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Summary

Aeroelastic phenomena can occur to many engineering structures: aircraft wings, rotor blades,
wind turbines and slender bridges, for instance, are typical structures where severe, potentially
catastrophic, aeroelastic events can take place. Current design trends are aimed to engineering
solutions prone to aeroelastic phenomena. Typical examples are given by the design of slender
wind turbines or aircraft wings. On the other hand, the increasing success of composite ma-
terials has opened new design scenarios where the occurrence of aeroelastic phenomena can be
postponed by means of tailoring. Reliable aeroelastic analysis tools are needed in order to re-
duce the need of expensive and time consuming experimental tests. The development of reliable
and computationally efficient analysis capabilities for aeroelasticity represents one of the most
intriguing challenges of our times.

Flutter is certainly the most known aeroelastic phenomenon. Catastrophic flutter events can
occur to lifting surfaces (e.g. aircraft wings, rotor blades and wind turbines), bridges and
missile panels. Depending on the flow condition, different flutter analysis capabilities are re-
quired. For instance, linear low-fidelity analysis can be sufficiently accurate for subsonic and
supersonic flutter of lifting surfaces with no separations events, whereas transonic flutter re-
quires nonlinear capabilities and high-fidelity tools taking into account flow viscosity effects.
Computational costs can be significantly different from theory to theory. The trade-off between
accuracy and computational efficiency is of primary interest.

To date, the doublet lattice method (DLM) is one of the most powerful tools for linear flutter
analyses in subsonic regime. DLM emerged in late 1960s and, more recently, an improved ver-
sion of DLM has been proposed. The following main features are responsible of DLM success:
1. it offers good accuracy (unless transonic regimes are considered and/or separation occurs);
2. DLM is computationally competitive with respect to simpler methods such as strip theories;
3. fairly complex geometries can be analyzed including whole aircraft.

One-dimensional (1D) structural models, commonly known as beams, are intensively exploited
in many engineering applications. Beam theories are, in fact, used to analyze the structural
behavior of slender bodies, such as columns, arches, blades, aircraft wings and bridges. In a
beam model, the 3D problem is reduced to a set of variables that only depends on the beam-axis
coordinate. One-dimensional structural elements obtained are simpler and computationally
more efficient than 2D (plate/shell) and 3D (solid) elements. This feature makes beam theories
still very attractive for the static, dynamic and aeroelastic analyses. Classical models (Euler-
Bernoulli and Timoshenko) have intrinsic limitations which preclude their applications for the



analysis of a wide class of engineering problems.

This work is aimed to the development of an aeroelastic formulation based on DLM and higher-
order structural models. The structural formulation is based on the Carrera Unified Formula-
tion (CUF) which allows the use of any-order structural models in a unified manner with no
need of ad hoc implementations. CUF 1D models are extremely cost competitive with respect
to 2D (plate/shell) and 3D models with no accuracy loss. In other words, CUF 1D structural
elements lead to shell- and solid-like solutions with computational cost comparable to those
of classical beam formulations. Linear flutter analysis was chosen to show the benefits of the
present formulation and its possible extension to more sophisticated aeroelastic capabilities.

Results from purely mechanical analyses have shown the enhanced capabilities of the 1D struc-
tural formulation proposed. Shell- and solid-like accuracies have been obtained by using CUF
1D models for a number of different structural problems, such as: thin-walls structures un-
dergoing point loads, shell-like natural modes of hollow cylinders, composite structures. The
number of degrees of freedom of a CUF 1D finite element model is typically some 5-10 times
lower than shells and 20-25 times lower than solids.
Flutter analyses have been conducted on isotropic and composite wings and results have been
compared with those from models based on plate and shell finite elements. Results have high-
lighted the high accuracy assured by 1D CUF models in detecting bending-torsion couplings
of thin-walls and laminated structures. Excellent matches with results from plate models have
been found with considerably lower computational efforts.



Sommario

Molte strutture d’interesse ingegneristico possono essere soggette a fenomeni aeroelastici; ali
d’aeroplano, pale di rotori, turbine eoliche e ponti ad alto allungamento possono, infatti, essere
sottoposti a fenomeni aeroelastici potenzialmente catastrofici. Le attuali tendenze di progetto
miranti alla realizzazione di strutture sempre più allungate possono inoltre ulteriormente fa-
vorire l’insorgere di tali fenomeni. D’altro canto, l’utilizzo sempre maggiore dei materiali com-
positi permette di ritardare o evitare i fenomeni aeroelastici attraverso il tailoring aeroelastico. I
modelli numerici per l’analisi aeroelastica sono estremamente utili per ridurre l’utilizzo dei test
sperimentali i quali, di solito, sono costosi e richiedono tempi lunghi. Lo sviluppo di modelli
affidabili e computazionalmente efficienti rappresenta una delle più importanti sfide scientifiche
attuali.

Il flutter è uno dei fenomeni aeroelastici più importanti; esso può interessare (e portare alla dis-
truzione) diverse tipologie di strutture, quali: superfici portanti (ali d’aeroplano, pale d’elicottero
e turbine eoliche), ponti e pannelli di razzi. Secondo le condizioni del flusso d’aria, l’analisi di
flutter richiede differenti metodologie. Ad esempio, l’analisi lineare offre un’accuratezza sod-
disfacente in campo sub- e supersonico in assenza di separazione. Al contrario, in condizioni
transoniche l’analisi non-lineare è necessaria e gli effetti della viscosità devono essere tenuti in
conto. I costi computazionali di tali analisi sono generalmente alti e variano molto in base alla
metodologia adottata, per questo motivo è spesso necessario trovare un compromesso tra accu-
ratezza ed efficienza computazionale.

Il Doublet Lattice Method (DLM) è in questo momento uno degli strumenti più potenti per
l’analisi lineare di flutter in regime subsonico. Il DLM è stato sviluppato negli anni ’60 del
ventesimo secolo e, più recentemente, una nuova versione è stata sviluppata. Il successo del
DLM è dovuto principalmente alle caratteristiche seguenti: 1. la sua accuratezza è general-
mente buona (a meno che non si considerino regimi transonici o fenomeni di separazione); 2. i
costi computazionali del DLM sono competitivi rispetto a metodi meno accurati come la teoria
di striscia; 3. geometrie complesse possono essere analizzate inclusi interi aeroplani.

I modelli strutturali unidimensionali (1D), comunemente conosciuti come modelli "beam",
vengono impiegati in molteplici applicazioni ingegneristiche. I modelli beam sono infatti utiliz-
zati per l’analisi strutturale di strutture snelle come colonne, archi, ali e ponti. In un modello
beam, il problema strutturale tridimensionale (3D) è ridotto ad un set di variabili 1D che dipen-
dono soltanto dalla coordinata assiale della struttura. I modelli strutturali 1D sono più semplici
e computazionalmente piú efficienti dei modelli 2D (plate e shell) e 3D (solid). Questa carat-



teristica rende i modelli beam adatti per analisi statiche, dinamiche ed aeroelastiche. I modelli
classici (Eulero-Bernoulli e Timoshenko) presentano delle limitazioni che li rendono affidabili
solo per una classe ristretta di problemi ingegneristici.

Lo scopo di questa tesi è quello di sviluppare una formulazione aeroelastica basata sul DLM
e modelli strutturali "higher-order". I modelli strutturali adottati si basano sulla Carrera Uni-
fied Formulation (CUF). La formulazione CUF permette di implementare modelli strutturali
d’ordine qualsiasi senza la necessità d’implementazioni ad hoc. I modelli CUF 1D sono es-
tremamente competitivi in termini di costi computazionali e accuratezza rispetto a modelli 2D
e 3D. In altre parole, i modelli CUF 1D sono in grado di ottenere gli stessi risultati dei modelli
shell e solid con dei costi computazionali molto minori. L’analisi di flutter lineare è stata scelta
in questa tesi per evidenziare i benefici della formulazione proposta e per proporne l’estensione
e l’utilizzo per analisi aeroelastiche più complesse.

I risultati delle analisi strutturali hanno messo in luce le caratteristiche avanzate della for-
mulazione strutturale proposta. Lo stesso grado d’accuratezza di modelli più complessi (2D e
3D) è stato ottenuto mediante i modelli CUF 1D per una serie di problemi strutturali come,
ad esempio, strutture in parete sottile con carichi concentrati, modi naturali di cilindri a parete
sottile e strutture in composito. Il numero di gradi di libertà totali dei modelli CUF 1D è medi-
amente 5-10 volte e 20-25 volte inferiore a quello dei modelli shell e solid.

Le analisi di flutter sono state condotte su modelli d’ali in materiale isotropo e composito e
i risultati sono stati confrontati con quelli ottenuti mediante modelli plate e shell. Le anal-
isi effettuate hanno evidenziato l’alto grado di accuratezza dei modelli CUF 1D nel cogliere i
fenomeni di accoppiamento flesso-torsionali di strutture a parete sottile e laminate.



Résumé

Les phénomènes aéroélastiques sont présents dans de nombreux domaines. Les ailes d’avion, les
pales d’hélicoptère, les éoliennes et les ponts élancés, sont autant d’exemples de structures qui
sont soumises à des contraintes aéroélastiques sévères et potentiellement catastrophiques. En
outre, les tendances actuelles vont vers la réalisation de structures toujours plus effilées et donc
davantage sujettes à ces phénomènes. D’autre part l’utilisation croissante de matériaux com-
posites a permis l’émergence de nouvelles méthodes de construction, qui retardent l’apparition
de phénomènes aéroélastiques grâce à des techniques dites de tailoring. Des outils fiables pour
l’analyse aéroélastique sont nécessaires afin de réduire le recours à des essais expérimentaux,
longs et coûteux. Le développent de capacités d’analyse aéroélastique à la fois fiables et rapides
représente un des défis les plus fascinants de notre époque.

Le flutter est sans doute le phénomène d’aéroélasticité le plus connu. Il peut conduire à des
évènements catastrophiques sur les surfaces portantes (ailes d’avions, rotors d’hélicoptères, éoli-
ennes) sur les ponts ou bien sur les peaux de missiles. Selon l’écoulement étudié, l’analyse du
flutter nécessite des méthodes de calcul différentes. Par exemple, pour étudier le flutter d’une
surface portante en régime sub- ou supersonique et sans décollement, une analyse linéaire de
faible précision peut être suffisante, alors que son étude dans les régimes transsoniques néces-
site des méthodes non linéaires et de haute précision, qui prennent en compte les effets dus à la
viscosité. Selon les méthodes, les coûts en termes de calcul peuvent varier de façon significative.
Ainsi, le rapport entre précision et coût de calcul est primordial.

A ce jour, la méthode des doublets (Doublet Lattice Method - DLM) est un des instruments
les plus puissants pour l’analyse linéaire du flutter dans le régime subsonique. La DLM est
apparue à la fin des années 60 et a connu récemment de nouveaux développements. Son succès
est dû principalement à trois caractéristiques: 1. Elle offre une bonne précision (sauf dans les
régimes transsoniques ou en présence de décollements) ; 2. Les coûts en termes de calcul sont
compétitifs par rapport à d’autres méthodes pourtant moins précises, telle que la méthode des
tranches ; 3. Elle permet d’étudier des formes relativement complexes, notamment des avions
complets.

Les modèles de structure unidimensionnels (1D), appelés communément " poutres ", sont util-
isés dans beaucoup d’applications, lorsqu’il s’agit d’analyser des corps effilés (colonnes, arches,
ponts, pales ou ailes d’avions). Dans la théorie des poutres, le problème en trois dimensions
(3D) est réduit à un jeu de variables 1D qui ne dépendent plus que de la coordonnée axiale de la
structure. Les modèles structuraux 1D sont plus simples et moins onéreux en termes de calcul



que les modèles 2D (" plaque " et " coque ") ou 3D (" solide "). Cette caractéristique explique
que les modèles " poutre " demeurent très intéressants pour effectuer des analyses statiques, dy-
namiques et aéroélastiques. Cependant, les modèles classiques de modèle 1D (Euler-Bernoulli
et Timoshenko) présentent des limites intrinsèques qui interdisent leur emploi dans un nombre
significatif de situations. L’objet de ce travail est le développement d’un modèle aéroélastique
basé sur la DLM et des modèles de structure d’ordre supérieur. Le modèle de structure adopté
s’appuie sur la Carrera Unified Formulation (CUF). La théorie CUF permet l’utilisation de
modèles de structure de degré quelconque, de façon unifiée, sans faire des implémentations spé-
cifiques. Les modèles CUF 1D sont beaucoup moins coûteux que les modèles 2D et 3D pour un
niveau de précision équivalent. En d’autres termes, les modèles CUF 1D permettent d’obtenir
des résultats comparables aux modèles " coque " et " solide ", avec des coûts de calcul de l’ordre
de ceux des modèles classiques de poutre. L’analyse linéaire du flutter a été choisie dans cette
thèse afin de mettre en évidence les avantages du modèle proposé et la possibilité de l’étendre à
des analyses aéroélastiques plus complexes.

Des résultats provenant d’analyses purement mécaniques ont démontré les capacités étendues
du modèle de structure proposé. Des niveaux de précision comparables aux modèles (2D et 3D)
ont été atteints à partir des modèles CUF 1D pour toute une série de cas différents, par exemple,
sur des structures à paroi fines supportant des charges ponctuelles, ou sur des modes propres
de cylindres à section mince (et assimilables à des coques) ou sur des structures composites. Le
nombre de degrés de liberté d’un modèle CUF 1D est en moyenne 5 à 10 fois inférieur à celui
des modèles " coque " et 20 à 25 fois inférieur à celui des modèles " solide ".

Des analyses de flutter ont été effectuées sur des ailes en matériau composite isotrope, et les
résultats ont été comparés à ceux obtenus à partir des modèles " plaque " et " coque ". Ils ont
démontré le haut niveau de précision des modèles CUF 1D dans la détection du couplage flex-
ion/torsion des structures à paroi fines et des structures stratifiées. D’excellentes corrélations
avec les modèles " plaque " ont été obtenus pour un coût de calcul sensiblement inférieur.
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Chapter 1

Introduction

Aeroelastic phenomena are due to the mutual interaction of elastic, inertial and aerodynamic
forces. Aircraft wings, rotor blades, wing turbines and bridges are typical examples of slender
flexible structures which can undergo severe aeroelastic phenomena. A proper aeroelastic analy-
sis requires accurate structural and aerodynamic models which have to be opportunely coupled.
A trade off between accuracy and acceptable computational costs is often required since the
analysis of fluid-structure interactions can be very expensive.
The aim of this work is to present aeroelastic models based on highly accurate structural models
and low-order aerodynamic tools. Particular attention is given to flutter of wings and thin
walled panels. The adoption of the present formulation allows one to predict flutter with re-
markable reductions of computational costs and no significant accuracy loss.

1.1 Flutter analysis tools

Flutter is one of the most important aeroelastic phenomena. Flutter can occur to a
structure in a flow field and it consists of undamped vibrations which can lead to
catastrophic collapses. This implies that aircraft or bridges, for instance, must be clear
of flutter. Different analysis tools have been developed over the last decades to pre-
dict flutter. Linear and nonlinear approaches have been proposed. Nonlinearity can
be taken into account for both the structural and the aerodynamic tools or for only one
of them. This means that nonlinear aeroelastic analysis can be performed with nonlin-
ear aerodynamics and linear structural models and viceversa. Linear aeroelasticity is
usually performed in the frequency domain and it involves the solution of eigenvalue
problems. Nonlinear aeroelastic analyses are usually performed in the time domain
(Demasi and Livne, 2009; Schuster et al., 2003). The present work is devoted to the
linear flutter analysis whose most important methodologies are briefly discussed here-
after.
A vast range of aerodynamic models have been utilized in aeroelastic problems, from
strip theories to Reynolds averaged Navier-Stokes (RANS). Excellent reviews about
these methodologies are those by Yurkovich (2003) and Schuster et al. (2003).
One of the first methods for flutter analysis was strip theory (Theodorsen and Garrick,
1940; Yates, 1966). From early 1940s to 1960s, strip theory, and its variations, repre-
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16 CHAPTER 1

sented the most important tool for flutter.
The doublet lattice method (DLM) emerged in late 1960s (Albano and Rodden, 1969);
more recently, an improved version of DLM has been proposed by Rodden et al. (1998);
this last version was the one utilized in this work. To date, DLM is one of the most
powerful tools for linear flutter analyses in subsonic regime. Three main features are
responsible of DLM’s success (Yurkovich, 2003):

1. It offers good accuracy (unless transonic regimes are considered and/or separa-
tion occurs).

2. DLM is cost competitive with respect to simpler methods such as strip theories.

3. Fairly complex geometries can be analyzed.

Linear methods are still sufficiently accurate in supersonic regime. There are many
methods available, one of the most known is the Mach box method (Zatarian and Hsu,
1955).
Transonic flutter requires more sophisticated tools due to the presence of highly non-
linear events such as shock waves and separation. Moreover, shock waves are respon-
sible for a drop on the flutter speed, this phenomenon is known as transonic dip and it
defines the minimum velocity at which flutter can occur across the flight envelope of
the vehicle (Schuster et al., 2003); the accurate prediction of transonic flutter speed is
therefore of enormous importance. The proper prediction of flutter in transonic regime
requires the inclusion of nonlinear viscous effects in the analysis.
Another important class of linear aerodynamic tools is the one developed for aeroelas-
tic analysis based on nonlinear structural models. A review about these methodologies
can be found in Demasi and Livne (2009). The nonlinearity can be geometrical (limit
cycle oscillations (LCO), joined and struct-braced wings) or due to large deformations
(high-altitude long-endurance, HALE, vehicle wings). The nonlinearity requires time-
domain modeling and appropriate unsteady aerodynamic models. Computational
fluid dynamics (CFD) has been adopted for the flow (Geuzaine et al., 2003) by means of
considerable computational resources. Tang and Dowell (2001) successfully proposed
2D linear potential unsteady aerodynamic models in the time domain for high aspect
ratio wings in subsonic flow. Tang et al. (1999) developed time-marching vortex-lattice
methods for low-aspect-ratio wings.

1.2 1D structural models

The structural component of the present aeroelastic formulation is based on 1D higher-
order structural models commonly known as beams. Beam theories are extensively
used to analyze the structural behavior of slender bodies, such as columns, arches,
blades, aircraft wings and bridges. In a beam model, the 3D problem is reduced to
a set of variables that only depends on the beam-axis coordinate. One-dimensional
structural elements obtained are simpler and computationally more efficient than 2D
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(plate/shell) and 3D (solid) elements. This feature makes beam theories still very at-
tractive for the static, dynamic and aeroelastic analysis of structures.
The classical theories are those by Euler-Bernoulli (Bernoulli, 1751; Euler, 1744), de Saint-
Venant (1856), and Timoshenko (1921, 1922). None of these theories can detect non-
classical effects such as warping, out- and in-plane deformations, torsion-bending cou-
pling or localized boundary conditions (geometrical or mechanical). These effects are
usually due to small slenderness ratios, thin walls, and the anisotropy of the materials.
An accurate aeroelastic analysis requires the proper detection of non-classical effects.
Many methods have been proposed to overcome the limitations of classical theories
and to allow the application of 1D models to any geometry or boundary condition as
discussed by Novozhilov (1961). Most recent developments in 1D models have been
obtained by means of the following approaches:

◦ The introduction of shear correction factors.

◦ The use of warping functions based on the de Saint-Venat’s solution.

◦ The variational asymptotic solution (VABS).

◦ Generalized beam theories (GBT).

◦ Higher-order beam models.

A considerable amount of work has been done to try to improve the global response
of classical beam theories through the use of appropriate shear correction factors, as
in the books by Timoshenko and Goodier (1970) and by Sokolnikoff (1956). Amongst
the many available articles on this issue, the papers by Cowper (1966), Krishna Murty
(1985), Pai and Schulz (1999), and Mechab et al. (2008) are of particular interest. An
extensive effort was made by Gruttmann and his co-workers (Gruttmann et al., 1999;
Gruttmann and Wagner, 2001; Wagner and Gruttmann, 2002) to compute shear cor-
rection factors for several structural cases: torsional and flexural shearing stresses in
prismatic beams; arbitrary shaped cross-sections; wide, thin-walled, and bridge-like
structures.
El Fatmi (El Fatmi, 2002, 2007a,b,c; El Fatmi and Ghazouani, 2011; El Fatmi and Zenzri,
2004) introduced improvements of the displacement models over the beam section by
introducing a warping function, ϕ, to enhance the description of the normal and shear
stress of the beam. End-effects due to boundary conditions have been investigated by
means of this model, as in the work by Krayterman and Krayterman (1987).
The de Saint-Venant solution has been the theoretical base of many advanced beam
models. 3D elasticity equations were reduced to beam-like structures by Ladevéze and
his co-workers (Ladéveze et al., 2004; Ladéveze and Simmonds, 1996, 1998). The re-
sulting solution was modeled as the sum of a de Saint-Venant part and a residual part
and applied to high aspect ratio beams with thin walled sections. Other beam theo-
ries have been based on the displacement field proposed by Ieşan (1986) and solved
by means of a semi-analytical finite element by Dong and his co-workers (Dong et al.,
2001; Kosmatka et al., 2001; Lin and Dong, 2006; Lin et al., 2001).
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Asymptotic type expansions have been proposed by Berdichevsky et al. (1992) on the
basis of variational methods. This work represents the starting point of an alternative
approach to constructing refined beam theories where a characteristic parameter (e.g.
the cross-section thickness of a beam) is exploited to build an asymptotic series. Those
terms that exhibit the same order of magnitude as the parameter when it vanishes
are retained. Some valuable contributions on asymptotic methods are those related to
VABS models made by Volovoi et al. (1999), Volovoi and Hodges (2000), Popescu and
Hodges (2000), Yu et al. (2002a,b), Yu and Hodges (2004, 2005). The key feature of this
methodology is that the 1D model is governed by variationally consistent and geomet-
rically exact governing equations which provide asymptotically exact stress and strain
recovery by means of a beam model having a low number of degrees of freedom. Reg-
ular and thin-walled beams can be accounted for.
Generalized beam theories have been derived from Schardt’s work (Schardt, 1966,
1989, 1994). GBT enhances classical theories by exploiting piece-wise beam descrip-
tions of thin-walled sections. It has been extensively employed and extended, in vari-
ous forms, by Silvetre and Camotim, and their co-workers (Dinis et al., 2006; Silvestre,
2002, 2003, 2007; Silvestre and Camotim, 2002). In the GBT framework, the cross-
section displacement field of a thin-walled beam is assumed as a linear combination of
deformation modes defined on a number of cross-section nodes. The proper choice of
the number of modes depends on the cross-section type and the number of fold lines
(Nedelcu, 2010).
Many other higher-order theories which are based on enhanced displacement fields
over the beam cross-section have been introduced to include non-classical effects. Con-
siderations on higher order beam theories were made by Washizu (1968). An advanced
model was proposed by Kanok-Nukulchai and Shik Shin (1984); these authors im-
proved classical finite beam elements by introducing new degrees of freedom to de-
scribe cross-section behavior. Other refined beam models can be found in an excellent
review by Kapania and Raciti (1989a,b) which focused on: bending, vibration, wave
propagations, buckling and post-buckling. Excellent papers on structural dynamic and
aeroelastic problems of thin walled structures by using of higher-order beams are those
by Librescu and Song (1992), Qin and Librescu (2002) and Banerjee et al. (2008).

1.3 Carrera unified formulation, CUF

This work is embedded in the framework of the Carrera Unified Formulation (CUF)
for higher-order 1D models (Carrera et al., 2011a). CUF have been developed from
early 2000s by professor Carrera at the Politecnico di Torino, initially for plates and
shells (Carrera, 2002, 2003), more recently for beams (Carrera and Giunta, 2010; Car-
rera et al., 2010a). The unique contribution given by CUF models is due to their hier-
archical capabilities which make the choice of the expansion functions (Fτ ) and their
order arbitrary. This means that any-order structural models can be implemented with
no need of formal changes in the problem equations and matrices. CUF can therefore
deal with arbitrary geometries, boundary conditions and material characteristics with
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no need of ad hoc formulations.
Static (Carrera et al., 2010a,b, 2012c), free-vibration (Carrera et al., 2010c, 2012b; Petrolo
et al., 2012) and buckling (Ibrahim et al., 2012) analyses showed the enhanced capabil-
ities of CUF 1D models which are able to detect shell- and solid-like solutions for dif-
ferent structural models including thin-walled models under point loads and shell-like
natural modes. A further extension of the present formulation (Carrera and Petrolo,
2011b,c) deals with open cross-sections, boundary conditions enforced on lateral edges
and layer-wise approaches.
Another recent extension of CUF is the so-called mixed axiomatic-asymptotic tech-
nique (Carrera et al., 2011b,c; Carrera and Petrolo, 2010, 2011a). This method permits
one to evaluate the contribution of each term of the expansion on the prediction of
the mechanical response of a structure. Moreover, parametric studies can be easily
conducted on a number of parameters including slenderness and orthotropic ratios,
stacking sequences, thickness and boundary conditions.
In this work, CUF was exploited to derive structural refined finite 1D elements, that is,
the structural component of the proposed advanced aeroelastic formulation is based
on 1D CUF higher-order models.

1.4 Present work objectives and outline

This work is aimed to the development of an aeroelastic formulation based on DLM
and higher-order structural models. CUF 1D models are exploited for the structural
modeling. Linear flutter analysis was chosen to show the benefits of the present for-
mulation and its possible extensions to more sophisticated aeroelastic capabilities.
A fairly standard content outline was chosen for this thesis. Brief bibliographic surveys
on aeroelastic tools for flutter and 1D structural models are given in the introductive
chapter. A brief overview of CUF works is also provided with particular attention
given to the 1D formulation. The DLM formulation adopted in this thesis is presented
in Chapter 2. The quartic version of DLM is described for incompressible flows and
planar surfaces. Chapter 3 presents the 1D CUF models, in particular, the finite ele-
ment formulation is provided and the fundamental nucleus assembly methodology is
described to build stiffness, mass and loading arrays. Chapter 4 is devoted to the aeroe-
lastic formulation. Mesh-to-mesh transformations are first addressed. The G-method
for flutter analysis is then described. Eventually, generalized stiffness, damping, mass
and aerodynamic matrices are obtained. Numerical examples are given in Chapter
5. First, purely mechanical problems are presented. A number of structural configu-
rations is considered including thin walled structures and composites. Results from
static and dynamic analyses are presented and comparisons with 2D and 3D mod-
els are provided; mixed axiomatic/asymtotypic analyses are also addressed. A brief
purely aerodynamic section follows where the validation of DLM is provided with
results from experiments. The last part of this chapter is devoted to the flutter analy-
sis results. Straight and swept wings as well as panels are considered. Isotropic and
laminated structures are analyzed. Results are provided in terms of flutter speeds and
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frequencies and a comprehensive set of data from literature is exploited for comparison
purposes. Main conclusions and perspectives are discussed in Chapter 6.



Chapter 2

Aerodynamic models

The aerodynamic models adopted in this work are described in this chapter. The aerodynamic
component of the present aeroelastic formulation was retrieved from literature. The steady con-
tribution to the flutter analysis is provided by the vortex lattice method (VLM). The unsteady
contribution is obtained by means of DLM. A quartic approximation of the oscillatory ker-
nel (Rodden et al., 1998) was adopted. Hereafter, the described formulation is valid under the
following hypotheses:

1. lifting surfaces are modeled as infinitely thin sheets of discrete singularities (vortices and
doublets).

2. Viscosity is neglected.

3. Boundary conditions (namely the non-penetration condition) are imposed on a number
of control points placed on a mean surface.

4. A system of linear algebraic equations is solved to determine singularity strengths.

5. Thickness effect is ignored.

Landahahl’s kernel function is first described in this chapter. VLM and DLM are then intro-
duced. For the sake of simplicity, the formulation described here is restricted to planar lifting
surfaces and subsonic incompressible flows since these are the cases analyzed in this thesis.

2.1 Equations for oscillating lifting surfaces

This section describes the fundamental equations which, for a given oscillating sur-
face, relate normal was velocities to pressure jumps in different points of the surface.
These equations are derived from the linear aerodynamic potential equation, a more
comprehensive description of these equations can be found in Blair (1992).
A notation that uses complex quantities is adopted. If ω is the frequency, W is the nor-
malwash perpendicular to an oscillating surface, ∆P the pressure jump, the following
relations can be written:

w =
W

V∞
; ∆p =

∆P
1
2
ρ∞V 2

∞
(2.1)
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Where V∞ is the free-stream velocity and ρ∞ is the air density. In the case of harmonic
motion,

w = w eiωt; ∆p = ∆p eiωt (2.2)
Following Landahl (1967) or Albano and Rodden (1969), the normalwash in a point
with coordinates x, y due to the pulsating pressure jump ∆p in the point ξ, η has the
following expression:

w =
1

8π
=

∫
A

∆p K (x0, y0, ω, M) dA (2.3)

Where M is the Mach number and where

x0 = x − ξ; y0 = y − η (2.4)

The kernel function can be written as

K = e−
iωx0
V∞

K1T1

r2
(2.5)

Where
β =

(
1 − M2

) 1
2

T1 = 1

r =
(
y2

0

) 1
2 ; u1 =

MR − x0

β2r
; k1 =

ωr

V∞
; R =

(
x2

0 + β2r2
) 1

2

I1 =

∞∫
u1

e−ik1u

(1 + u2)
3
2

du

K1 = I1 +
Mr

R

e−ik1u1

(1 + u2
1)

1
2

(2.6)

The kernel is then
K = e−

iωx0
V∞

K1T1

r2
(2.7)

A local coordinate system is used to compute the integral. This coordinate system is
located on the "sending" panel j. The origin is coincident with the middle point of the
line representing the doublet line of panel j. This point is indicated with ξmj, ηmj (in
global coordinates). The subscript "m" means middle point, the subscript "j" means
that the panel "j" is the sending panel considered. The local coordinate system is de-
fined by x̂, ŷ (it is translated in the middle point of the doublet line of panel j).

x = x̂ + ξmj; y = ŷ + ηmj

ξ = ξ̂ + ξmj; η = η̂ + ηmj

(2.8)

By considering these transformations, the following relations hold:

x0 = xi − ξj = x̂i − ξ̂j

y0 = yi − ηj = ŷi − η̂j

z0 = zi − ζj = ŷi − η̂j

(2.9)



AERODYNAMIC MODELS 23

x̂i, ŷi are the coordinates of the control point of panel i (the receiving panel) measured
from the origin of the coordinate system located in the middle of the doublet line of
panel j (the sending panel). If Λj indicates the sweep angle of the doublet line of panel
j (measured clockwise from the local axis ŷ of element j) the difference of coordinates
between a point on the doublet line and the control point can be given as a function of
the coordinate η̂j used in the integration,

ξ̂j = η̂j tan Λj (2.10)

By using this relation, it is possible to write

x0 = x̂i − ξ̂j = x̂i − η̂j tan Λj (2.11)

For the sake of simplicity, the most relevant quantities of the formulation are summa-
rized in the following:

x0 = x̂i − ξ̂j = x̂i − η̂j tan Λj

r =
(
y2

0

) 1
2 =

[
(ŷi − η̂j)

2] 1
2

R =
(
x2

0 + β2r2
) 1

2 =
{
(x̂i − η̂j tan Λj)

2 + β2
[
(ŷi − η̂j)

2]} 1
2

u1 =
MR − x0

β2r
=

M
{
(x̂i − η̂j tan Λj)

2 + β2
[
(ŷi − η̂j)

2]} 1
2 − x̂i + η̂j tan Λj

β2
[
(ŷi − η̂j)

2] 1
2

k1 =
ωr

V∞
=

ω ·
[
(ŷi − η̂j)

2] 1
2

V∞

T1 = 1

(2.12)

2.2 Steady contribution by vortex lattice method

The steady contribution of a flutter analysis can be computed by means of VLM (Rod-
den et al., 1998). A brief overview of VLM is herein provided, a more comprehensive
and detailed description of VLM can be found in the excellent book by Katz and Plotkin
(1991). The key equation of the vortex lattice method is the following: named V i

j the
induced velocity on the panel i (at the control point P i

C) induced by the vortices of the
sending panel j, the influence coefficients are defined as

aΓ
ij =

[
Vi

j

]T · ni (2.13)

The wall tangency condition (WTC) has to be imposed for all panels of all surfaces.
Considering the assumption that the freestream velocity is direct along +x, for the
panel i the wall tangency condition is

aΓ
i1Γ1 + aΓ

i2Γ2 + aΓ
i3Γ3 + ... + aΓ

iNΓN + V∞iT · ni = 0 (2.14)
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Under the assumption of small perturbations, it can be stated that

iT · ni = cos
(

π
2
− αi

)
= sin αi ≈ tan αi = − tan (π − αi) = −dZi loc

dx
(2.15)

The wall tangency condition of receiving panel i is then rewritten as

aΓ
i1Γ1 + aΓ

i2Γ2 + aΓ
i3Γ3 + ... + aΓ

iNΓN = V∞
dZi loc

dx
= Wi (2.16)

Wi is the normalwash at panel i. The normalized normalwash wi = Wi/V∞ is herein
exploited. Thus, equation 2.16 becomes

aΓ
i1Γ1 + aΓ

i2Γ2 + aΓ
i3Γ3 + ... + aΓ

iNΓN = V∞
dZi loc

dx
= V∞ · wi (2.17)

Γ1, Γ2, ..., ΓN are the circulations of the sending panels. Pressures are needed in VLM
and DLM, these can be obtained by observing that the lift of panel j is given by the
following relation (∆pj is the dimensionless pressure jump):

Lj = ρ∞V∞2ejΓj =
1

2
ρ∞V 2

∞2ej∆xj∆pj (2.18)

This implies that

Γj =
1

2
V∞∆xj∆pj (2.19)

The WTC of panel i is then rewritten as

aΓ
i1

1

2
V∞∆x1∆p1 + aΓ

i2

1

2
V∞∆x2∆p2 + aΓ

i3

1

2
V∞∆x3∆p3 + ... + aΓ

iN

1

2
V∞∆xN∆pN = V∞ · wi

(2.20)
or

1

2
∆x1a

Γ
i1∆p1 +

1

2
∆x2a

Γ
i2∆p2 +

1

2
∆x3a

Γ
i3∆p3 + ... +

1

2
∆xNaΓ

iN∆pN = wi (2.21)

2.3 Rodden’s quartic doublet lattice method

The key equation is the following (Rodden’s notation is used and so the quantity ej

which appears in the limits of the integral is the half length [measured in the direction
of η̂j] of the panel j):

wi =
1

8π

N∑
j=1

∆pj ∆xj =

+ej∫
−ej

Kijdη̂j (2.22)

Using a notation similar to the one used by Rodden the normalwash factor Dij is defined
as follows:

wi =
N∑

j=1

Dij∆pj (2.23)
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Dij is given by

Dij =
∆xj

8π
=

+ej∫
−ej

Kijdη̂j (2.24)

The kernel is calculated using equation 2.7 in which the quantities 2.12 are used, the
linearity of the aerodynamics is exploited and the steady part is calculated by using
the Vortex Lattice Method,

Dij = D0ij
+ D1ij

(2.25)

According to equation 2.21,

D0ij
=

1

2
∆xja

Γ
ij (2.26)

D1ij
=

∆xj

8π
=

+ej∫
−ej

(
e−

iωx0
V∞ K1 − K10

)
T1

r2
dη̂j (2.27)

According with Rodden’s quartic DLM, the following quantities are defined:

Q1 (η̂j) = A1η̂
2

j + B1η̂j + C1 + D1η̂
3

j + E1η̂
4

j ≈
(
e−

iωx0
V∞ K1 − K10

)
T1 (2.28)

In order to calculate the coefficients A1, B1,..., the polynomial function is imposed to
be equal to the approximated function. Five equations are needed, therefore, this con-
dition is imposed in five points for each sending panel j. The points are placed in
the following positions: inboard, inboard intermediate, center, out-board intermediate
and outboard ( Q1 (−ej), Q1 (−ej/2), Q1 (0), Q1 (+ej/2), Q1 (+ej), respectively). The
equations are

A1 = − [Q1 (−ej) − 16Q1 (−ej/2) + 30Q1 (0) − 16Q1 (ej/2) + Q1 (ej)]

6e2
j

B1 =
[Q1 (−ej) − 8Q1 (−ej/2) + 8Q1 (ej/2) − Q1 (ej)]

6ej

C1 = Q1 (0)

D1 = −2
[Q1 (−ej) − 2Q1 (−ej/2) + 2Q1 (ej/2) − Q1 (ej)]

3e3
j

E1 = 2
[Q1 (−ej) − 4Q1 (−ej/2) + 6Q1 (0) − 4Q1 (ej/2) + Q1 (ej)]

3e4
j

(2.29)
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According to Rodden et al. (1998), the normalwash factors are

D1ij
=

∆xj

8π

{[
ŷ 2

i A1 + ŷiB1 + C1 + ŷ 3
i D1 + ŷ 4

i E1

]
F

+

[
ŷiA1 +

1

2
B1 +

3

2
ŷ 2

i D1 + 2 ŷ 3
i E1

]
ln

(ŷi − ej)
2

(ŷi + ej)
2

+ 2 ej

[
A1 + 2 ŷi D1 +

(
3ŷ 2

i +
1

3
e2

j

)
E1

]} (2.30)

Where F is the following integral (Hadamard’s Finite Part):

F = =

+ej∫
−ej

dη̂j

(ŷi − η̂j)
2 =

2ej

ŷ 2
i − e2

j

(2.31)

2.3.1 Evaluation of the integral I1

The last term to be computed is the integral I1 which appears in Eq. 2.12,

I1 =

∞∫
u1

e−ik1u

(1 + u2)
3
2

du; (2.32)

where

x0 = x̂i − ξ̂j = x̂i − η̂j tan Λj

r =
(
y2

0

) 1
2 =

[
(ŷi − η̂j)

2] 1
2

R =
(
x2

0 + β2r2
) 1

2 =
{
(x̂i − η̂j tan Λj)

2 + β2
[
(ŷi − η̂j)

2]} 1
2

u1 =
MR − x0

β2r
=

M
{
(x̂i − η̂j tan Λj)

2 + β2
[
(ŷi − η̂j)

2]} 1
2 − x̂i + η̂j tan Λj

β2
[
(ŷi − η̂j)

2] 1
2

k1 =
ωr

V∞
;

(2.33)

The numerical procedure to evaluate I1 is herein described in the following:

◦ u1 ≥ 0

I1 (u1, k1) =

1 − u1

(1 + u2
1)

1
2

− ik1e
+ik1u1

∞∫
u1

(
1 − u

(1 + u2)
1
2

)
e−ik1udu

 e−ik1u1

(2.34)



AERODYNAMIC MODELS 27

or

I1 (u1, k1) =

[
1 − u1

(1 + u2
1)

1
2

− ik1I0 (u1, k1)

]
e−ik1u1 (2.35)

Desmarais formulas (of the type suggested by Rodden) are used,

1 − u

(1 + u2)
1
2

=
n∑

s=1

ase
−(2s/m)bu =

n∑
s=1

ase
−csu (2.36)

where

a1 = 0.000319759140, a2 = −0.000055461471

a3 = 0.002726074362, a4 = 0.005749551566

a5 = 0.031455895072, a6 = 0.106031126212

a7 = 0.406838011567, a8 = 0.798112357155

a9 = −0.417749229098, a10 = 0.077480713894

a11 = −0.012677284771, a12 = 0.001787032960

n = 12,m = 1, b = 0.009054814793 cs =
(
2s/m

)
b

(2.37)

Observing that

∞∫
u1

(
1 − u

(1 + u2)
1
2

)
e−ik1udu =

n∑
s=1

as

∞∫
u1

e−csue−ik1udu (2.38)

it follows that
∞∫

u1

(
1 − u

(1 + u2)
1
2

)
e−ik1udu =

n∑
s=1

as (cs − ik1) e−(cs+ik1)u1

c2
s + k2

1

(2.39)

Thus

I0 (u1, k1) =
n∑

s=1

as (cs − ik1) e−csu1

c2
s + k2

1

(2.40)

◦ u1 < 0

In this case the property of the complex numbers can be exploited in conjunction
with the fact that the real part is an integral of an even function whereas the
complex part is an integral of an odd function. Using these properties the formula
Rodden suggested is obtained,

I1 (u1, k1) = 2ℜ [I1 (0, k1)] −ℜ [I1 (−u1, k1)] + iℑ [I1 (−u1, k1)] (2.41)





Chapter 3

Structural models

Classical structural theories are based on a fixed number of generalized variables; this number is
usually related to the particular problem that has to be analyzed. The bending of slender beams,
for instance, is well described by the Euler-Bernoulli beam model, which has three unknowns,
whereas, torsion or thin-walled beam analysis requires more sophisticated theories with a larger
number of variables. The problem dependency of classical models represents a strong limit for
their application and, in general, this dependency cannot be straightforwardly overwhelmed.
This chapter describes the theoretical layout of a novel unified approach that overcomes the
limits of classical modeling techniques. Displacement fields are in fact obtained in a unified
manner, regardless of the order of the theory, which is considered as an input of the analysis.
The step from a basic to a higher-order model is immediate and does not require any implemen-
tations. The unified formulation will be presented and then exploited to derive the governing
equations for the finite element formulation.

3.1 Geometry and material arrays

Let us introduce the transposed displacement vector

u(x, y, z) =
{

ux uy uz

}T (3.1)

where x, y, and z are orthonormal axes, as shown in Fig. 3.1. The cross-section of
the structure is Ω and the longitudinal axis is 0 ≤ y ≤ L. The stress, σ, and strain, ϵ,
components are grouped as

σp =
{

σzz σxx σzx

}T
, ϵp =

{
ϵzz ϵxx ϵzx

}T

σn =
{

σzy σxy σyy

}T
, ϵn =

{
ϵzy ϵxy ϵyy

}T (3.2)

The subscript "n" stands for those terms that lie on the cross-section, while "p" stands
for the terms that lie on planes which are orthogonal to Ω.
The strains are obtained as

ϵp = Dpu
ϵn = Dnu = (Dnp + Dny)u

(3.3)

29
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Figure 3.1 Structural reference system

where Dp and Dn are differential operators whose explicit expressions are

Dp =


0 0

∂

∂z

∂

∂x
0 0

∂

∂z
0

∂

∂x

 , Dnp =


0

∂

∂z
0

0
∂

∂x
0

0 0 0

 , Dny =


0 0

∂

∂y

∂

∂y
0 0

0
∂

∂y
0

 (3.4)

Constitutive laws are introduced to obtain the stress components,

σ = C̃ϵ (3.5)

On the basis of Eq.s 3.2, the previous equation becomes

σp = C̃ppϵp + C̃pnϵn

σn = C̃npϵp + C̃nnϵn

(3.6)

where C̃pp, C̃pn, C̃np, and C̃nn are the material coefficient matrices,

C̃pp =

 C̃11 C̃12 0

C̃12 C̃22 0

0 0 C̃44

 , C̃pn = C̃
T

np =

 0 C̃16 C̃13

0 C̃26 C̃23

C̃45 0 0

 ,

C̃nn =

 C̃55 0 0

0 C̃66 C̃36

0 C̃36 C̃33


(3.7)

Coefficients [C̃]ij depend on Young’s and Poisson’s moduli as well as on the fiber ori-
entation angle, θ, that is graphically defined in Fig. 3.2 where ’1’, ’2’, and ’3’ rep-
resent the cartesian axes of the material. For the sake of brevity, the expressions of
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Figure 3.2 Fiber orientation angle

coefficients [C̃]ij are not reported here, but can be found in the books by Tsai (1988)
or Reddy (2004). Models with constant and linear distributions of the in-plane dis-
placement components, ux and uz, require modified material coefficients to overcome
Poisson locking, see Carrera and Brischetto (2008). The correction process is based on
imposing null transverse normal stresses, σxx and σzz, and the corresponding strain
components, ϵxx and ϵzz, are then calculated and substituted in the σyy and σxy expres-
sions. For the sake of brevity, the explicit expression of the reduced material coefficients
is not reported here, but can be found in Biscani et al. (2011). These coefficients have
to be used in the aforementioned linear cases. A more comprehensive analysis of the
effect of Poisson locking and its correction can be found in Carrera et al. (2010a) and
Carrera and Petrolo (2011b).

3.2 Carrera unified formulation

The unified formulation of the beam cross-section displacement field is described by
an expansion of generic functions, Fτ ,

u = Fτ uτ , τ = 1, 2, ...., M (3.8)

where Fτ are functions of the cross-section coordinates x and z, uτ is the displacement
vector, and M stands for the number of terms of the expansion. According to the
Einstein notation, the repeated subscript τ indicates summation. The choice of Fτ and
M is arbitrary, that is, different base functions of any-order can be taken into account
to model the kinematic field of a beam above the cross-section.

3.2.1 Taylor expansion (TE) 1D class

TE 1D models are based on polynomial expansions, xi zj , of the displacement field
above the cross-section of the structure, where i and j are positive integers. A generic
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N -order displacement field is then expressed by:

ux =
N∑

Ni=0

(
Ni∑

M=0

xN−M zM ux N(N+1)+M+1
2

)

uy =
N∑

Ni=0

(
Ni∑

M=0

xN−M zM ux N(N+1)+M+1
2

)

uz =
N∑

Ni=0

(
Ni∑

M=0

xN−M zM ux N(N+1)+M+1
2

)
(3.9)

The order N of the expansion is arbitrary and is set as an input of the analysis. The
choice of N for a given structural problem is usually made through a convergence
study. Only full-order TE models are considered in this paper since as N is fixed all
the terms of the corresponding expansion are taken. For example, the second-order TE
model, N = 2, has the following kinematic model:

ux = ux1 + x ux2 + z ux3 + x2 ux4 + xz ux5 + z2 ux6

uy = uy1 + x uy2 + z uy3 + x2 uy4 + xz uy5 + z2 uy6

uz = uz1 + x uz2 + z uz3 + x2 uz4 + xz uz5 + z2 uz6

(3.10)

The 1D model described by Eq. 3.10 has 18 generalized displacement variables: three
constant, six linear, and nine parabolic terms. Models with a reduced number of terms
can also be obtained as shown in Carrera and Petrolo (2011a).

Classical beam theories as particular cases: Euler-Bernoulli (EBBT) and Timo-
shenko beam theories (TBT)

TE models offer the opportunity of retrieving classical beam models, EBBT and TBT,
as particular cases of the linear expansion, N = 1. TBT can be obtained by acting on
the Fτ expansion. Two conditions have to be imposed. 1) A first-order approximation
kinematic field,

ux = ux1 + x ux2 + z ux3

uy = uy1 + x uy2 + z uy3

uz = uz1 + x uz2 + z uz3

(3.11)

2) The displacement components ux and uz have to be constant above the cross-section,

ux2 = uz2 = ux3 = uz3 = 0 (3.12)

EBBT requires a further third condition resulting in the penalization of ϵxy and ϵzy. This
condition can be imposed by using a penalty technique in the constitutive equations.
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Figure 3.3 Cross-section L9 element

3.2.2 Lagrange expansion (LE) 1D class

LE models exploit Lagrange polynomials to build 1D higher-order theories. In this
work, the nine-point cross-section element, L9, is described. The isoparametric for-
mulation is exploited to deal with arbitrary shaped geometries. The L9 interpolation
functions are given by (Oñate, 2009)

Fτ = 1
4
(r2 + r rτ )(s

2 + s sτ ) τ = 1, 3, 5, 7

Fτ = 1
2
s2

τ (s
2 − s sτ )(1 − r2) + 1

2
r2
τ (r

2 − r rτ )(1 − s2) τ = 2, 4, 6, 8

Fτ = (1 − r2)(1 − s2) τ = 9

(3.13)

where r and s range from −1 to +1. Fig. 3.3 shows the point locations and Table 3.1
reports the point natural coordinates. The displacement field given by an L9 element

Point rτ sτ

1 −1 −1
2 0 −1
3 1 −1
4 1 0
5 1 1
6 0 1
7 −1 1
8 −1 0
9 0 0

Table 3.1 L9 cross-section element point natural coordinates.
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is

ux = F1 ux1 + F2 ux2 + F3 ux3 + F4 ux4 + F5 ux5 + F6 ux6 + F7 ux7 + F8 ux8 + F9 ux9

uy = F1 uy1 + F2 uy2 + F3 uy3 + F4 uy4 + F5 uy5 + F6 uy6 + F7 uy7 + F8 uy8 + F9 uy9

uz = F1 uz1 + F2 uz2 + F3 uz3 + F4 uz4 + F5 uz5 + F6 uz6 + F7 uz7 + F8 uz8 + F9 uz9

(3.14)
where ux1 , ..., uz9 are the displacement variables of the problem and they represent the
translational displacement components of each of the nine points of the L9 element.
This means that LE models provide elements that only have displacement variables.
Other polynomial sets were used in previous works (Carrera and Petrolo, 2011b,c)
where L3, L4, L6 and L16 sets were adopted.

3.3 Finite element formulation

The governing equations are derived by means of the Principle of Virtual Displace-
ments, PVD. Starting from the unified form of the displacement field in Eq. 3.8, stiff-
ness, mass, and loading arrays will herein be obtained in terms of fundamental nuclei
whose form is independent of the order of the model. The weak form of the govern-
ing equations is obtained by means of the finite element method (FEM), which allows
one to overcome the limits of analytical solutions in terms of geometry, loading, and
boundary conditions. The derivation of the governing finite element equations begins
with the definition of the nodal displacement vector

qτi =
{

quxτi
quyτi

quzτi

}T
, τ = 1, 2, ...., M i = 1, 2, ...., NEN (3.15)

where the subscript ’i’ indicates the element node and NEN stands for the number of
nodes per element. If a linear model is considered (N = 1, M = 3), and a two-node
element is adopted, the element unknowns will be

qτi =

{
qux11

quy11
quz11

qux21
quy21

quz21
qux31

quy31
quz31

qux12
quy12

quz12
qux22

quy22
quz22

qux32
quy32

quz32

}T

(3.16)

The displacement variables are interpolated along the axis of the beam by means of the
shape functions, Ni,

u = NiFτ qτi (3.17)
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Beam elements with two, B2, three, B3, and four, B4, nodes are here considered whose
shape functions are

N1 = 1
2
(1 − r), N2 = 1

2
(1 + r),

{
r1 = −1
r2 = +1

N1 = 1
2
r(r − 1), N2 = 1

2
r(r + 1), N3 = −(1 + r)(1 − r),


r1 = −1
r2 = +1
r3 = 0

N1 = − 9
16

(r + 1
3
)(r − 1

3
)(r − 1), N2 = 9

16
(r + 1

3
)(r − 1

3
)(r + 1),

N3 = +27
16

(r + 1)(r − 1
3
)(r − 1), N4 = −27

16
(r + 1)(r + 1

3
)(r − 1),


r1 = −1
r2 = +1
r3 = −1

3

r4 = +1
3
(3.18)

where the natural coordinate, r, varies from −1 to +1 and ri indicates the position of
the node within the natural beam boundaries. The beam model order is given by the
expansion on the cross-section, and the number of nodes per each element is related
to the approximation along the longitudinal axis. An N -order beam model is therefore
a theory that exploits an N -order Taylor-like polynomial to describe the kinematics of
the beam cross-section.

3.3.1 Stiffness matrix

The first step in assembling finite element arrays is represented by the use of a proper
variational statement. The principle of virtual displacements (PVD) is here exploited

δLint =

∫
V

(δϵT
p σp + δϵT

nσn)dV = δLext (3.19)

where Lint stands for the strain energy, Lext is the work of the external loadings, and
δ stands for the virtual variation. Equations 3.3, 3.6 and 3.17 allow one to obtain a
compact form of the virtual variation of the strain energy

δLint = δqT
τiK

ijτsqsj (3.20)

where Kijτs is the stiffness matrix written in the form of the fundamental nuclei. Super-
scripts indicate the four indexes exploited to assemble the matrix: i and j are related
to the shape functions, τ and s are related to the expansion functions. The fundamen-
tal nucleus is a 3 × 3 array which is formally independent of the order of the beam
model. In a compact notation, the stiffness matrix for a given material property set can
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be written as:

K ij τ s = I
ij

l ▹
(
D T

np Fτ I
)[

C̃np

(
Dp Fs I

)
+ C̃nn

(
Dnp Fs I

)]
+(

D T
p Fτ I

)[
C̃pp

(
Dp Fs I

)
+ C̃pn

(
Dnp Fs I

)]
◃ Ω +

I
ij,y
l ▹

[ (
DT

np Fτ I
)
C̃nn +

(
D T

p Fτ I
)
C̃pn

]
Fs ◃ Ω IΩ y +

I
i,y j

l IΩ y ▹ Fτ

[
C̃np

(
Dp Fs I

)
+ C̃nn

(
Dnp Fs I

)]
◃ Ω +

I
i,y j,y
l IΩ y ▹ Fτ C̃nn Fs ◃ Ω IΩ y

(3.21)

where:

IΩ y =

 0 1 0
1 0 0
0 0 1

 ▹ . . . ◃ Ω =

∫
Ω

. . . dΩ (3.22)

(
I

ij

l , I
ij,y
l , I

i,y j

l , I
i,y j,y
l

)
=

∫
l

(
Ni Nj, Ni Nj,y , Ni,y Nj, Ni,y Nj,y

)
dy (3.23)

Kijτs is the stiffness matrix in the form of the fundamental nucleus; its components
are reported in Appendix A. As far as the formal expression of the fundamental nu-
cleus is concerned, it should be underlined that

1. It does not depend on the expansion order.

2. It does not depend on the choice of the Fτ expansion polynomials, that is, TE and
LE are obtained by means of the same fundamental nucleus.

These are the key-point of CUF which permits, with only nine FORTRAN statements,
to implement any-order of multiple class theories.
The assembly procedure of the stiffness matrix is based on the use of the four indexes
τ , s, i, and j which are opportunely exploited to implement the FORTRAN statements.
The core indexes are those related to the expansion functions Fτ and Fs, and the fun-
damental nucleus is computed by varying τ and s, as shown in Fig. 3.4 where the
construction of the so-called τs-Block, which coincides with the node stiffness matrix,
can be observed. Each τs-Block is then inserted into the element stiffness matrix, as
shown in Fig. 3.5. The element stiffness matrix is derived from the assembly of all
the ij-Blocks, as shown in Fig. 3.6 Any-order beam theory can be computed since the
definition of the order acts on the τs-loop.

3.3.2 Mass matrix

The virtual variation of the work of the inertial loadings is

δLine =

∫
V

ρüδuT dV (3.24)
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Figure 3.4 Graphic assembly procedure of the node stiffness matrix

Figure 3.5 Graphic assembly procedure of the element stiffness matrix

Figure 3.6 Graphic assembly procedure of the global stiffness matrix
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where ρ stands for the density of the material, and ü is the acceleration vector. Equation
3.24 can now be rewritten using Eqs. 3.3 and 3.17,

δLine =

∫
l

δqT
τiNi

[∫
Ω

ρ(Fτ I)(FsI)dΩ

]
Njq̈sjdy (3.25)

where q̈ is the nodal acceleration vector. The last equation can be rewritten in the
following compact manner:

δLine = δqT
τiM

ijτsq̈sj (3.26)

where Mijτs is the mass matrix in the form of the fundamental nucleus. Its components
are

M ijτs
xx = M ijτs

yy = M ijτs
zz = ρ

∫
Ω

FτFsdΩ

∫
l

NiNjdy

M ijτs
xy = M ijτs

xz = M ijτs
yx = M ijτs

yz = M ijτs
zx = M ijτs

zy = 0
(3.27)

The undamped dynamic problem can be written as follows:

Mä + Ka = p (3.28)

where a is the vector of the nodal unknowns and p is the loading vector. Introduc-
ing harmonic solutions, it is possible to compute the natural frequencies, ωi, for the
homogenous case, by solving an eigenvalue problem,

(−ω2
i M + K)ai = 0 (3.29)

where ai is the i-th eigenvector.

3.3.3 Loading vector

The application of surface, line, and point loads is here discussed to derive the equiv-
alent loading vector. A generic surface load acting on a lateral face of the beam is first
considered, pαβ(y), where α can be equal to x or z and β can be equal to x, y, or z. The
first subscript, α, indicates the axis perpendicular to the surface, Sα, where the load
is applied, whereas the second one, β, indicates the direction of the load. The virtual
variation of the external work due to pαβ is given by

δL
pαβ

ext =

∫
Sα

δuβτ pαβ dα dy (3.30)

by introducing the Fτ -expansions and the nodal displacements, we obtain

δL
pαβ

ext =

∫
Sα

Fτ (αp) Ni δqβτi
pαβ dα dy (3.31)

where αp stands for the loading application coordinate.
A generic line load, lαβ(y), can be similarly treated. The virtual variation of the external
work due to lαβ(y) is given by

δL
lαβ

ext =

∫
l

δuβτ lαβ dy (3.32)
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by introducing the Fτ -expansions and the nodal displacements, we obtain

δL
lαβ

ext =

∫
l

Fτ (αpβp) Ni δqβτi
lαβ dy (3.33)

where αp, βp stand for the loading application coordinates above the cross-section.
The loading vector that is variationally coherent to the model, in the case of a generic
concentrated load P, is

P =
{

Pux Puy Puz

}T (3.34)
the virtual work due to P is

δLext = PδuT (3.35)
the virtual variation of u in the framework of CUF is

δLext = Fτ PδuT
τ (3.36)

by introducing the nodal displacements and the shape functions, the previous equation
becomes

δLext = FτNiPδqT
τi (3.37)

This last equation permits us to identify the components of the nucleus which have to
be loaded, that is, it permits the proper assembling of the loading vector by detecting
the displacement variables that have to be loaded.

3.3.4 Finite element application of TE and LE expansions to lami-
nated structures

As far as nonhomogeneous composite structures are considered, two modeling ap-
proaches can be adopted,

1. The Equivalent Single Layer approach, hereafter referred to as ESL.

2. The Layer-Wise approach, hereafter referred to as LW.

In an ESL model, a homogenization of the properties of each layer is conducted by
summing the contributions of each layer in the stiffness matrix. This process leads to
a model which has a set of variables that is assumed for the whole multilayer. The
ESL assembly procedure of the stiffness matrix in the framework of CUF is graphically
shown in Fig. 3.7. Both TE and LE models can be used in an ESL manner.
LW considers different sets of variables per each layer, and the homogenization is just
conducted at the interface level. The LW assembly procedure is presented in Fig. 3.8.
LE models obtain an LW description straightforwardly by considering different sets of
L-elements per each layer. The homogenization is then conducted in correspondence
to the shared interface cross-section nodes. LW is here obtained only by means of LE.
It should be underlined that TE could also be used to obtain LW. In this case, further
equations imposing interface conditions should be added to solve the structural prob-
lem.
Recently, the ESL and LW approaches have been generalized by means of the Component-
Wise approach (see Carrera et al. (2012a)). In the present thesis, only the ESL approach
was adopted.
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Chapter 4

Aeroelastic models

This chapter provides a brief description of the present aeroelastic formulation. Figure 4.1
shows a graphic description of the solution scheme architecture with references to the main
analysis tools that are involved in each step of the solution. This chapter deals with to the
theoretical issues involved in steps 3-5. In particular, splines are discussed for the mesh-to-
mesh transformations together with the unsteady BCs, the G-Method is then described and the
procedure to build the generalized matrices is described.

4.1 Normalized normal wash vector: mesh-to-mesh trans-
formations and unsteady BCs

The displacement components perpendicular to the lifting surfaces are the only to be
considered under the assumptions of linear potential steady and unsteady aerodynam-
ics. Reference surfaces are herein considered having

◦ null initial angles of attack;

◦ null dihedral angles.

The lifting surfaces are discretized by means of the follow guidelines (Demasi and
Livne, 2009):

◦ The local x axis of an aerodynamic lifting surface is always the global x-axis di-
rection of the flow.

◦ Each aerodynamic reference surface is divided into strips of panels.

◦ Low-order modeling is used, in which each panel has a load point and a control
point. The locations of these points are the same for the vortex-lattice and the
doublet-lattice methods.

The global reference system has its x axis parallel to the free stream velocity, V∞, and
is directed toward the trailing edge of the wing system. The y axis goes along the
spanwise direction. In particular, its direction is from the root wing section to the tip of

41
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Figure 4.1 Aeroelastic solution scheme
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Figure 4.2 Wing segment notation and local reference system

the right half-wing. The third global axis z is located so that the reference coordinate
system is orthogonal according to the right-hand rule. The origin of the system is
placed on the intersection point between the leading edge of right half-wing and the
fuselage longitudinal axis of the aircraft.

4.1.1 Wing segments and pseudo structural points

The wing system is divided into a number of wing segments. A wing segment is a
generic aerodynamic reference trapezoidal surface defined by four nodes: 1S , 2S , 3S ,
4S . These nodes must be sorted according to the following relations:

xS
1 > xS

2 , xS
4 > xS

3 (4.1)

Figure 4.2 shows the wing segment notation and its local reference system. It is im-
portant to underline that

◦ the xS axis must be parallel to the free stream, V∞.

◦ ys is parallel to the global y axis if the dihedral angle is null.

◦ The origin of the system is coincident with 2S .

Each wing segment is associated with points of the structure where displacement com-
ponents are defined. These points are hereafter referred to as Pseudo-Structural Points.
These points must be defined on the plane of the Wing Segment in global coordinates
and their displacements are computed by means of a structural model (e.g. CUF, MSC
Nastran, etc.). These deflections are utilized as input data in order to compute slopes
and displacements on the control and load aerodynamic points via the Infinite Plate
Spline, IPS.
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Let us define x as the vector containing the global coordinates of these points and u as
the vector containing the three displacement components of each point with respect to
the global reference system. The extraction of the displacement components of a wing
segment can be carried out by means of the matrix IS that selects the displacements
corresponding to the Wing Segment S only, uS ,

uS = IS · u (4.2)

It is now possible to convert uS in local coordinates. ES is defined as the transforma-
tion matrix from global to local coordinates. It is a block diagonal matrix containing
the transformation matrix eS , along the main diagonal, for each pseudo point corre-
sponding to the Wing Segment. The following expression reads:

uS
loc = ES · uS = ES · IS · u (4.3)

The transformation matrix eS is composed by the direction cosines according to

iS = eS
11 i + eS

12 j + eS
13 k

jS = eS
21 i + eS

22 j + eS
23 k

kS = eS
31 i + eS

32 j + eS
33 k

(4.4)

The Pseudo-Structural Points located on the Wing Segment S must be extracted in the
vector uS , which contains their coordinates, written in the global reference system.
This operation can be carried out in matrix form,

xS = JS · x (4.5)

where the matrix JS needs in input only the IDs of Pseudo-Structural Points posi-
tioned on the reference surface of the considered Wing Segment. The coordinates of
each Pseudo-Structural Point on the Wing Segment S expressed in the local reference
system are determined by subtracting the global coordinates of the point 2S to their
global coordinates and multiplying the result by the already defined matrix eS . For
this purpose, the vector x2S is introduced (which has dimension 3NS

PS × 1, where NS
PS

is the number of Pseudo-Structural Points of Wing Segment S),

x2S =
[
x2S y2S z2S ... x2S y2S z2S

]T
(4.6)

and the matrix ES which is a block diagonal matrix, where the transformation matrix
eS is repeated for all the Pseudo-Structural Points of each Wing Segment. It should
be noticed that the dimension of ES is 3NS

PS × 3NS
PS . The coordinates of the Pseudo-

Structural Points on Wing Segment S (in the undeformed configuration with zero angle
of attack) can be expressed in the local coordinate system thanks to Eq. 4.7,

xS
loc = ES ·

[
xS − x2S

]
= ES ·

[
JS · x − x2S

]
(4.7)
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Note that all these points have zero local zS coordinate because of the zero angle of
attack condition. Calling IS

z the constant matrix which allows extraction of the zS com-
ponent of the local displacement, it is possible to write

ZS
loc = IS

z · uS
loc = IS

z · ES · IS · u (4.8)

where IS
z is a sparse matrix, which is composed by null terms except for some unit

terms conveniently located. Note that the initial local zS coordinates of all Pseudo-
Structural Points are zero. This implies that vector ZS

loc in equation 4.8 contains the
zS coordinates of the deformed configuration. Using the fitted surface spline shape it is
possible to calculate the derivatives of such a shape and the associated local angle of
attack. Let the ith Pseudo-Structural Point on wing segment S be considered. The local
z coordinate of the point i will be ZS

i loc,

ZS
i loc = ZS

i loc

(
xS

i loc, yS
i loc

)
4.1.2 Spline method

According to the Infinite Plate Spline method (Harder and Desmarais, 1972), IPS, for
each Pseudo-Structural Point i of Wing Segment S the corresponding ZS

i loc is written
as

ZS
i loc = aS

0 + aS
1 xS

i loc + a2 yS
i loc +

NS
PS∑

j=1

Fj

(
rS
ij loc

)2
ln
(
rS
ij loc

)2 (4.9)

where: (
rS
ij loc

)2
=
(
xS

i loc − xS
j loc

)2
+
(
yS

i loc − yS
j loc

)2 (4.10)

Equation 4.9 can be rewritten introducing the matrix KS ,

KS
ij =

(
rS
ij loc

)2
ln
(
rS
ij loc

)2 (4.11)

Thus,

ZS
i loc

(
xS

i loc, yS
i loc

)
= aS

0 + aS
1 xS

i loc + a2 yS
i loc +

NS
PS∑

j=1

Fj KS
ij (4.12)

The following conditions have to be satisfied:

NS
PS∑

j=1

F S
j = 0

NS
PS∑

j=1

F S
j xS

j loc = 0

NS
PS∑

j=1

F S
j yS

j loc = 0

(4.13)



46 CHAPTER 4

Equations 4.12, 4.13 are combined in a matrix form,

0

0

0

ZS
1 loc

ZS
2 loc

...

ZS
NS

PS loc



=



0 0 0 1 1 . . . 1

0 0 0 xS
1 loc xS

2 loc . . . xS
NS

PS loc

0 0 0 yS
1 loc yS

2 loc . . . yS
NS

PS loc

1 xS
1 loc yS

1 loc 0 KS
12 . . . KS

1 NS
PS

1 xS
2 loc yS

2 loc KS
21 0 . . . KS

2 NS
PS

...
...

...
...

... . . . ...

1 xS
NS

PS loc
yS

NS
PS loc

KS
NS

PS1
KS

NS
PS2

. . . 0





aS
0

aS
1

aS
2

F S
1

F S
2

...

F S
NS

PS


(4.14)

The following arrays are introduced in order to obtain a compact form of the splining
problem:

ZS⋆
loc =

[
0 0 0 ZS

1 loc ZS
2 loc . . . ZS

NS
PS loc

]T
P S =

[
aS

0 aS
1 aS

2 F S
1 F S

2 . . . F S
NS

PS

]T (4.15)

RS =


1 1 . . . 1

xS
1 loc xS

2 loc . . . xS
NS

PS loc

yS
1 loc yS

2 loc . . . yS
NS

PS loc



KS =



0 KS
12 . . . KS

1 NS
PS

KS
21 0 . . . KS

2 NS
PS

...
... . . . ...

KS
NS

PS1
KS

NS
PS2

. . . 0



(4.16)

ZS⋆
loc =

[
0 RS[

RS
]T

KS

]
· P S (4.17)

GS =

[
0 RS[

RS
]T

KS

]
(4.18)

Therefore,
ZS⋆

loc = GS · P S (4.19)

Notice that RS has dimension 3 × NS
PS , KS has dimension NS

PS × NS
PS , P S has dimen-

sion
(
3 + NS

PS

)
×1 and GS has dimension

(
3 + NS

PS

)
×
(
3 + NS

PS

)
. Inverting the relation
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expressed by Eq. 4.19, it is possible to find the NS
PS + 3 unknowns represented by the

components of P S ,

P S =
[
GS
]−1

· ZS⋆
loc (4.20)

4.1.3 Slopes at control points

The local coordinates of the kth Control Point are indicated by X S
k loc and YS

k loc. The coor-
dinate ZS

k loc in the direction zS of the kth Control Point will be calculated by resuming
the spline equation 4.12,

ZS
k loc

(
X S

k loc, YS
k loc

)
= aS

0 + aS
1 X S

k loc + a2 YS
k loc +

NS
PS∑

j=1

Fj KS
kj (4.21)

where
KS

kj =
(
RS

kj loc

)2
ln
(
RS

kj loc

)2 (4.22)

and (
RS

kj loc

)2
=
(
X S

k loc − xS
j loc

)2
+
(
YS

k loc − yS
j loc

)2 (4.23)

In a matrix form,



ZS
1 loc

ZS
2 loc

ZS
3 loc

...

ZS
NS

AP loc


=



1 X S
1 loc YS

1 loc KS
11 . . . KS

1 NS
PS

1 X S
2 loc YS

2 loc KS
21 . . . KS

2 NS
PS

1 X S
3 loc YS

3 loc KS
31 . . . KS

3 NS
PS

...
...

...
... . . . ...

1 X S
NS

AP loc
YS

NS
AP loc

KS
NS

AP 1
· · · KS

NS
AP NS

PS





aS
0

aS
1

aS
2

F S
1

...

F S
NS

PS


The slope of the kth Control Point is given by

∂ZS
k loc

∂xS

(
X S

k loc , YS
k loc

)
= a1 +

NS
PS∑

j=1

Fj

∂
((

RS
kj loc

)2
ln
(
RS

kj loc

)2)
∂xS

∣∣∣∣∣
(XS

k loc ,XS
k loc)

= a1 +

NS
PS∑

j=1

Fj DKS
kj

(4.24)

where

DKS
kj =

∂KS
j

∂xS

∣∣∣∣
(XS

k loc ,YS
k loc)

= 2
(
X S

k loc − xS
j loc

) [
1 + ln

(
RS

kj loc

)2]
(4.25)
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Following the exposed procedure for all the NS
AP ( = Number of Aerodynamic Points)

locations on the surface, it is possible to create a system in a matrix notation,



∂ZS
1 loc

∂xS

∂ZS
2 loc

∂xS

...

∂ZS
NS

AP loc

∂xS


=



0 1 0 DKS
11 DKS

12 . . . DKS
1 NS

PS

0 1 0 DKS
21 DKS

22 . . . DKS
2 NS

PS

...
...

...
...

... . . . ...

0 1 0 DKS
NS

AP 1 DKS
NS

AP 2 . . . DKS
NS

AP NS
PS





aS
0

aS
1

aS
2

F S
1

F S
2

...

F S
NS

PS


Let us indicate with

∂ZS
loc

∂xS
the vector which contains the slopes of the Control Points

of Wing Segment S. Instead, DS is the above matrix which multiplied by the vec-

tor containing the coefficients of the spline P S gives the vector
∂ZS

loc

∂xS
. The following

quantities are defined as:

∂ZS
loc

∂xS
=

[
∂ZS

1 loc

∂xS

∂ZS
2 loc

∂xS

∂ZS
3 loc

∂xS
. . .

∂ZS
NS loc

∂xS

]T

DS =



0 1 0 DKS
11 DKS

12 . . . DKS
1 NS

PS

0 1 0 DKS
21 DKS

22 . . . DKS
2 NS

PS

...
...

...
...

... . . . ...

0 1 0 DKS
NS

AP 1 DKS
NS

AP 2 . . . DKS
NS

AP NS
PS


Using these definitions, the slopes can be written as functions of the coefficients of the
spline fit by means of Eq. 4.26,

∂ZS
loc

∂xS
= DS · P S (4.26)

It is advantageous to write an expression able to relate directly the output and the
input data, corresponding to the zS coordinates of the Pseudo-Structural Points in the
deformed configuration. The result avoids computing the spline coefficients P S and
thus

∂ZS
loc

∂xS
= DS · P S = DS ·

[
GS
]−1

· ZS⋆
loc (4.27)
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Observing that the first three rows of ZS⋆
loc are zeros, it is possible to eliminate the first

three columns of the matrix
[
GS
]−1

without changing the result. Defining SS , the
matrix

[
GS
]−1

with the first three columns eliminated, and coming back to ZS
loc, the

vector ZS ⋆
loc without the first three rows, Eq. 4.27 can be rewritten as

∂ZS
loc

∂xS
= DS · SS · ZS

loc (4.28)

Combining Eqs. 4.28 and 4.8,

∂ZS
loc

∂xS
= DS · SS · IS

z · ES · IS · u (4.29)

Introducing
aS

3 = SS · IS
z · ES

q · IS (4.30)

the following expression reads

∂ZS
loc

∂xS
= DS aS

3 · u (4.31)

4.1.4 Displacements at load and control points

The matrix of transformation between the input displacements at Pseudo-Structural
Points and the output deflections at Load Points is built following what done above
about the Control Points. This matrix is addressed as D̃S ⋆

, where the superscript ⋆ to
indicates the calculus of displacements rather than slopes. Whereas the symbol ˜ is
added from now on in order to refer to Load Points rather than Control Points,

D̃S ⋆
=



1 X̃ S
1 loc ỸS

1 loc K̃S
11 . . . K̃S

1 NS
PS

1 X̃ S
2 loc ỸS

2 loc K̃S
21 . . . K̃S

2 NS
PS

1 X̃ S
3 loc ỸS

3 loc K̃S
31 . . . K̃S

3 NS
PS

...
...

...
... . . . ...

1 X̃ S
NS

AP loc
ỸS

NS
AP loc

K̃S
NS

AP 1
· · · K̃S

NS
AP NS

PS


(4.32)

where X̃ S
1 loc and ỸS

1 loc are the coordinates of Load Points, written with respect to the
local coordinate system of Wing Segment S. Thus, the displacements at Load Points
can be written as functions of the coefficients of the spline fit by means of Eq. 4.33,

Z̃S

loc = D̃S ⋆ · P S (4.33)
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By using a procedure formally identical to the one used to obtain Eq. 4.31, it is possible
to obtain

Z̃S

loc = D̃S ⋆
aS

3 · u (4.34)

The only difference between Eqs. 4.34 and 4.31 consists in the fact that the local coordi-
nates of the Load Points are considered instead of the local coordinates of the Control
Points.
In the calculation of the generalized aerodynamic matrices, it is required to also trans-
form loads at aerodynamic control points to nodes on the structural grid,

ZS
loc = DS ⋆ aS

3 · u (4.35)

The only difference is that the local coordinates of the control points are considered
instead of the local coordinates of the load points.

4.1.5 Unsteady case: modal shapes and BCs

The unsteady aeroelastic analysis is carried out by considering a set of motion shapes
as generalized motions for the unsteady aerodynamic generalized force generation.
Each set, ϕm, can be considered as a displacement vector defined on the Pseudo-
Structural points. Slopes and displacements at control and load points are then given
by

∂ZS
mloc

∂xS
= DS aS

3 · ϕm (4.36)

Z̃S

mloc = D̃S ⋆
aS

3 · ϕm (4.37)

ZS
mloc = DS ⋆ aS

3 · ϕm (4.38)

Under the assumption of simple harmonic motion, it is possible to demonstrate that the
vector that contains the normalized (using the velocity V∞) normal wash of all panels
included in wing surface S has the following expression (the boundary condition is
enforced on all control points of wing surface S):

wS
m = I

ω

V∞
ZS

mloc +
∂ZS

mloc

∂xS
(4.39)

where all the vector quantities have to be understood as vectors of amplitudes of har-
monic motion.
The assembly procedure for all wing segments is quite easy considering that each aero-
dynamic panel can be included in only one wing segment and therefore two different
wing segments do not share aerodynamic panels. The assembled vectors can be writ-
ten as

∂Zmloc

∂x
= D a3 · ϕm = A3 · ϕm (4.40)
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Z̃mloc = D̃⋆
a3 · ϕm = Ã

⋆ · ϕm (4.41)

Zmloc = DS ⋆ a3 · ϕm = A⋆ · ϕm (4.42)

wm = I
ω

V∞
Zmloc +

∂ZS
mloc

∂x
(4.43)

4.2 Flutter conditions computation: the g-method

The g-method was introduced by Chen and it is based on a damping perturbation
technique and a first order model of the damping term; its derivation exploits the
aerodynamics in the Laplace domain and can be found in Chen (2000). A brief the-
oretical description is given hereafter, moreover a reduced-frequency sweep technique
to search for the roots of the flutter solution is described.

4.2.1 Formulation of the g-method

The aeroelastic equation in the time-domain can be expressed as

M ẍ(t) + C ẋ(t) + K x(t) = F(t) (4.44)

where M is the mass matrix, C is the damping matrix, K is the stiffness matrix, F is the
force vector, and x is the displacement vector. By introducing the generalized matrices,
Eq. 4.44 becomes

M̃ q̈(t) + C̃ q̇(t) + K̃ q(t) = ϕT F(t) (4.45)

where ϕ is a matrix containing a certain number of structural modal shapes. This
equation can be expressed in the frequency domain by means of the Fourier transform,

F (Iω) =

∫ +∞

−∞
f(t) e−Iωtdt, (4.46)

where ω is the oscillatory frequency and I is the imaginary unit. Eq. 4.45 can then be
expressed as

−ω2M̃ q(Iω) + IωC̃ q(Iω) + K̃ q(Iω) =
1

2
ρV 2

∞Q̃(Iω) (4.47)

where Q̃(Iω) is the generalized aerodynamic force matrix, ρ is the air density, and V∞
is the free stream velocity. This equation can be expanded along the real axis by means
of the Laplace transformation by substituting

Iω → s

where s is the Laplace parameter,

s = σ + I ω (4.48)
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The real part, σ, can be expressed as the product of the transient decay rate coefficient,
ζ, and the natural oscillatory frequency, ωnat,

σ = ζωnat (4.49)

The solution of the aeroelastic problem will have the following oscillatory form:

q(t) = q̂est = q̂e(σ+I ω)t = q̂eζωnatt(cos(I ω) + Isin(I ω)) (4.50)

In case of resonating system, i.e. ω = ωnat, ζ and the structural damping, γ, are related
by

ζ =
1

2
γ (4.51)

Substituting Eq. 4.48 in Eq. 4.47 allows us to obtain the aeroelastic equation in the
Laplace domain, [

M̃s2 + C̃s + K̃ − 1

2
ρV 2

∞Q̃(s)

]
q̂(s) = 0 (4.52)

A nondimensional Laplace parameter is introduced,

p =
b

V∞
s =

b

V∞
(σ + i ω) = g + ik (4.53)

where b is the reference length that is usually equal to half of the chord length. k is
defined as the reduced frequency and it is related to g by

g = ζω
b

V∞
= ζk (4.54)

Eq. 4.53 is used in Eq. 4.52,[(
V∞

b

)2

M̃ p2 +
V∞

b
C̃ p + K̃ − 1

2
ρV 2

∞Q̃(p)

]
{q(p)} = 0 (4.55)

It is important to underline that g is the real part while k represents the imaginary part
of p.
The basic assumption of the method is to consider the following Taylor approximation
of the generalized aerodynamic matrix:

Q̃(p) ≈ Q̃(p)
∣∣∣
g=0

+
dQ̃(p)

dp

∣∣∣
g=0

(p − p|g=0) = Q̃(p)
∣∣∣
g=0

+g
dQ̃(p)

dp

∣∣∣
g=0

(4.56)

According to the Cauchy-Riemann equations for analytic functions,

dQ̃(p)

dp
=

∂[ℜ Q̃(p)]

∂g
dQ̃(p)

dp
=

∂[ℑ Q̃(p)]

∂(Ik)
= −I

∂[ℑ Q̃(p)]

∂k

(4.57)
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thus,
∂Q̃(p)

∂g
=

∂Q̃(p)

∂(Ik)
⇒ ∂Q̃(g + Ik)

∂g
=

∂Q̃(g + Ik)

∂(Ik)
(4.58)

and:
∂Q̃(g + Ik)

∂g

∣∣∣
g=0

=
∂Q̃(g + ik)

∂(Ik)

∣∣∣
g=0

=
∂Q̃(Ik)

∂(Ik)
(4.59)

Let us introduce the generalized aerodynamic force matrix with null damping,

Q̃
∗

= Q̃(p)
∣∣∣
g=0

= Q̃(Ik), (4.60)

therefore
∂Q̃(Ik)

∂(Ik)
=

dQ̃
∗

d(Ik)
= Q̃

∗′
(Ik) (4.61)

The generalized aerodynamic matrix is then obtained as

Q̃(p) ≈ Q̃
∗
(Ik) + gQ̃

∗′
(Ik), for g ≪ 1 (4.62)

By substituting Eq. 4.62 in Eq. 4.55, the g-method equation reads[(
V∞

b

)2

M̃ p2 + K̃ − 1

2
ρV 2

∞Q̃
∗′
(Ik) g − 1

2
ρV 2

∞Q̃
∗
(Ik)

]
{q(p)} = 0 (4.63)

where the contribution of the structural damping has been neglected.

4.2.2 Solution technique

The generalized aerodynamic matrix, Q̃
∗
(Ik), is provided by the unsteady aerody-

namic model in the frequency domain. Q̃
∗
(Ik) is then obtained for a given number

of k values and the computation of Q̃
∗′
(Ik) has to be performed numerically. A central

difference scheme can be used and a forward one at k = 0.
Three new matrices are introduced,

A =
(

V∞
b

)2 M̃

B = 2Ik
(

V∞
b

)2 M̃ − 1
2
ρV 2

∞Q̃
∗′
(Ik)

C = −k2
(

V∞
b

)2 M̃ + K̃ − 1
2
ρV 2

∞Q̃
∗
(Ik)

(4.64)

Eqs. 4.53 and 4.64 are used to rewrite Eq. 4.63,[
g2A + gB + C

]
{q} = 0 (4.65)
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This is a second-order linear system in g, the g-method targets to find those solutions
having ℑ(g) = 0.
Eq. 4.65 is rewritten in the state-space form,

[D − gI] {X} = 0 (4.66)

where

D =

[
0 I

-A−1C -A−1B

]
(4.67)

A so-called reduced-frequency-sweep technique is adopted to find the solution having
ℑ(g) = 0,

◦ a range of k values is chosen, [0, kmax] with kmax as the highest value in the re-
duced frequency list of the unsteady aerodynamic computation;

◦ a step ∆k is fixed;

◦ at each step i the eigenvalues of D are computed for ki = ki−1 + ∆k;

◦ a sign change of the imaginary part of each eigenvalue is searched for;

◦ if the sign change occurs AND ℜ(g) > 0, the reduced flutter frequency will be
computed by means of a linear interpolation.

As k is found, the flutter frequency ωf and damping are given by:

ωf = k (V∞/b) (4.68)

γ = 2 ζ =
2 ℜ(g)

k
(4.69)

For k = 0 (i.e. for real roots), the damping is expressed as the decay rate coefficient,
which is the distance traveled (measured in chord lengths) to half (or double) ampli-
tude,

2 ζ =
ℜ(g)(b/V )

ln(2)
(4.70)

4.2.3 Predictor scheme for eigenvalue tracking

An important issue related to this scheme is related to the proper choice of ∆k. At each
step the eigenvalue vector must be sorted in order to compare the sign of correspon-
dent eigenvalues, if ∆k is not sufficiently small, problems with the sorting process can
occur since the eigenvalues could change significantly. A technique for the eigenvalue
tracking is based on the use of a predictor scheme. The eigenvalues at k + ∆k are pre-
dicted by means of a linear extrapolation from the eigenvalues and their derivatives at
k,

gp(k + ∆k) = g(k) + ∆k
dg

dk
(4.71)
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where gp is the predicted eigenvalue. dg/dk is obtained by using the orthogonality
property of the left and right eigenvectors of Eq. 4.66,

dg

dk
=

(
YT dD

dk
X
)

/(YT X) (4.72)

Y and X are the left and right eigenvectors of D, and

dD
dk

=

[
0 0

−A−1 dC
dk

−A−1 dB
dk

]
(4.73)

Once gp is given by the predictor, gp is used as the baseline eigenvalues for sorting the
computed eigenvalues at k + ∆k.

4.3 Generalized aerodynamic, mass, and stiffness ma-
trix

This section is devoted to the computation of the generalized matrices needed in Eq.
4.55.

4.3.1 Generalized aerodynamic matrix

The generalized aerodynamic matrix for a given reduced frequency is given by

Qij(Ik) =

NAP∑
N=1

∆pN
j (Ik) Z̃N

iloc AN (4.74)

Where

◦ ∆pN
j (Ik) is the pressure jump due to the j-th set of motions, acting on the N -th

aerodynamic panel and evaluated for a given reduced frequency. The computa-
tion of the pressure jump is performed by means of the DLM.

◦ Z̃N

iloc is the i-th motion set evaluated at the N -th aerodynamic panel. Starting
from the i-th modal shape given by a structural code, the i-th motion set is then
mapped on the aerodynamic panels by means of the splining process.

◦ AN is the area of the N -th panel.

Q(Ik) is a square matrix with Nmodes×Nmodes elements, where Nmodes indicates the total
number of natural modes adopted.
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4.3.2 Generalized mass, stiffness and damping matrix

The generalized mass matrix is given by:

M̃ = ϕT M ϕ (4.75)

Where

◦ ϕ is a matrix containing a given number of modal shapes, dimension: NDOF×Nmodes.
NDOF is the total number of DOFs of the structural model.

◦ M is the mass matrix of the structure, dimension: NDOF×NDOF .

M̃ is a square diagonal matrix with Nmodes×Nmodes elements. The generalized stiffness
and damping matrix are square diagonal NDOF×NDOF matrices, their diagonal terms
are given by

K̃ii = ω2
i M̃ii (4.76)

C̃ii = 2 ζ ωi M̃ii (4.77)

Where ωi is the oscillatory frequency associated to the i-th modal shape and ζ is the
structural damping.
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Numerical examples

Structural and aeroelastic problems were carried out and different geometries were considered.
Isotropic and composite materials were used. Static and free vibration structural analyses first
addressed in order to highlight the capabilities of the 1D Unified Formulation. A number of
different geometries were considered, such as rectangular, thin walled and open cross-section
structures. Flutter was then considered with particular attention given to wings and panels.

5.1 Static and free vibration structural problems

This section deals with structural analysis of isotropic and composite structures. The
aim of this section is to provide numerical examples able to highlight the enhanced
capabilities of the 1D structural formulation which will be coupled with DLM in order
to perform aeroelastic analyses.

5.1.1 Static analyses

A square cantilever beam undergoing a vertical force, Puz = −50 N, is considered as
a first assessment of the proposed FEs. The loading is applied to the central point of
the tip cross-section. The coordinate frame and the cross-section geometry are shown
in Fig. 5.1, where b = h 0.2 m. An isotropic material was used, with E = 75 GPa and
ν = 0.33. Two span-to-height ratios, L/h, were considered, a slender with 100 and a
short with 10. A convergence study was performed by investigating the effect of the
number of the mesh elements and the order of the expansion on the transverse dis-
placement evaluated at the loading point, see Tables 5.1 and 5.2. These results suggest
the following:

1. The bending behavior of slender beams is well detected by classical models.

2. On the contrary, the beneficial effect of refined models is important in case of
short beams.

3. It has to be underlined that the Poisson locking correction (Carrera and Brischetto,
2008) was activated for classical and linear models (N = 1). This made the trans-

57
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z
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b

h

Figure 5.1 Rectangular cross-section

Mesh EBBT TBT N = 1 N = 2

B2
1 −1.001 −1.001 −1.001 −0.893
3 −1.297 −1.297 −1.297 −1.165
5 −1.321 −1.321 −1.321 −1.236
10 −1.331 −1.331 −1.331 −1.287
40 −1.333 −1.333 −1.333 −1.323

B3
1 −1.333 −1.333 −1.333 −1.158
3 −1.333 −1.333 −1.333 −1.275
5 −1.333 −1.333 −1.333 −1.298
10 −1.333 −1.333 −1.333 −1.316
40 −1.333 −1.333 −1.333 −1.330

B4
1 −1.333 −1.333 −1.333 −1.239
3 −1.333 −1.333 −1.333 −1.302
5 −1.333 −1.333 −1.333 −1.315
10 −1.333 −1.333 −1.333 −1.325
40 −1.333 −1.333 −1.333 −1.332

Table 5.1 Mesh and expansion order convergence analysis for the slender beam (L/h = 100), trans-
verse displacement at loading point, uz × 102 m
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Mesh EBBT TBT N = 1 N = 2 N = 3 N = 4

B2
1 −1.001 −1.010 −1.010 −0.902 −0.904 −0.904
3 −1.297 −1.306 −1.306 −1.173 −1.176 −1.176
5 −1.321 −1.330 −1.330 −1.244 −1.246 −1.246
10 −1.331 −1.340 −1.340 −1.293 −1.296 −1.296
40 −1.333 −1.343 −1.343 −1.325 −1.327 −1.328

B3
1 −1.333 −1.343 −1.343 −1.166 −1.168 −1.168
3 −1.333 −1.343 −1.343 −1.283 −1.285 −1.285
5 −1.333 −1.343 −1.343 −1.305 −1.307 −1.307
10 −1.333 −1.343 −1.343 −1.321 −1.323 −1.324
40 −1.333 −1.343 −1.343 −1.329 −1.331 −1.333

B4
1 −1.333 −1.343 −1.343 −1.248 −1.250 −1.250
3 −1.333 −1.343 −1.343 −1.309 −1.311 −1.311
5 −1.333 −1.343 −1.343 −1.320 −1.322 −1.323
10 −1.333 −1.343 −1.343 −1.327 −1.329 −1.330
40 −1.333 −1.343 −1.343 −1.330 −1.332 −1.333

Table 5.2 Mesh and expansion order convergence analysis for the moderately thick beam (L/h = 10),
uz × 105 m
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Figure 5.2 Cross-section of the annular cross-section

verse displacement higher for these models than the parabolic one in the short
beam case. Also, the correction makes the convergence behavior of linear models
better than refined ones.

A clamped-clamped annular cross-section beam is now considered, see Fig. 5.2. The
diameter, d, is equal to 2 m, and the thickness, t, is equal to 0.02 m. The length of the
cylinder, L, is equal to 20 m. An isotropic material was used, E = 75 GPa and ν = 0.33.
A point load was applied at [0, L/2, d/2], Fz is parallel to the z−axis and its magnitude
is equal to −5 MN. A 10 B4 mesh is adopted since it leads convergent results in terms
of vertical displacement of the loaded point. An MSC Nastran shell model was used
for comparison purposes. Figure 5.3 shows the deformed cross-section at y = L/2 by
means of different models. Figs. 5.4 and 5.5 show the deformed N = 11 configuration
of the whole cylinder in a 3D and a lateral view, respectively. It can be confirmed
that the refined beam model is able to detect accurate 3D deformed states. Table 5.3
presents the uz values of the loading point for an increasing order of beam models; an
indication of the total number of the degrees of freedom of each model is also given. It
can be concluded that

◦ The Timoshenko model only detects the bending behavior of the structure (EBBT
gives a similar result, but it has not been reported on the plot for the sake of
clarity). This leads to a completely wrong result, especially at the bottom part
of the cross-section, which does not experience a downward displacement but a
sort of punched-up effect.

◦ Theories up to the second-order, N ≤ 2, only detect the bending behavior.
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Figure 5.3 Deformed cross-section of the hollow cylinder

Figure 5.4 3D deformed configuration of the annular cross-section via the N = 11 1D model
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Figure 5.5 3D deformed configuration of the annular cross-section via the N = 11 1D model, lateral
view

Theory DOF’s uz [m]

Detection of the bending behavior only
EBBT 155 −0.046
TBT 155 −0.053
N = 1 279 −0.053
N = 2 558 −0.052

Distortion of the cross-section
N = 3 930 −0.114
N = 4 1395 −0.229
N = 5 1953 −0.335
N = 6 2604 −0.386
N = 7 3348 −0.486
N = 8 4185 −0.535
N = 9 5115 −0.564
N = 10 6138 −0.584
N = 11 7254 −0.597
N = 12 8463 −0.606
Shell 49500 −0.670

Table 5.3 uz at the loading point of the hollow cylinder
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Figure 5.6 Wing model cross-section

◦ Significant improvements in the solution can be observed by increasing the order
of the theory, that is, the adoption of higher-order models is effective in detecting
the shell-like solution.

◦ A fourth-order model, N = 4, is able to roughly model the global behavior of the
cross-section, however, the differences from the shell model are still significant,
in particular in the proximity of the load application point.

◦ An N = 12 beam model ensures an overall good accuracy of the result. The
match with the shell model is perfect throughout but not very accurate close to
the loaded point, where the predicted deformation is slightly different from that
of the 2D model. Anyhow, a beam model which describes the deformation near
the load point was unheard of before this formulation. The computational costs
of the beam models remain significantly lower than those requested for the shell
model.

A further assessment considered an airfoil-shaped cross-section, as shown in Fig
5.6. The aim of this analysis was to show the capability of the present formulation
to deal with arbitrary geometries and, in particular, with typical aerospace structures.
The beam length, L, is equal to 5 m, and the chord length is equal to 1 m. An isotropic
material was used with E = 75 GPa and ν = 0.33. Two opposite concentrated loads
were applied to the free-tip leading and trailing edge, and the magnitude is equal to
1000 N. Table 5.4 and Fig. 5.7 present the results obtained.

The analysis of the airfoil-shaped model highlighted the following:

◦ Shell-like phenomena can be detected by the present higher-order 1D formula-
tion with significative computational costs reductions.
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Theory DOFs ux × 105 m uz × 103 m

EBBT 155 0.0 0.0
TBT 155 0.0 0.0
N = 1 279 0.280 −0.074
N = 2 558 3.260 −0.681
N = 3 930 5.152 −0.818
N = 4 1395 5.620 −0.877
N = 5 1953 6.087 −0.944
N = 6 2604 6.477 −0.981
N = 7 3348 6.984 −1.029
N = 8 4185 7.231 −1.052
Solid 600000 6.926 −1.305

Table 5.4 uz displacement at the trailing edge of the wing model via different models

Figure 5.7 Deformed free-tip of the wing model
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Figure 5.8 Hollow square cross-section

(a) 8 L9 (b) 9 L9 (c) 11 L9

Figure 5.9 Cross-Section element distributions of the hollow square beam

◦ At least fifth-order 1D models are needed to detect the torsion of a thin-walled
structure.

The numerical examples shown so far were related to TE models only. Next examples
are instead devoted to the LE formulation.
A hollow square cross-section is considered. Both ends are clamped. The cross-section
geometry is shown in Fig. 5.8. The length-to-height ratio, L/h, is equal to 20. The
height-to-thickness ratio, h/t, is equal to 10 with h as high as 1 m. A point load, Fz,
is first considered and applied at [0, L/2, −h/2]. Its magnitude is equal to 1 N. Three
cross-section discretizations have been used, as shown in Fig.s 5.9. The 8 L9 distri-
bution is symmetric, whereas the 9 L9, and the 11 L9 ones have been refined in the
proximity of the loaded point. Table 5.5 shows the displacement, uz, of the loaded
point together with the indication of the number of degrees of freedom of each con-
sidered model. The first row shows the solid model result obtained by building a FE
model in MSC Nastran. The increasing order Taylor-type models are considered in
rows 2nd to 5th. The present Lagrange model results are shown in the last three rows.
The following statements hold.

1. Refined beam theories allows us to obtain the solid model results.
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DOFs uz × 108 m

SOLID 128952 1.374
TE

EBBT 155 1.129
N = 4 1395 1.209
N = 8 4185 1.291
N = 11 7254 1.309

LE
8 L9, Fig. 5.9a 4464 1.277
9 L9, Fig. 5.9b 5022 1.308
11 L9, Fig. 5.9c 6138 1.326

Table 5.5 uz of the loaded point of the hollow square beam

2. The computational cost of the beam models is significantly smaller than the one
requested by the 3D model.

3. An appropriate distribution of the L9 elements above the cross-section is effective
in improving the accuracy of the solution. In other words, the local refinement
of a beam model is possible and leads to the adaptation of the Lagrange point
distribution to the given problem.

4. Lagrange-based models are able to detect a more accurate solution than Taylor-
based ones with reduced computational costs. This is due to the possibility of
locally refining the beam model which is offered by the use of Lagrange poly-
nomials, whereas a Taylor model uniformly spreads the refinement above the
cross-section with no distinction between lowly and highly deformed zones.

A second load case is considered in order to better highlight the local refinement capa-
bilities of the present beam formulation. Two point loadings (Fz = ±1 N) were applied
at [0, L/2, ∓h/2]. The adopted L9 distributions are those in Fig. 5.9 a and 5.9 c that is,
symmetric and asymmetric distributions are involved. The latter has a refined distri-
bution just in the proximity of the bottom side load point. Table 5.6 shows the displace-
ments of the two loaded point uztop and uzbot

, respectively. Solid, as well as Taylor-type
models, are used for comparison purposes. Fig. 5.10 shows the deformed cross-section
for each of the considered L9 element distributions. The following considerations can
be highlighted.

1. Due to the symmetry of the geometry and load, the loading points should be af-
fected by the same vertical displacements (in magnitude). This result is obtained
in all the considered cases unless the asymmetric L9 distribution is adopted. The
locally refined model leads to higher values for the displacements only in the
proximity of the refinement. Values from present models are not close to those
from the 3D model because a more refined L-mesh should be employed.
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DOFs uztop × 109 m uzbot
× 109 m

SOLID 128952 −1.716 1.716
TE

EBBT 155 0.0 0.0
N = 4 1395 −0.178 0.178
N = 8 4185 −1.046 1.046
N = 11 7254 −1.270 1.270

LE
8 L9, Fig. 3.3a 4464 −0.985 0.985
11 L9, Fig. 3.3c 6138 −0.972 1.456

Table 5.6 Effect of the cross-section element distribution on the displacement of the loaded point,
hollow square beam

8 X Q9
11 X Q9

Figure 5.10 Effect of the cross-section element distribution on the displacement field, hollow square
beam
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Figure 5.11 C-section geometry

(a) 6 L9 (b) 9 L9

Figure 5.12 Cross-Section L9 distributions of the C-section beam

2. The solution improvement offered by Lagrange-based models is higher and com-
putationally cheaper than the one offered by Taylor-type models.

3. It has been shown that classical beam models, such as EBBT, are not capable of
detecting the displacements of the loaded points at all.

A cantilevered C-section beam is considered. The cross-section geometry is shown
in Fig. 5.11. The length-to-height ratio, L/h, is equal to 20. The height-to-thickness
ratio, h/t, is as high as 10 with h and b2 equal to 1 m, and b1 as high as b2/2. Two
point loads are applied at [0, L, ±0.4 ], and their magnitudes are as high as ∓1 N. Two
L9 distributions are adopted and shown in Fig.s 5.12. The 9 L9 distribution presents
refinements in the proximity of the loading points. Table 5.7 shows the vertical dis-
placement, uz, of the point at [0, L, +0.4 ]. Solid models as well as Taylor-type beam
models are considered together with the present beam formulation. Fig.s 5.13 show the
free tip deformed cross-section for both the adopted L9 distributions. The solid model
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DOFs uz × 108 m

SOLID 84600 −3.067
TE

EBBT 155 0.0
N = 4 1395 −0.245
N = 8 4185 −2.161
N = 11 7254 −2.565

LE
6 L9, Fig. 5.12a 3627 −2.930
9 L9, Fig. 5.12b 5301 −2.982

Table 5.7 Vertical displacement, uz, at [0, L, +0.4 ], C-section beam

Solid
Beam

(a) 6 L9

Solid
Beam

(b) 9 L9

Figure 5.13 Deformed C-sections for different L9 distributions
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SOLID 9 L9 [x, y, z]
84600 DOFs 5301 DOFs

uz × 106 m
−1.470 −1.462 [−b2/2, L, +h/2]

σyy × 10−2 Pa
3.880 3.976 [b1, L/10, +h/2]

σxy × 10−2 Pa
−1.636 −1.691 [b1, L, −h/2]

σyz × 10−1 Pa
−2.401 −2.348 [0.4, L/10, 0]

Table 5.8 Displacements and stresses of the C-beam, L/h = 20

solution is reported as well. The following statements hold.

1. The 9 L9 model perfectly detects the solid solution with a significant reduction of
the computational cost.

2. Taylor-type models require higher than eleventh-order expansions to match the
solid model solution, consequently, the difference of computational cost between
Taylor- and Lagrange-based beam models appears to be higher in the case of
open, as opposed to closed cross-sections.

3. As seen previously, the classical model is totally inadequate to detect the dis-
placement field of the considered structural problem.

A second loading condition is now considered: a flexural-torsional load is obtained
by means of a point force applied at [b1, L, −h/2], its magnitude is equal to −1 N. In
this case, two L/h values are considered: 20 and 10. The L9 distribution shown in Fig.
5.12 b is adopted. Displacement and stress values at different locations are presented
in Tables 5.8 and 5.9, whereas stress distributions above the cross-section and the 3D
deformed configuration are shown in Fig.s 5.14, 5.15 and 5.16.

These results suggest what follows.

1. The flexural-torsional behavior of a moderately short open cross-section beam is
correctly predicted by the present formulation.

2. As far as stress distributions are considered, a good match with the solid model
solution was found both for axial and shear components.

An open square cross-section is now considered. The cross-section geometry is shown
in Fig. 5.17. The dimensions are the same of those seen previously. Two opposite unit
point loads, ±Fx, are applied at [0, L, −0.45]. Three L9 distributions are adopted as
shown in Figs. 5.18. Table 5.10 reports the horizontal displacement of the right-hand
side loaded point which undergoes a positive horizontal force. A solid model is used to
validate the results. The free-tip deformed cross-section is shown in Fig.s 5.19. All the
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SOLID 9 L9 [x, y, z]
84600 DOFs 5301 DOFs

uz × 107 m
−2.280 −2.272 [−b2/2, L, +h/2]

σyy × 10−2 Pa
2.030 2.055 [b1, L/10, +h/2]

σyz × 10−2 Pa
−4.345 −3.837 [b1, L, −h/2]

σyz × 10−1 Pa
−1.930 −1.863 [0.4, L/10, 0]

Table 5.9 Displacements and stresses of the C-beam, L/h = 10
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Figure 5.14 Stress distributions above the C cross-section, L/h = 20

DOFs ux × 108 m

SOLID 131400 5.292
9 L9 5301 4.884
11 L9a 6417 4.888
11 L9b 6417 5.116

Table 5.10 Horizontal displacement, ux, at [0, L, −h/2], open hollow square beam
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Figure 5.15 3D deformed configuration of the C-section beam, L/h = 10
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Figure 5.16 Stress distributions above the C cross-section, L/h = 10
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Figure 5.17 Open square cross-section
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(a) 9 L9 (b) 11 L9a (c) 11 L9b

Figure 5.18 Cross-section L9 distributions of the open hollow square beam

Solid
Beam

(a) 9 L9

Solid
Beam

(b) 11 L9a

Solid
Beam

(c) 11 L9b

Figure 5.19 Deformed cross-sections of the hollow square beam

Figure 5.20 3D deformed configuration of the hollow square beam, 11 L9b model
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DOFs uz × 107 m

SOLID 17271 −1.114
5 L9 3069 −0.959
10 L9a 5859 −1.110

Table 5.11 Vertical displacement, uz, at [0, L/2, 0] of the rectangular cross-section beam with new
constraints

considered L9 distributions together with the solid model solution are reported. Fig.
5.20 shows the 3D deformed configuration of the considered structure. The analysis of
the open hollow square beam highlights the following considerations.

1. The Lagrange-based beam model is able to deal with cut cross-sections.

2. This type of problem cannot be analyzed with Taylor-type beam models since the
application of two opposite forces at the same point would imply null displace-
ments.

3. The most appropriate refined L9 distribution does not necessarily lie in the prox-
imity of load points. In this case, the most effective refinement was the one placed
above the vertical braces of the cross-section which undergo severe bending de-
formation.

The present Lagrange-based beam formulation offers the important capability of deal-
ing with constraints that cannot be considered within classical and refined beam the-
ories that make use of Taylor-type expansions. Beam model constraints usually act
above the whole cross-section as shown in Fig. 5.21 a (the beam longitudinal axis co-
incides with the y−axis). In the framework of the present approach, each of the three
degrees of freedom of every Lagrange point of the beam can be constrained indepen-
dently. This means that the cross-section can be partially constrained. Fig. 5.21 b
shows a possible structural problem that can be faced where a structure is partially
constrained above a lateral edge. Fig. 5.22 shows the x− z view in the case of a rectan-
gular cross-section. A compact rectangular beam is first considered. The cross-section
constraint distribution is shown in Figs. 5.23. The length-to-height ratio, L/h, is equal
to 100 with b/h as high as 10 and h equal to 0.01 m. A set of 21 unitary point loads is ap-
plied along the mid-span cross-section at z = h/2 with constant x-steps starting from
the edge of the cross-section. Two L9 distributions are adopted as shown in Fig.s 5.23.
Table 5.11 presents the center-point vertical displacement, uz, of the considered beam
models and that of solid elements. The deformed mid-span cross-section is shown in
Fig.s 5.24. A circular arch cross-section beam is then analyzed to deal with a shell-like
structure. The cross-section geometry and the constraint distribution is shown in Fig.s
5.25. The length of the beam, L, is equal to 2 m. Outer, r1, and inner, r2, radii are equal
to 1 and 0.9 m, respectively. The angle of the arch, θ, is equal to π/4 rad. Three unitary
point loads are applied at y = 0, y = L/2, and y = L. Each load acts along the radial
direction (from the inner to the outer direction). The polar coordinates of the loading
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(a) Constraints imposed above the cross-
section (Classical approach)

(b) Constraints imposed along the edges
(Present beam formulation)

Figure 5.21 Comparison of classical and new constraint imposition approaches

Figure 5.22 Boundary conditions above the rectangular cross-section
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(a) 5 L9

(b) 10 L9

Figure 5.23 Rectangular cross-section L9 distributions

Solid
Beam

(a) 5 L9

Solid
Beam

(b) 10 L9

Figure 5.24 Mid-span deformed rectangular cross-section for different L9 distributions and comparison
with a solid element model
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Figure 5.25 Circular arch cross-section

Figure 5.26 L9 distribution above the arch cross-section, 12 L9
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DOFs uz × 1010 m

SOLID 43011 4.797
12 L9 6975 4.809

Table 5.12 Vertical displacement, uz, at the external surface of the arch cross-section beam, L = L/2,
θ = θ/2

points are [r2, θ/2]. The L9 cross-section discretization is shown in Fig. 5.26. Table 5.12
shows the vertical displacement, uz, of a point of the mid-span cross-section. The solid
model solution is also reported. Fig.s 5.27 and 5.28 show the 2D and 3D deformed
configurations, respectively.
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Solid
Beam

Figure 5.27 Free-tip deformed cross-section of the arch cross-section beam

Figure 5.28 3D deformed configuration of the arch cross-section beam

The C-section beam is reconsidered to give a final assessment of this paper with the
same geometrical characteristics previously seen. Constraints are distributed along the
bottom portions of the free-tip cross-sections as shown in Fig. 5.29. Two unitary point
loads, Fz, are applied at [0, 0, 0.4] and [0, L, 0.4], respectively. Both forces act along
the negative direction. The L9 cross-section distribution is shown in Fig. 5.30. The
loaded point vertical displacement, uz, is reported in Table 5.13 and compared with the
value obtained from the solid model. Fig.s 5.31 and 5.32 show 2D and 3D deformed
configurations, respectively. The following considerations can be made.

1. The results are in perfect agreement with those from solid models in all the con-
sidered cases.

DOFs uz × 108 m

SOLID 84600 −3.759
13 L9 7533 −3.662

Table 5.13 Displacement of the loaded point of the C-section beam
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Clamped Point

Figure 5.29 3D clamped point distribution on the C-section beam

Figure 5.30 L9 distribution above the C-section, 13 L9

Solid
Beam

Figure 5.31 Deformed cross-section of the C-section beam, y = L
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Figure 5.32 3D deformed configuration of the C-section beam

2. The analysis of the rectangular cross-section beam has confirmed the possibility
of dealing with partially constrained cross-section beams by using the present
formulation.

3. The constraints can be arbitrarily distributed in the all 3 directions as shown by
the analysis of the C-section beam.

4. The arch beam has shown the strength of the present beam model in dealing with
beams that have shell-like characteristics. The local effects due to point loadings
have also been detected.

5.1.2 Free vibration analyses

The thin-walled cylinder is reconsidered for the free vibration analysis conducted to in-
vestigate the role of higher-order theories in detecting the natural modes and frequen-
cies of a thin-walled structure. A 10 B4 mesh is adopted since it leads to convergent
results in terms of natural frequencies. MSC Nastran shell and solid models are used
for comparison purposes. Table 5.14 reports the first and the second frequencies re-
lated to the first and second bending modes, respectively. Fig. 5.33 shows the position
of the modes within the eigenvector matrix. For instance, in the case of a third-order
model, N = 3, the first bending mode corresponds to the first two natural modes,
whereas the second bending mode corresponds to the fifth and sixth natural modes.
Each bending mode appears twice in the eigenvector matrix, because of the symmetry
of the structure.

◦ At least a third-order beam model is needed to obtain a good accuracy of the first
two flexural frequencies, moreover, classical models become increasingly less ac-
curate for higher mode numbers.

◦ The use of refined beam theories permits us to obtain a number of modal shapes
that are different from the bending ones. In particular, a sixth-order, N = 6, beam
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Model DOFs f1 Hz f2 Hz

EBBT 155 32.598 88.072
TBT 155 30.304 76.447
N = 1 279 30.304 76.447
N = 2 558 30.730 77.338
N = 3 930 28.754 69.448
N = 4 1395 28.747 69.402
N = 5 1953 28.745 69.397
N = 6 2604 28.745 69.397
Shell 49500 28.489 68.940
Solid 174000 28.369 68.687

Table 5.14 First and second bending natural frequency of the thin-walled cylinder
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Figure 5.33 Mode type distribution of the thin-walled cylinder for different structural models
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Figure 5.34 A two-lobe mode of the thin-walled cylinder obtained via a third-order beam model

model is able to correctly detect the first two bending frequencies and also to
detect all the natural modes which lie in between the flexural ones.

◦ The computational costs of the refined beam models remain lower than those of
shell and solid elements.

One type of modal shape that is not detected by lower-order beam models involves
the presence of lobes along the circumferential direction of the cylinder. Figures 5.34
and 5.35 show a two- and three-lobe mode, respectively; the modal shapes above the
cross-section are reported in Figures 5.36 and 5.37. The frequency values of the first
two- and three-lobe frequencies are reported in Tables 5.15 and 5.16 and compared
with those from shell and solid models.

◦ The two-lobe mode requires a third-order beam model to be detected, whereas
the three-lobe mode needs a fourth-order expansion.

◦ The correct frequency is obtained via a seventh-order model, in the case of the
two-lobe model, and an eight-order model must be used to compute the exact
frequency.
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Figure 5.35 A three-lobe mode of the thin-walled cylinder obtained via a fourth-order beam model

Figure 5.36 2D view of a two-lobe mode of the thin-walled cylinder obtained via a third-order beam
model
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Figure 5.37 2D view of a three-lobe mode of the thin-walled cylinder obtained via a fourth-order beam
model

Model DOFs f Hz

EBBT 155 −
TBT 155 −
N = 1 279 −
N = 2 558 −
N = 3 930 38.755
N = 4 1395 25.156
N = 5 1953 20.501
N = 6 2604 20.450
N = 7 3348 17.363
Shell 49500 17.406
Solid 174000 18.932

Table 5.15 First two-lobe frequency of the thin-walled cylinder
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Model DOFs f Hz

EBBT 155 −
TBT 155 −
N = 1 279 −
N = 2 558 −
N = 3 930 −
N = 4 1395 75.690
N = 5 1953 65.186
N = 6 2604 52.386
N = 7 3348 50.372
N = 8 4185 40.102
Shell 49500 40.427
Solid 174000 46.444

Table 5.16 First three-lobe frequency of the thin-walled cylinder

Model EBBT TBT N = 1 N = 2 N = 3 N = 4 Solid
DOFs 455 455 819 1638 2730 4095 > 6 × 105

f1, z−dir 5.872 5.866 5.866 5.972 5.922 5.913 5.864
f2, x−dir 33.340 32.709 32.709 32.834 32.656 32.625 32.335
f3, z−dir 36.735 36.581 36.581 37.127 36.376 36.216 34.844
f4, z−dir 102.634 101.617 101.617 103.210 98.918 98.133 81.976

Table 5.17 Bending natural frequencies, Hz, of the cantilever wing models for different theories

The free vibration analysis of the airfoil-shaped cross-section beam is hereafter con-
sidered. The wing length, L, is equal to 5 m, and the chord length is equal to 1 m.
An isotropic material is used with E = 75 GPa and ν = 0.33. Bending, torsional and
shell-like modes are described in Tables 5.17, 5.18, and Fig. 5.38.

Model Type EBBT TBT N = 1 N = 2 N = 3 N = 4 Solid
DOFs 455 455 819 1638 2730 4095 > 6 × 105

−∗ −∗ 161.581 56.857 54.457 53.979 44.481

(∗): No torsional modes are provided by this model
(∗∗): No torsional modes have been found for frequencies up to 200 Hz

Table 5.18 First torsional natural frequency, Hz, of the cantilever wing models for different theories
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N = 4
Cross-section

Figure 5.38 Wing cross-section 17th natural modal shape, f = 604 Hz, straight wing model

5.2 Axiomatic/Asymptotic method

The beam models introduced so far are generally composed by full expansions of a
certain order, this means that all the displacement variables of a given N -order theory
were taken into account. Depending on the structural problem that has to be analyzed,
the contribution of each term of a theory to the final solution varies, that is, some vari-
ables are more important than others to detect the mechanical behavior of a structural
system. Moreover, some term could not have any effect at all, as its absence will not
affect the accuracy of the solution. The present unified formulation allows us to inves-
tigate the role of each displacement variable of a given beam theory and to recognize
which terms are effective and which are not. This section describes the so-called mixed
axiomatic-asymptotic approach and gives general guidelines to determine the most
adequate model for a given problem (Carrera and Petrolo, 2010, 2011a). Some exam-
ples are presented in details to evaluate reduced models and to highlight the role of
characteristic parameters such as the slenderness ratio, the thickness, and the loading
conditions.
The development of a beam theory can be seen as a procedure to reduce a 3D problem
to a 1D one. A displacement, stress, or strain variable, f , is described by means of one
or more M additional variables fτ (τ = 1,M ) defined at an assigned point on the beam
section that, most of the times, coincides with the beam axis. Base functions, Fτ (x, z),
of the cross-section coordinates are exploited to express the variable expansions as in
the following equation:

f(x, y, z) = Fτ (x, z)fτ (y), τ = 1, 2, ....,M (5.1)

where x, and z are the cross-section coordinates, y is the beam axis coordinate and
M indicates the number of terms in the expansion. A linear theory can be therefore
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obtained by adopting a three component polynomial base:

ux = ux1 + x ux2 + z ux3

uy = uy1 + x uy2 + z uy3

uz = uz1 + x uz2 + z uz3

(5.2)

where ux, uy, and uz are the displacement components defined using 9 variables (ux1 ,
ux2 , ..., uz3).
There are two main techniques that are commonly exploited to construct a structural
model:

◦ the axiomatic hypothesis method;

◦ the asymptotic expansion method.

On the other hand, the so-called axiomatic method, the expression in Equation 5.2
comes from the intuition of a scientist. Well-known examples of axiomatic-built mod-
els are those by Euler (1744) and Timoshenko (1921, 1922). The excellent review by
Kapania and Raciti (1989a) presents a comprehensive description of refined beam the-
ories developed axiomatically.
For what concerns the so-called asymptotic method exploits a perturbation parameter
such as the span-to-height ratio to analyze the influence of each variable and then build
a suitable model for a given structural problem. The 3D problem is reduced to a 1D
model by means of an asymptotic series of the characteristic parameter and retaining
those terms that exhibit the same order of magnitude as the perturbation parameter
when it vanishes. Two of the most important pioneers of the asymptotic technique
were Cicala (1965) and Gol’denweizer (1962), whereas a reference asymptotic model
for beams is the one by Yu and Hodges (2005).
Pros and cons due to the axiomatic and asymptotic approaches have been largely dis-
cussed in the open literature. While the former can construct models having a large
number of displacement variables, the latter provides solutions which are usually
strongly problem-dependent, this aspect implies the need of different reduced models
for different problems. Moreover, the axiomatic method is relatively simpler to use but
is characterized by a certain lack of information about the convergence of increasing
order terms to the 3D solution, the asymptotic one is systematic but more cumbersome
especially when several parameters have to be taken into account (thickness, boundary
and loading conditions, slenderness ratio, etc.).
The present beam formulation could be seen as an alternative ’third’ solution to de-
velop refined beam models by simply fixing the order of the expansion for the cross-
section coordinates, N , with no restrictions as it has already been suggested by Washizu
(1968). Such a solution was not considered in the past because of the increasing num-
ber of governing equations to solve.
A further analysis tool offered by the present beam formulation is related to the imple-
mentation of the so-called mixed axiomatic-asymptotic method that was proposed by
Carrera and Petrolo (2011a). This method permits us to obtain asymptotic-like results
starting from axiomatic like hypothesis. This procedure is briefly described hereinafter:
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N = 0 N = 1 N = 2

ux1 ux2x ux3z ux4x
2 ux5xz ux6z

2

uy1 uy2x uy3z uy4x
2 uy5xz uy6z

2

uz1 uz2x uz3z uz4x
2 uz5xz uz6z

2

Table 5.19 Locations of the displacement variables within the table layout

Loading case Active term Inactive term

Bending N △
Torsion • ◦
Axial H ▽

Table 5.20 Symbols that indicate the loading cases and the presence of a displacement variable

1. The problem data are fixed ⇒ Loadings, BCs, Materials

2. A set of output variables is chosen ⇒ σ, ϵ, u

3. CUF is used to generate the gov-
erning equations for the consid-
ered theories;

⇒ u = Fτ uτ

4. A theory is derived to establish the
accuracy

⇒
N = 0 N = 1 N = 2

ux1 ux2x ux3z ux4x
2 ux5xz ux6z

2

uy1 uy2x uy3z uy4x
2 uy5xz uy6z

2

uz1 uz2x uz3z uz4x
2 uz5xz uz6z

2

5. Each term is deactivated in turn ⇒
N N N N N N
N N △ N N N
N N N N N N

6. Does the absence of the term cor-
rupt the solution?

⇒ Active term Inactive term

Yes, N No, △

7. The most suitable
kinematics model
is then detected for
a given structural
lay-out

⇒
△ N △ N △ N
N N △ △ N △
△ N N △ N △

⇒ ux = x ux2 + x2 ux4 + z2 ux6
uy = uy1 + x uy2 + xz uy5
uz = x uz2 + z uz3 + xz uz5

A graphic notation is introduced to improve the readability of the results. Table 5.19
shows the locations hold by each second-order beam model term within the tabular
layout. The first column presents the constant terms, N = 0, the second and third
columns the linear terms, N = 1, and the last three columns show the parabolic terms,
N = 2. Each term can be activated or deactivated as shown in Table 5.20 where the
loading case symbols are also shown. According to the notation adopted, the beam
model given by Table 5.21 is used for the bending analysis and it refers to the following
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cross-section displacement field

ux = ux1 + x ux2 + z ux3 + x2 ux4 + xz ux5 + z2 ux6

uy = uy1 + x uy2 + +x2 uy4 + xz uy5 + z2 uy6

uz = uz1 + x uz2 + z uz3 + x2 uz4 + xz uz5 + z2 uz6

(5.3)

The airfoil-shaped beam has been adopted as a cross-section in this section. The dis-

N N N N N N
N N △ N N N
N N N N N N

Table 5.21 Symbolic representation of the reduced kinematic model with uy3 deactivated

placement components are evaluated at the free-tip on the leading edge. In the case
of bending, two vertical forces, Fuz , equal to −50 N, were applied to the leading and
trailing edges of the free-tip section. Table 5.22 presents the reference results that have
been obtained through a fourth-order model. In the case of torsion, two vertical forces,

ux m uz m uy m

L/h = 5 5.119 × 10−6 −1.260 × 10−3 1.014 × 10−5

Table 5.22 Reference values for the bending analysis which have been obtained through a fourth-order
model in the case of airfoil shaped cross-section

Fuz , equal to ±50 N, were applied to the trailing and leading edges of the free-tip sec-
tion, respectively.
Table 5.23 presents δu for the bending and the torsion loading cases.

Different ranges of accuracy are considered. The required expansion terms are in-
dicated for each interval. The ’δu = 0’ solution is obtained using the complete fourth-
order model (by definition of δu) . Relaxation of the requirement to 15% allows a re-
duced model to be used. While the torsion case requires 42 terms, the bending case
only needs 23 expansion elements. Even for further reductions of the precision, the
torsion case shows a larger number of effective displacement variables than the bend-
ing case.

5.3 Lift distributions of a wing with oscillating flaps

DLM implementation was validated by means of the analysis of a wing with an os-
cillating outer flaps. This model was retrieved from Försching et al. (1970) and its
geometry is shown in Fig. 5.39 (only half wing is shown), where: L1 = 0.41 m, L2 =
0.47 m, c = 0.42 m and a = 0.18 m. The maximum Flaps oscillation angle is equal to
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Meff/M

δu = 0%

45/45 • • • • • • • • • • • • • • •
• • • • • • • • • • • • • • •
• • • • • • • • • • • • • • •

45/45 N N N N N N N N N N N N N N N
N N N N N N N N N N N N N N N
N N N N N N N N N N N N N N N

δu ≤ 15%

42/45 • • • • • • • • • • • • ◦ ◦ •
• • • • ◦ • • • • • • • • • •
• • • • • • • • • • • • • • •

23/45 N N N N N △ △ N △ △ N N △ △ △
N N △ N N △ △ △ △ △ N △ △ △ △
N N N N N △ N △ N N △ △ N N △

δu ≤ 35%

25/45 • • • ◦ • ◦ ◦ • ◦ • ◦ • ◦ ◦ ◦
• • ◦ • ◦ • • ◦ ◦ ◦ • ◦ ◦ ◦ ◦
• • • • • ◦ • • • • • • ◦ • ◦

9/45 N △ N △ N △ △ △ △ △ △ △ △ △ △
N N △ △ △ △ △ △ △ △ △ △ △ △ △
△ N N △ N △ △ △ △ N △ △ △ △ △

Table 5.23 Accuracy of the solution for different reduced kinematics model in the case of airfoil shaped
cross-section
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0.66◦ and the reduced oscillatory frequency, k, is equal to 0.372. The half wing was
divided into three different portions, namely 1, 2 and 3; different aerodynamic meshes
were adopted for each portion. Table 5.24 shows each mesh set adopted in terms of
chordwise × spanwise aerodynamic panels.
Table 5.25 presents lift coefficients, CL, by means of the present quartic DLM and the
Doublet Point Method by Ueda and Dowell (1982). Fig. 5.40 shows chordwise pressure
coefficient distributions with comparisons with experimental data by Försching et al.
(1970) and analytical results by Rowe and Petrarca (1980). It can be stated that a gen-
eral excellent agreement was found between present DLM, experiemtal and analytical
results.

Figure 5.39 Wing model with outer flap

Mesh Set Portion 1 Portion 2 Portion 3

1 6 × 3 4 × 4 2 × 4
2 12 × 6 8 × 8 4 × 8
3 24 × 12 16 × 16 8 × 16
4 48 × 24 32 × 32 16 × 32

Table 5.24 Mesh sets adopted for the wing model with oscillating flaps

Mesh Set CL × 103

1 9.262 + 1.822i
2 9.210 + 1.818i
3 9.181 + 1.808i
4 9.169 + 1.804i
Ueda and Dowell (1982), Mesh set 1 9.5 + 1.8i

Table 5.25 CL coefficient for different mesh sets



NUMERICAL EXAMPLES 93

(a) Real

(b) Imaginary

Figure 5.40 Chordwise pressure distribution at y/L = 0.69

5.4 Flutter

Flutter conditions are evaluated in this section for the following structural configura-
tions:

1. a forward-swept isotropic wing.

2. Single and double swept isotropic wings with variable sweep angle.

3. A panel with the leading edge clamped.

4. Straight and swept laminated wings.

Results obtained via the present formulation were compared with those from commer-
cial codes, open literature and experimental results. TE CUF 1D models were adopted
to compute structural responses of plates.

5.4.1 Forward-swept isotropic wing

Convergence studies were performed by considering different parameters, compar-
isons with a finite element model based on plate elements solved by MSC Nastran
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were carried out. The wing geometry is shown in Fig. 5.41 with L = 70 m, c = 6 m,
thickness, t = 0.19 m and Λ = −20◦. The material is isotropic with E = 72 GPa, ν = 0.3
and ρ = 213.8684 Kg/m3. Unless otherwise specified, an N = 4 TE model is adopted
with a 20 B4 structural mesh and an 8 × 40 aerodynamic mesh. Moreover, 20 modes
were considered to construct reduced models.
The effect of the following parameters on flutter conditions was investigated:

◦ The order, N , of the CUF 1D model.

◦ The aerodynamic mesh, hereafter indicated as chordwise × spanwise elements.

◦ The structural mesh.

◦ The number of modal shapes used to compute the generalized structural and
mass matrices, Nm.

◦ The number of steps of the reduced frequency range in the g-method, N∆k.

◦ The number of pseudo-structural points.

The first five natural frequencies are shown in Table 5.26 where the number of degrees
of freedom of each model is also reported. Table 5.27 presents the effect of N on flutter
conditions, that is, the effect of TE models on flutter analysis. Second-, N = 2, third-
, N = 3, and fourth-, N = 4, order models were considered (reference values were
retrieved from the MSC Nastran model). The effect of the aerodynamic and structural
mesh is reported in Tables 5.28 and 5.29, respectively. The effect of the number of modal
shapes, the pseudo-structural point mesh and the number of reduced frequency steps
(0.0 ≤ k ≤ 2.0 ) is reported in Tables 5.30, 5.31 and 5.32, respectively. Figure 5.42 shows
the frequency and damping of mode 3 and 4 vs. velocity in the flutter velocity region.
The results obtained suggest the following:

◦ At least an N = 3 TE model is necessary to detect correct vibrational and flutter
behaviors.

◦ Lower-order model are not able to properly detect torsional modes and flutter.

◦ Although higher-order 1D models are necessary, computational costs of these
models are low.

◦ As far as the aerodynamic mesh is concerned, at least 8× 30 elements are needed
to obtain accurate results. The chordwise discretization greatly affects the flutter
frequency, whereas the spanwise discretization is important for the flutter veloc-
ity. 20 B4 elements are instead necessary for a proper structural discretization.

◦ The effect of the other parameters is limited.
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Model f1 f2 f3 f4 f5 DOFs

EBBT 0.115 0.720 2.017 3.406 3.952 183
TBT 0.115 0.720 2.017 3.397 3.951 305
N = 1 0.115 0.720 2.016 3.396 3.951 549
N = 2 0.103 0.643 1.803 2.696∗ 2.843 1098
N = 3 0.102 0.638 1.787 2.553∗ 2.803 1830
N = 4 0.101 0.635 1.776 2.519∗ 2.723 2745
Plate 0.103 0.644 1.802 2.546∗ 3.017 1296
∗ torsional mode

Table 5.26 Effect of the CUF 1D expansion order, N , on vibration frequencies [Hz] of the isotropic
forward swept wing

Model Velocity [m/s] Frequency [Hz] DOFs

Vref = 75.553 [m/s], fref = 1.7 ÷ 1.8 Hz
N = 2 81.569 1.868 1089
N = 3 76.995 1.761 1830
N = 4 75.806 1.740 2745

Table 5.27 Effect of the CUF 1D expansion order, N , on flutter conditions of the isotropic forward swept
wing

Mesh Velocity [m/s] Frequency [Hz]

Vref = 75.553 [m/s], fref = 1.7 ÷ 1.8 Hz
4 × 20 72.858 1.829
4 × 30 73.307 1.838
4 × 40 73.491 1.821
8 × 30 75.573 1.743
8 × 40 75.806 1.740
10 × 40 76.075 1.750
7 × 84∗ 75.995 1.746
∗ aerodynamic mesh adopted in Msc Nastran

Table 5.28 Effect of the aerodynamic mesh on flutter conditions of the isotropic forward swept wing

Mesh Velocity [m/s] Frequency [Hz]

Vref = 75.553 [m/s], fref = 1.7 ÷ 1.8 Hz
10 B4 70.103 1.648
20 B4 75.806 1.740

Table 5.29 Effect of the structural mesh on flutter conditions of the isotropic forward swept wing

5.4.2 Isotropic swept wing with variable sweep angles

This section is devoted to the analysis isotropic swept wings previously investigated
by Koo (2001) who adopted plate models based on the Classical Laminated Theory
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Nm Velocity [m/s] Frequency [Hz]

Vref = 75.553 [m/s], fref = 1.7 ÷ 1.8 Hz
5 75.990 1.738
10 75.814 1.744
20 75.806 1.740

Table 5.30 Effect of the number of modal shapes, Nm, on flutter conditions of the isotropic forward
swept wing

Mesh Velocity [m/s] Frequency [Hz]

Vref = 75.553 [m/s], fref = 1.7 ÷ 1.8 Hz
5 × 30 75.806 1.740
10 × 60 75.993 1.738

Table 5.31 Effect of the pseudo-structural point mesh on flutter conditions of the isotropic forward swept
wing

N∆k Velocity [m/s] Frequency [Hz]

Vref = 75.553 [m/s], fref = 1.7 ÷ 1.8 Hz
100 75.817 1.804
250 75.957 1.753
500 75.806 1.740

Table 5.32 Effect of the number of steps in the reduced frequency range, N∆k, on flutter conditions of
the isotropic forward swept wing

(CLT) for flutter analysis. The first model investigated has the following characteris-
tics (see Fig. 5.41: L = 0.305 m, c = 0.076 m, thickness, t = 0.001 m. The material is
isotropic with E = 73.8 GPa, G = 27.6 GPa and ρ = 2768 Kg/m3. A 8 × 30 aerodynamic
mesh was adopted.
Table 5.33 presents the first three natural frequencies of a backward swept configu-
ration. Unless otherwise indicated, the frequencies reported are related to bending
modes. Results from different 1D TE models are shown including classical models
(EBBT and TBT); the indication of the number of DOFs of each structural model is re-
ported in the last column. Convergence studies are presented in Tables 5.34 and 5.35
where the effect of the structural mesh and the TE expansion order on flutter condi-
tions is reported, respectively. Flutter conditions for different sweep angles are given
in Table 5.36 and Fig. 5.43 where the results from the present formulation are compared
with those by Koo. The analysis of the results suggest the following:

1. Higher-order 1D models are mandatory in order to predict natural modes and
flutter conditions of wings. In particular, torsional modes and flutter require at
least a third-order model (N = 3).

2. Flutter predictions by the present structural formulation (1D) are in excellent
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Figure 5.41 Swept wing geometry, the sweep angle shown is positive
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Figure 5.42 Frequency and damping of Mode 3 and 4 vs. velocity

agreement with those by Koo (CLT, 2D).

3. Very low computational costs were required.

Model f1 f2 f3 DOFs

EBBT 8.967 56.192 157.335 183
TBT 8.966 56.189 157.320 305
N = 1 8.966 56.185 157.308 549
N = 2 7.199 44.462 97.939∗ 1098
N = 3 7.125 43.778 74.316∗ 1830
N = 4 7.093 43.529 73.296∗ 2745
∗ torsional mode

Table 5.33 Effect of the CUF 1D expansion order, N , on vibration frequencies [Hz], Λ = 30◦, 20 B4
mesh
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Mesh Velocity [m/s] Frequency [Hz]

10 B4 57.940 52.289
20 B4 59.202 53.888
30 B4 59.456 53.688

Table 5.34 Effect of the structural mesh on flutter conditions, N = 3, Λ = 30◦

Model Velocity [m/s] Frequency [Hz] DOFs

N = 2 84.206 67.053 1089
N = 3 59.202 53.888 1830
N = 4 58.050 53.490 2745

Table 5.35 Effect of the CUF 1D expansion order, N , on flutter conditions, 20 B4 mesh

Λ Velocity [m/s] Frequency [Hz]

−30◦ 58.050 53.490
−20◦ 51.109 58.339
−10◦ 46.029 61.832
0◦ 68.406 40.493
+10◦ 64.262 38.865
+20◦ 60.684 36.231
+30◦ 57.339 32.680

Table 5.36 Flutter conditions for different sweep angles, 20 B4 mesh, N = 4

5.4.3 Double-Swept Wing: Effect of the Sweep Angle on Flutter
Conditions and Comparison with Data from Literature

A double-swept wing is considered on this section. This model was retrieved from Koo
(2001). Wing characteristics are described in Fig. 5.44 and their value are the following:
Li + Lo = 0.305 m, Li = Lo, c = 0.076 m, thickness, t = 0.001 m, Λo = −30◦. The inbound
sweep angle, Λi, assumes different values from −30◦ to +30◦. An isotropic material
was considered (E = 73.8 GPa, G = 27.6 GPa, ρ = 2768 Kg/m3). A 8 × 20 aerodynamic
mesh was adopted per each wing segment (320 panels) and a 20 B4 mesh was used for
the structural discretization.
Table 5.37 shows the effect of the TE expansion order on flutter conditions for Λi = 30◦;
all the other inbound sweep angles configurations were considered in Table 5.38 and
Fig. 5.45 where results from the present model and from Koo’s paper are shown.
There is a good agreement between the present 1D structural formulation and CLT-
based results, it is confirmed the importance of refined models since models having
expansion orders lower than 3 were not able to detect correct flutter conditions previ-
ously obtained by plate elements.
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Figure 5.43 Effect of the sweep angle on flutter conditions

Model Velocity [m/s] Frequency [Hz]

Vref = 80.0 ÷ 85.0 [m/s]
N = 2 89.467 64.899
N = 3 85.917 55.738
N = 4 84.537 55.403

Table 5.37 Effect of the expansion order on flutter conditions of the double swept wing, Λi = 30◦

5.4.4 Panel flutter

This section is devoted to the flutter analysis of a square panel clamped along its lead-
ing edge and free on the other three edges. This model was retrieved from Kornecki
et al. (1976) and Attaran et al. (2011). The plate has a thickness of 0.020 inches and
length of 10 inches. An isotropic material was adopted (E = 68.9 GPa, ν = 0.33, ρ = 2700
Kg/m3). A 40 × 8 aerodynamic mesh and a 20 B4 structural mesh were adopted.
Table 5.39 shows natural frequencies and flutter conditions from different models and
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Λi Velocity [m/s] Frequency [Hz]

−20◦ 62.161 56.913
−10◦ 67.524 58.777
0◦ 72.757 59.227
+10◦ 77.510 58.923
+20◦ 81.443 57.481

Table 5.38 Flutter conditions for different sweep angles, N = 4

Figure 5.44 Double-swept wing geometry, the depicted inbound sweep angle is positive, the outbound
angle is negative

experimental results. Unless otherwise indicated, natural frequencies are related to
bending modes. It is important to underline the following:

1. Lower-order models are able to quite accurately describe bending whereas higher-
order models are needed for torsion.

2. Since the second bending mode is involved in flutter, lower-order models can
predict the instability in this case.

3. Results from the present structural 1D formulation are in good agreement with
those from experiments and CLT; larger differences with the experimental data
were observed in the detection of the frequencies. However, it is important to
underline that in Kornecki et al. (1976) calculated natural frequencies were also
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Figure 5.45 Effect of the inbound sweep angle on flutter conditions
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provided and they were equal to 6.7 and 42 Hz, respectively. Calculated flutter
frequencies were also provided and, depending on different aerodynamic mod-
els, they varied between 37.5 and 42.6 Hz.

Model f1 f2 f3 VF fF DOFs

EBBT 6.346 39.770 111.356 26.867 34.779 138
TBT 6.346 39.769 111.352 26.866 34.779 230
N = 1 6.346 39.769 111.352 26.866 34.779 414
N = 2 6.734 16.842∗ 42.202 28.470 37.420 828
N = 3 6.671 16.189∗ 40.753 28.801 35.785 1380
N = 4 6.667 16.100∗ 40.678 28.779 35.796 2070
Kornecki et al. (1976) (Exp) 7.8 − − 27.43 40.2 −
Attaran et al. (2011) (CLT) 6.777 42.003 101.14 29.5 36.003 −
∗ torsional mode

Table 5.39 Effect of the CUF 1D expansion order, N , on vibration frequencies [Hz] and flutter [m/s] of
the cantilever plate, 20 B4 mesh
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5.4.5 Composite wings

This section is devoted to the flutter analysis of composite wings retrieved from Kameyama
and Fukunaga (2007) and Hollowell and Dugundji (1984). A graphite/epoxy compos-
ite material was used, EL = 98.0 GPa, ET = 7.90 GPa, GLT = 5.60 GPa, ν = 0.28 and ρ =
1520 Kg/m3. Fig. 5.46 shows the fiber orientation angle, θ and the sweep angle, Λ. The
length of the wing, L, is equal to 305 mm; the chord, c, is equal to 76.2 mm.
A straight wing (Λ = 0) having a symmetric six layer lamination was first considered,
the stacking sequence is [302/0]s; the total thickness of the laminate is 0.804 mm with
constant thickness layers. Several convergence studies were performed and the results
obtained are reported in Tables 5.40-5.43. Unless otherwise indicated, natural frequen-
cies in Table 5.40 are related to bending modes. The influence of different parameters
was investigated, such as: the effect of the TE expansion order on natural frequencies
and flutter and the effect of the structural and aerodynamic mesh on flutter. Computa-
tional costs of the structural models are reported in terms of number of DOFs involved
in the analysis. The results obtained suggest the following:

1. Lower-order structural models (EBBT, TBT and N = 1) are inadequate to accu-
rately detect bending modes, the same models do not detect torsional modes.

2. An N = 2 is able to detect bending modes with satisfactory accuracies, however,
as far as torsional modes are concerned, at least an N = 3 model is necessary.

3. As a consequence, the flutter analysis of the present wing require at least an N =
3 structural model.

4. The influence of the aerodynamic and structural mesh is far less important than
the TE expansion order to compute flutter conditions.

Other stacking sequences were also considered and the related flutter conditions are
reported in Table 5.44, experimental data results from CLT structural models are given
for comparison purposes. It can be stated that, in flutter analysis, the present 1D struc-
tural formulation is able to provide accuracies comparable to those of 2D structural
elements with low computational costs.
A symmetric eight layer lamination was then adopted for the straight beam configu-
ration. The total thickness of the laminate is equal to 1.072 mm; the stacking sequence
is [−22.50.09/67.50.12/22.50.16/ − 67.50.63]s, where the subscripts indicate the thickness
ratios of each ply with respect to the half of the thickness of the laminate. Natural fre-
quencies (bending and torsion) and flutter conditions are given in Table 5.45, results
from a CLT model are also presented. The present 1D structural formulation perfectly
matches the results obtained via a 2D structural model.
A backward swept wing was considered as last assessment. The eight-layer lamination
used previously was adopted with Λ = 30◦. Natural frequencies were first computed,
those related to the first five modes (bending and torsional) are shown in Table 5.46.
Results from 2D structural models are also reported. Flutter conditions computed via
different TE models, structural and aerodynamic mesh are reported in Tables 5.47-5.49,
respectively. The results obtained suggest the following:
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1. The presence of a sweep angle makes the accuracy of lower-order models poorer
than in case of straight configurations.

2. The adoption of an N = 3 or an N = 4 TE 1D model allows one to obtain shell-
like accuracies with small computational costs in the computation of flutter con-
ditions of composite swept wings.

Model f1 f2 f3 f4 f5 DOFs

EBBT 7.407 46.421 129.978 254.701 421.032 138
TBT 7.389 46.306 129.644 254.009 419.809 230
N = 1 7.389 46.303 129.633 253.984 419.756 414
N = 2 6.111 36.594 69.170∗ 103.860 208.469 828
N = 3 6.073 36.174 57.310∗ 100.956 177.263∗ 1380
N = 4 6.059 35.918 56.510∗ 100.034 172.233∗ 2070
∗ torsional mode

Table 5.40 Effect of the CUF 1D expansion order, N , on vibration frequencies of the [302/0]s wing, 15
B4 mesh

Model Velocity [m/s] Frequency [Hz] DOFs

N = 2 28.820 27.813 828
N = 3 25.938 26.651 1380
N = 4 25.864 26.666 2070

Table 5.41 Effect of the expansion order on flutter conditions of the [302/0]s wing, 15 B4 mesh

Mesh Velocity [m/s] Frequency [Hz]

10 B4 25.939 26.651
15 B4 25.938 26.651
20 B4 25.937 26.650

Table 5.42 Effect of the structural mesh on flutter conditions of the [302/0]s wing, N = 3

Mesh Velocity [m/s] Frequency [Hz]

8 × 20 25.736 26.923
8 × 30 25.864 26.666
8 × 40 25.932 26.526

Table 5.43 Effect of the aerodynamic mesh on flutter conditions of the [302/0]s wing, N = 4, 15 B4
mesh
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Lamination N = 4 Kameyama and Fukunaga (2007) (CLT) Hollowell and Dugundji (1984) (Exp)

[02/90]s 23.2 23.0 25
[+45/ − 45/0]s 40.3 40.1 > 32
[452/0]s 26.2 27.5 28
[302/0]s 25.9 27.1 27

Table 5.44 Flutter velocities [m/s] for a six layer laminated straight plate, N = 4, 15 B4 mesh, 8 × 30
panels

Model f1 f2 f3 f4 f5 VF

N = 4 7.2 45.1 58.9∗ 126.5 181.9∗ 38.2
Kameyama and Fukunaga (2007) (CLT) 7.3 45.4 59.1∗ 127.7 182.3∗ 38.8
(∗)torsional mode

Table 5.45 Vibration frequencies [Hz] and flutter velocities [m/s] for an eight-layer straight laminated
wing, N = 4, 15 B4 mesh, 8 × 30 panels

Model f1 f2 f3 f4 f5 DOFs

EBBT 6.7 42.2 118.3 231.8 383.1 138
TBT 6.7 42.2 118.3 231.7 382.9 230
N = 1 6.7 42.2 118.2 231.7 382.9 414
N = 2 5.6 34.8 75.7∗ 97.6 193.5 828
N = 3 5.6 34.4 59.6∗ 95.9 182.7∗ 1380
N = 4 5.6 34.2 58.9∗ 95.4 178.1∗ 2070
Kameyama and Fukunaga (2007) (CLT) 5.6 34.4 60.0∗ 95.4 182.0∗ −
∗ torsional mode

Table 5.46 Effect of the CUF 1D expansion order, N , on vibration frequencies of the eight-layer wing,
15 B4 mesh

Model Velocity [m/s] Frequency [Hz] DOFs

Vref = 32.4 (Kameyama and Fukunaga, 2007)
N = 2 38.703 28.394 828
N = 3 31.957 26.479 1380
N = 4 31.688 26.523 2070

Table 5.47 Effect of the expansion order on flutter conditions of the eight-layer swept plate, 15 B4 mesh

Mesh Velocity [m/s] Frequency [Hz]

10 B4 31.911 26.400
15 B4 31.957 26.479
20 B4 31.996 26.445

Table 5.48 Effect of the structural mesh on flutter conditions of the eight-layer swept plate, N = 3
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Mesh Velocity [m/s] Frequency [Hz]

8 × 20 31.577 26.733
8 × 30 31.688 26.523
8 × 40 31.744 26.414

Table 5.49 Effect of the aerodynamic mesh on flutter conditions of the eight-layer swept plate, N = 4,
15 B4 mesh

Λ

θ

Figure 5.46 Sweep and fiber orientation angles





Chapter 6

Conclusions

An advanced aeroelastic formulation has been developed in this thesis. The novelty
of the present formulation is due to the unified 1D structural modeling approach de-
veloped and herein coupled to the Doublet Lattice Method. The 1D Carrera Unified
Formulation has been exploited to obtain refined structural models with enhanced fea-
tures in terms of high accuracy and low computational costs.

6.1 Outline and contribution to the literature

The first part of this work has been devoted to the development of the structural capa-
bilities of the aeroelastic formulation. The exploitation of the hierarchical capabilities
of CUF has permitted us to develop 1D structural finite elements based on polynomial
expansions of the cross-section displacement field of a structure. In particular, two
classes of 1D models have been developed, the Taylor-Expansion class (TE) and the
Lagrange-Expansion class (LE). TE models are based on any-order Taylor-like poly-
nomial expansions, LE models exploit Lagrange polynomials and cross-section dis-
cretizations. It is important to underline that the choice of the expansion and its order
is arbitrary since CUF models are based on the so-called fundamental nucleus assem-
bly methodology which allows one to use any-order models and different classes with
no need of formal changes in the problem equations.
In the second part of this work, the Vortex Lattice Method (VLM) and the Doublet
Lattice Method (DLM) have been employed to develop aeroelastic formulations. The
infinite plate spline approach was chosen for the mesh-to-mesh transformation in or-
der to better exploit the shell-like capabilities of the structural model adopted. VLM
was exploited to model the steady contribution in the aerodynamic model, whereas
DLM provided the unsteady contribution in the frequency domain. The G-method
was used for flutter analysis.
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6.2 Concluding remarks

Results from purely structural analyses, static and dynamic, have highlighted the fol-
lowing key-features of the 1D CUF approach:

1. The adoption of refined 1D models allows one to overcome the well-known lim-
itations of classical models. In particular, torsion, coupling, local effects and in-
plane distortion can be accurately detected for a wide variety of configurations,
including thin-walled and open cross-sections.

2. The accuracy of shell or solid models can be obtained by means of 1D CUF mod-
els with extremely lower computational costs. In some cases, 1D CUF models
require ten and one-hundred times less DOFs than shells and solids, respectively.

3. Further fundamental capabilities are offered by LE models which have only pure
displacements as primary variables. Among these, the possibility of dealing with
BCs defined on points, the straightforward layer-wise modeling and the local
refinement approach are of particular interest.

Flutter conditions have been computed for different wing and plate configurations in-
cluding laminated structures and swept geometries. Excellent agreements between the
present formulations and those based on plate models have been found. The following
conclusions can be drawn:

1. Refined 1D models are mandatory to predict correct flutter conditions.

2. At least a third-order models, N = 3, is required to obtain satisfactory accuracies.

6.3 Future Works

Many different perspective developments of the present formulation appear to be in-
teresting. As far as the structural formulation is concerned, the most promising out-
looks seem to be the following:

1. The extension to multifield problems, such as electromechanical or thermome-
chanical.

2. The analysis of complex structures, such as full aircraft.

3. The application to failure analysis through a component-wise approach where
fibers and matrix could be separately modeled and then homogenized at the in-
terface level.

4. The extension to nonlinear structural analysis.

1D CUF models can detect accurate cross-section distortions of thin-walled structures.
This capability make these models particularly interesting for fluid-structure interac-
tions analyses and, therefore, for coupling with high-fidelity CFD tools. Possible ap-
plications could be the following:
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1. The aeroelastic analysis of morphing wings.

2. The fluid-structure interaction of vascular systems.
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Fundamental Nucleus Components

The nine components of the stiffness matrix fundamental nucleus are defined as:
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