The thickness is equal to
0.002 [m] and the material has a Young modulus equal to 75[GPa], and Poisson
ratio equal to 0.3 and the density is 2700 [Kg/M3]. In the pinched points are not
allowed any displacements and rotations. In order to stay in the theory validity
range the aeroelastic analyses have been performed fixing the Mach number at 3.0,
the temperature at 216 [K], ad increasing the density of the flow up to the critical
value (ρcr). The results are reported in table 11.2. With ∞P-P is indicate the limit
condition in which every point on the edge is constrained, so the panel is clamped.
Four different structural models have been used, and a 6 × 6 mesh was adopted.
As expected the results shows that by increasing the number of pinched points the
critical density values increases. The structural model used do not have a big im-
pact on the results so, also the classical models can be considered accurate for this
boundary condition configuration. The results for the ∞P-P show the higher values
of ρcr, the values overcome the maximum physical value present in the atmosphere
equal to 1.225 [Kg/m3], that means that in the atmosphere this configuration can
not show flutter in this fluid conditions.
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ρcr [Kg/m3]
MODEL ED2 ED4 LD3 LD4
4 P-P 0.1112 0.1112 0.1112 0.1112
8 P-P 0.5861 0.5787 0.5787 0.5787
12 P-P 1.0591 1.0848 1.0848 1.0848
∞ P-P 1.4240 1.4533 1.4533 1.4533

Table 11.2. Critical density value for a square panel with different number of
pinched points at Ma equal to 3.
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In Figure 11.2 the results computed using a LD4 model are compared with those

Figure 11.2. Effects of the number of pinched points on the critical dynamic pres-
sure, defined as qcr = 1

2ρcrV 2. The Present results, evaluated by a LD4 model, are
compared with those from [Carrera and Zappino, 2014].

from [Carrera and Zappino, 2014]. The critical condition evaluated using the shell
model appear earlier than with the one-dimensional model, This is due to the higher
flexibility of the two-dimensional problem. However the results are comparable and
it is possible to conclude that the results evaluated by the present model improve
the reference solution that was evaluated by means of a reduced model.

11.1.3 Panel Flutter of pinched panels under variable flow
conditions

Panel flutter is a common aeronautical phenomena. Most of the published works
have studied it at a constant altitude and have been devoted to investigating the
critical flight speed. However, the pinched configuration is a typical space configura-
tion and is common in launchers structure in which some panels have to be ejected
after atmospheric flight. A simulation of a standard mission has been carried out
in this section. The flight data were extrapolated from the Saturn V Flight manual
NASA [1968]. The flow data are reported in tab.11.3. The table shows the data
from an altitude of 9500 [m], where the Mach number is large enough to justify
the use of the piston theory, up to 36500 [m], where the density of the air is so
low that the aerodynamic loads are negligible. Fig.11.3 shows the magnitude of
the constants of the piston theory. Term A is related to aerodynamic stiffness and
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Time Mach Temp. Density Sound Speed Altitude Dynamic Pressure
[s] [K] [Kg/m3] [m/s] [m] [Pa]

70.0 1.5 226.4 0.4389 301.6 9500 44924
73.3 1.83 216.65 0.3363 295.0 11500 49028
76.7 2.15 216.65 0.2454 295.0 13500 49382
80.0 2.48 216.65 0.1790 295.0 15500 47926
83.3 2.81 216.65 0.1306 295.0 17500 44892
86.7 3.14 216.65 0.0953 295.0 19500 40904
90.0 3.46 218.15 0.0691 296.0 21500 36261
93.3 3.79 220.15 0.0501 297.4 23500 31834
96.7 4.12 222.15 0.0365 298.7 25500 27656
100.0 4.45 224.15 0.0266 300.1 27500 23724
103.3 4.77 226.15 0.0195 301.4 29500 20161
106.7 5.10 228.15 0.0143 302.7 31500 17051
110.0 5.43 232.85 0.0104 305.9 33500 14347
113.3 5.75 238.45 0.0076 309.5 35500 12039
115.0 5.92 241.25 0.0065 311.3 36500 11042

Table 11.3. Flow properties during the mission profile
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Figure 11.3. Piston Theory parameter during the mission profile

decreases because of the decrease in the density. Term B is related to aerodynamic
damping and has a maximum at 75 [s]. It is dominated, in the first part, by an
increase in the Mach number, while the decrease in the density in the second part
reduces the aerodynamic influence, even in terms of damping. The third line shows
the dynamic pressure, which has a maximum between 75 [s] and 80 [s]. The dy-
namic pressure indicates the magnitude of the aerodynamic forces therefore the most
critical phenomena can be expected in the first part of the evaluated range.

A first approach to this analysis is to overlap the mission profiles (tab.11.3), in
terms of dynamic pressure, as shown in fig.11.4. The four panels introduced in the
section above are considered, see Figure 11.5 The result is shown in fig.11.6, in which
it can be seen that panels 2, 3 and 4 have a critical dynamic pressure that is much
greater than the mission profile. Panel 1, on the other hand, has a lower critical
dynamic pressure than that of the mission profile in the first part of the mission.
This panel therefore seems unstable in the first part of the Mach range.
In order to investigate the nature of the flutter and to confirm this instability in
the first part of the mission, an analysis was curried out of the whole mission pro-
file. The evolution of the frequencies and the damping was investigated, point by
point, over the whole range. Fig.11.7 shows the results of the analysis. The first
two frequencies were merged in the first part of the mission and the damping was
positive. The instability occurred up to 85 [s], where the two frequencies split and
the damping went back to being negative. If the time is increased the damping
becomes smaller and smaller, due to the decrease in of the density of the air. The
modes involved in the P-1 instability are shown in fig.11.8. However, the present
model does not provide information on the instability of the panel in the first part
of the mission. A non linear analysis has to be performed to investigate the post
critical behaviour of the panel.
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(a) Panel 1 (b) Panel 2 (c) Panel 3 (d) Panel 4

Figure 11.5. Boundary condition configurations

The results show that the variable flow conditions can affect the aeroelastic insta-
bilities to a great extent.

11.2 Panel flutter analysis of composite panels

11.2.1 Tailoring analysis
The use of composite material introduce more complexity in the structural analysis
but otherwise open new possibility in the structural design. In this section is inves-
tigated the tailoring effect on the aeroelastic instability due to the lamination angle.
The geometry of the panel is the same used in the section above, a square panel
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Figure 11.7. Panel 1, evolution off the frequencies and damping during the mission

with the edges equal to 0.5 [m]. The different boundary condition configuration
have been considered, 4 and 8 pinched points. The panel was considered built by
a three layer orthotropic material. The thickness of the layers, from the bottom
one, is 0.0005/0.001/0.0005 [m] in order to have a total thickness equal to 0.002
[m]. The lamination sequence is set equal to 0/θ/0, with the lamination of the outer
layers fixed to 0 degree and the central layer whit a variable lamination angle, θ.
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(a) Mode 1, Mach number
5.84, 19.29 [Hz]

(b) Mode 3, Mach number
5.84, 40.21 [Hz]

(c) Flutter mode, Mach
number 2.00, 32.05 [Hz]

Figure 11.8. Panel 1, modes involved in the aeroelastic instabilities P-1

The analyses were performed assuming the flow parameter in according with the
standard atmosphere model at 20000 [m].

Table 11.4 shows the results in terms of critical Mach number for three different
models: ED3, ED4 and LD3. Different values of θ are considered: 0, 15, 30, 45, 60,
75 and 90. The same results are reported in Figure 11.9 in graphic form.

The results show that the lamination can play an important role in the aeroelastic
phenomena. Figure 11.9 shows, for both the boundary condition configurations, a
maximum for a lamination angle close to 20 degrees, and a minimum for θ close
to 60 degrees. The model used do not affect strongly the solution, so the classical
models provide a good description of the phenomena.

MODEL Lamination Angle Θ [deg]
0 15 30 45 60 75 90

ED2 4 P-P 3.231 6.356 6.794 3.231 2.231 2.356 2.544
ED4 4 P-P 2.856 6.356 6.856 3.231 2.231 2.356 2.544
LD3 4 P-P 2.856 6.356 6.919 3.231 2.231 2.356 2.544
ED2 8 P-P 4.544 10.856 8.356 3.419 1.981 2.794 4.231
ED4 8 P-P 4.544 10.856 8.356 3.481 2.044 2.856 4.231
LD3 8 P-P 4.544 10.856 8.356 3.481 1.981 2.856 4.231

Table 11.4. Effects of the lamination angle on the critical Mach number. 4 and 8
pinched points panels are considered. Different structural models are compared.

From the results it appears that the configuration with more constrains (8 P-P)
does not provide an higher Mcr for every lamination angle, but, for θ equal to 60
provide a Mcr lower than the configuration with 4 P-P. While with the isotropic
panel the increasing of the contained points increases the Mcr (see. Fig.11.2), whit
the composite panel the coupling between boundary conditions and lamination can
provide some surprising results.

Figure 11.10 shows the modes involved in the instabilities. pictures form a to
j show the first and the second natural mode for different lamination angles. The
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flutter modes coming from the coupling between the first ad the second modes are
depicted in figures form k to o.

Figure 11.9. Tailoring effects: evolution of the critical Mach number with
the lamination angle.

11.2.2 Sandwich panels
The aerospace structure design aims to reduce the weight of the structure and at
the same time increase the stiffness. A significant step forward was made with the
introduction of the sandwich materials. Nevertheless, the classical models fail in
the analysis of such structures because the theoretical assumptions are not more
verified. In this section is investigated the critical flutter condition of a sandwich
panel, refined models are used in order to estimate the effects of higher order terms.
The panel is considered simply supported (SS) on the trailing and leading edges,
the length is equal to 0.5 [m], the width is equal to 1 [m]. The two outer skins
have a thickness of 0.0005 [m] and are made of aluminium, the Young modulus is
equal to 75 [GPa], the density is equal to 2700 [Kg/m3] and the Poisson ration
is 0.3. The core has a thickness of 0.005 [m] and is made of a light foam with a
Young modulus is equal to 54 [MPa], the shear modulus is 23 [MPa], the density
is equal to 80 [Kg/m3] and the Poisson ration is 0.17. A mesh 6 × 6 was used.
Four structural model were compared: linear (ED2) and cubic (ED4) equivalent
single layer, quadratic (LD3) and cubic (LD4) layer-wise. The natural frequencies
evaluated using the different structural models are reported in Table 11.5. The
results obtained using the LD4 model are used as reference. The flutter results (Table
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(a) Natural Mode
1, θ=0, 9.01 [Hz].

(b) Natural Mode
1, θ=30, 10.80
[Hz].

(c) Natural Mode
1, θ=45, 14.17
[Hz].

(d) Natural Mode
1, θ=60, 17.94
[Hz].

(e) Natural Mode
1, θ=90, 21.17
[Hz].

(f) Natural Mode
2, θ=0, 17.80 [Hz].

(g) Natural Mode
2, θ=30, 22.22
[Hz].

(h) Natural Mode
2, θ=45, 23.30
[Hz].

(i) Natural Mode
2, θ=60, 26.26
[Hz].

(j) Natural Mode
2, θ=90, 32.40
[Hz].

(k) Flutter Mode,
θ=0, Mcr=2.856,
14.2 [Hz].

(l) Flutter Mode,
θ=30, Mcr=6.919,
18.12 [Hz].

(m) Flutter Mode,
θ=45, Mcr=3.231,
19.59 [Hz].

(n) Flutter Mode,
θ=60, Mcr=2.231,
22.65 [Hz].

(o) Flutter Mode,
θ=90, Mcr=2.544,
27.34 [Hz].

Figure 11.10. First natural mode (a-e), second natural mode (f-j) and flutter mode
(k-o) for different lamination angle θ.

11.6) show that the equivalent single layer models need a high order displacement
formulation to provide a good accuracy. With a linear model the error is about
10%, otherwise, with a cubic model the error decreases to about 2%. The layer-
wise models provide better results and both the models considered provide the same
value of frequencies.
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Mode ED2 ED4 LD3 LD4
1 43.33 (3.4%) 42.51 (1.4%) 41.92 (0.0%) 41.92
2 88.46 (10.2%) 82.33 (2.5%) 80.30 (0.0%) 80.30
3 88.46 (10.2%) 82.33 (2.5%) 80.30 (0.0%) 80.30
4 110.32 (10.5%) 101.45 (1.6%) 99.85 (0.0%) 99.85
5 203.79 (13.6%) 185.88 (3.6%) 179.36 (0.0%) 179.36
6 213.54 (9.6%) 199.53 (2.4%) 194.85 (0.0%) 194.85
7 256.08 (10.9%) 236.50 (2.5%) 230.83 (0.0%) 230.83
8 256.08 (10.9%) 236.50 (2.5%) 230.83 (0.0%) 230.83
9 347.53 (12.4%) 316.53 (2.4%) 309.19 (0.0%) 309.19
10 388.25 (13.6%) 352.83 (3.3%) 341.64 (0.0%) 341.64

Table 11.5. Effect of the structural model on the first ten natural frequencies for
sandwich panel. On superscript are reported the error respect the LD4.

ED2 ED4 LD3 LD4
Macr 2.61 (38.1%) 2.04 (7.9%) 1.92 (1.6%) 1.89
fcr 67.04 (9.0%) 62.65 (1.9%) 61.49 (0.0%) 61.49

Table 11.6. Critical Mach number and flutter frequecy for a sandwich panel,
comparison between different structural models. On superscript are reported
the error respect the LD4.
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Conclusions

Advanced one-, two- and three-dimensional structural model are developed in the
present thesis. The use of the Carrera Unified Formulation allows any models to
be derived using a compact and unified formulation. The high-efficiency of the
CUF tool allows any order model to be derived without an ad-hoc formulation.
Many approaches able to combine different kinematics models have been presented
and discussed. The refined model introduced in the present thesis has been used
to study complex aeronautical structure. Moreover the one- and two- dimensional
models have been used to develop an aeroelastic model able to predict panel flutter
in supersonic range.

Outline and results

The first part of this thesis is devoted to the introduction of the Carrera Unified
Formulation and the derivation of the characteristic matrices of the FEM for one-
two- and three-dimensional models. The introduction of the Fundamental nuclei
allow the matrices to be derived using an automatic procedure. Different models
are introduced and discussed.

Two different approach to handle variable kinematic models have been intro-
duced. The first, the shared nodes approach, allow different structures to be con-
nect by sharing some nodes, this approach required all the model to have only dis-
placement as degrees of freedom. To overcome this limitation the hybrid elements
approach has been introduced. These elements can handle different expansions on
each node therefore can be used to connect model with different kinematics.

The models derived in the first part of the thesis have been use to perform static
and dynamic analysis of aeronautical structure. The complexity of aeronautical
structures requires advanced models to perform accurate analysis.

Finally, one- and two- dimensional models have been used in the derivation of
refine aeroelastic models able to predict panel flutter of advanced structure.
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Results and Conclusion
The results show that the refined elements used in the present thesis and the ap-
proaches used to modelling complex structures are able to predict the real behaviour
of the structure.

In conclusion the results showed by the present thesis allow to state that:

• The CUF offers a reliable tool to derive any structural model using an efficient
and compact formulation.

• The advanced model used in the present thesis provide accurate results and
are computationally convenient respect to classical models.

• The solution obtained via CUF models can be compared with three-dimensional
solution in term of quality and accuracy.

• The models introduced in the present work can be used in multi-field analysis
such as aero-elasticity. The results show that in case of advanced structure
refined models are mandatory to achieve an accurate solution.

• The use of variable kinematics models and the possibility to combine different
theory lead to a more efficient and reliable solution.

The accuracy and the computational efficiency make these models a step forward
the classical finite elements that show their limits when complex structures are
investigated.
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Appendix A

Numerical integration

The calculation of the fundamental nuclei for both the stiffness and mass matrices,
requires the calculation of an integral. The elements of the nucleus have a standard
form that can be expressed as

FN = C
∫

V
f(x,y,z)dV (A.1)

where C is a constant that can be either a mass parameter or a material stiffness
constant, and f(x,y,z) is a generic function that involves the product of derivatives
of the shape functions. This integral can only be calculated in exact form for ele-
ments that have a simple geometry. This integral must be evaluated via a numerical
approach for elements with an arbitrary shape. The method presented here uses the
Gauss quadrature formulation. In order to use this technique it is convenient intro-
duce a new reference system switching from the ’physical’ to the ’natural’ reference
system.

A.1 3D Gauss-Legendre quadrature
A function can be integrated in a finite domain using several techniques. The use
of numerical solutions, instead of analytical ones, allows the integration approach
to be generalized and used for any domain. The most frequently used quadrature
technique in the FEM is the Gauss-Legendre quadrature formulation, as it allows
an integral to be calculated as the sum of a finite number of terms. The Gauss-
Legendre quadrature formulation is performed in a normalized reference system
with coordinates ξ,η,µ. In the natural reference system, the coordinates can vary
between -1 and 1.
The equation for the calculation of a integral IV over volume V , in the natural plane
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is
IV =

∫ 1

−1

∫ 1

−1

∫ 1

−1
f(ξ,η,ζ)dξdηdζ ≈

N∑
l=1

N∑
m=1

N∑
k=1

f(ξl,ηm,ζk)wl wmwk (A.2)

Equation (A.2) shows that the integral of a three-dimensional function, defined in
the natural reference system, can be calculated as the sum of the product of the
values of the function at a finite number of points (Gauss points) with coordinates
(ξl,ηm,ζk) and some weights (wl wmwk).
In the case of the Gauss-Legendre quadrature formulation, the coordinates of the
Gauss points and the respective weights are obtained by referring to mathematical
constraint which are not discussed here.
The position of the Gauss points does not depend on the geometry of the 3D domain
that has to be integrated because the points are written in normalized coordinates
ξ, η and ζ.
In the FEM solution, the integrals of the shape functions must be expressed in
the real reference system, while the integrals evaluated using the Gauss-Legendre
quadrature formulation are normalized. The isoparametric formulation allows the
integral to be transformed from the natural to the real reference system.

A.2 Isoparametric formulation
The 3D isoparametric formulation has been adopted here for the definition of 3D
elements. The word “isoparametric” means that the same formulation has been used
to express the displacement field and the geometry of the three-dimensional element

u = Niui (A.3)

x = Nixi; y = Niyi; z = Nizi (A.4)

An integral in the real reference system can be expressed in the natural reference
system using the following formulation:∫

V
Ni,x(x,y,z)Nj,x(x,y,z)dx dy dz =

=
∫ 1

−1

∫ 1

−1

∫ 1

−1
Ni,x(ξ,η,ζ)Nj,x(ξ,η,ζ)|J(ξ,η,ζ)|dξdηdζ

(A.5)

where |J(ξ,η,ζ)| is the determinant of the transformation Jacobian and from a phys-
ical point of view, it represents the ratio between the volume of the element in the
real reference system and the volume of the element in the normalized formulation.

In order to calculate the integral in Equation (A.5), the derivatives of the shape
functions have to be written in the normalized coordinates with respect to the real
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coordinates,

∂Ni

∂ξ
=∂Ni

∂x

∂x

∂ξ
+ ∂Ni

∂y

∂y

∂ξ
+ ∂Ni

∂z

∂z

∂ξ
∂Ni

∂η
=∂Ni

∂x

∂x

∂η
+ ∂Ni

∂y

∂y

∂η
+ ∂Ni

∂z

∂z

∂η
(A.6)

∂Ni

∂ζ
=∂Ni

∂x

∂x

∂ζ
+ ∂Ni

∂y

∂y

∂ζ
+ ∂Ni

∂z

∂z

∂ζ

Equation (A.6) can be rewritten in matrix form

∂Ni

∂ξ

∂Ni

∂η

∂Ni

∂ζ


=



∂x

∂ξ

∂y

∂ξ

∂z

∂ξ

∂x

∂η

∂y

∂η

∂z

∂η

∂x

∂ζ

∂y

∂ζ

∂z

∂ζ


︸ ︷︷ ︸

J



∂Ni

∂x

∂Ni

∂y

∂Ni

∂z


(A.7)

therefore the derivatives of the shape functions in the physical reference system are



∂Ni

∂x

∂Ni

∂y

∂Ni

∂z


=



∂x

∂ξ

∂y

∂ξ

∂z

∂ξ

∂x

∂η

∂y

∂η

∂z

∂η

∂x

∂ζ

∂y

∂ζ

∂z

∂ζ



−1

︸ ︷︷ ︸
J−1



∂Ni

∂ξ

∂Ni

∂η

∂Ni

∂ζ


(A.8)

The Jacobian therefore can be easily evaluated since the geometry is expressed in
terms of shape functions, for example, in the case of an eight node element, the
derivative of x with respect to ξ becomes

∂x

∂ξ
= N1

∂ξ
x1 + N2

∂ξ
x2 + · · · + N8

∂ξ
x8 (A.9)

Equation (A.8) allows the derivatives of the shape function to be expressed in the
physical reference system. The Jacobian must be not singular to be invertible; this
requirement is only fulfilled if the geometry of the element does not show any major
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distortions. In this sense, the aspect ratio of a 3D element is a critical parameter.
Equation (A.5) can be solved using the Gauss-Legandre quadrature, the integrals of
the shape function become∫

V
Ni,x(x,y,z)Nj,x(x,y,z)dx dy dz =

=
∑

l,m,k

wl wmwkNi,x(ξl,ηm,ζk)Nj,x(ξl,ηm,ζk)|J(ξl,ηm,ζk)| (A.10)

A.3 Reduced integration: shear locking correc-
tion

The use of “a priori” assumed kinematic models in the FEM gives rise to locking
phenomena that can have an important effect on the convergence of the solution of
the problem. The shear looking phenomenon is well known and is caused by the
linear formulation of the 3D elements. A solid structure with a pure bending load

Figure A.1. Physical demonstration of shear locking. Structure under a pure
bending load (left). Deformation of an 8 nodes element under pure bending load
(center). Deformation of a 20 node element under pure bending load (right).

can be seen on the left of Figure A.1. If the problem is solved with an eight-node
element, which has linear shape functions, the displacements appear as in the cen-
tral figure. If a 20 node quadratic element is used, the solution appears as in the
picture on the right.
Since a pure bending moment is applied, the solution should show no shear strains.
This is true for the quadratic element. If we look at points a, b and c, the vertical
lines on the front face are perpendicular to the horizontal line. In other cases, the
linear element is not able to ensure this solution. While the horizontal and vertical
lines are perpendicular at point b, the lines are not perpendicular at points a and c,
and the angle γ is due to the shear deformation. The arisal of shear deformations in
the linear element under a bending load increases the stiffness of the element, and
the solution will therefore not converge to the correct value.
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An excess of shear stiffness can be corrected during integration. In the linear el-
ement, only point b fulfils the requirement of no shear under a bending load. If
we try to reproduce the same procedure over all three directions, it can be seen
that only the central point of the solid element does not show shear strains. Since
the solution is only correct at this point, only this point can be used to integrate
the terms related to the shear strains. Figure A.2 shows the Gauss points for full
integration (on the left) and in the case of reduced integration (on the right). It is

Figure A.2. From full to reduced integration

important to select the terms that have to be integrated with full integration and
those that have to be integrated with reduced integration. The strain vector can be
split into two contributions normal strains, εn, and shear strains,εt,

εT
n = {εxx,εyy,εzz} ; εT

t = {εxz,εyz,εxy} (A.11)

The stresses can be written with the same approach

σT
n = {σxx,σyy,σzz} ; σT

t = {σxz,σyz,σxy} (A.12)

The relations between stresses and strains become

σn = Cnnεn + Cntεt (A.13)
σt = Ctnεn + Cttεt (A.14)

where

Cnn =

 C11 C12 C13
C21 C22 C23
C31 C32 C33

 ; Cnt = CT
tn = 0; Ct =

 C11 0 0
0 C22 0
0 0 C33

 (A.15)

Cnt and Ctn are equal to zero because the material is considered isotropic. The
internal work can be written as the contribution of the work of the normal strains
plus the work of the shear strains

δLi = δLin + δLit =
∫

V
δεnσndV +

∫
V

δεtσtdV (A.16)
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The integral of the normal quantities must be computed using full integration, while
the integral of the tangential quantities should be computed using reduced integra-
tion. Full integration must be applied to

kij
xx =(2G + λ)

∫
V

Ni,xNj,xdV + G
∫

V
Ni,yNj,ydV + G

∫
V

Ni,zNj,zdV

kij
yy =(2G + λ)

∫
V

Ni,yNj,ydV + G
∫

V
Ni,xNj,xdV + G

∫
V

Ni,zNj,zdV (A.17)

kij
zz =(2G + λ)

∫
V

Ni,zNj,zdV + G
∫

V
Ni,xNj,xdV + G

∫
V

Ni,zNj,zdV

Instead, reduced integration affects the following terms

kij
xy =λ

∫
V

Ni,yNj,xdV + G
∫

V
Ni,xNj,ydV

kij
xz =λ

∫
V

Ni,zNj,xdV + G
∫

V
Ni,xNj,zdV

kij
yx =λ

∫
V

Ni,xNj,ydV + G
∫

V
Ni,yNj,xdV (A.18)

kij
yz =λ

∫
V

Ni,zNj,ydV + G
∫

V
Ni,yNj,zdV

kij
zx =λ

∫
V

Ni,xNj,zdV + G
∫

V
Ni,zNj,xdV

kij
zy =λ

∫
V

Ni,yNj,zdV + G
∫

V
Ni,zNj,ydV

Alternative and more reliable techniques to contrast shear locking should be based
on the use if different shape functions for different contributions to stiffness matrix.
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