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Abstract

The presented work deals with classical and mixed refined Finite Elements for multi-
layered plates based on Carrera Unified Formulation (CUF). In the first part, various
two-dimensional axiomatic assumptions in the thickness direction theories are illus-
trated and discussed by considering: 1 - Taylor type expansion; 2 - combination of
Legendre polynomials; 3 - Lagrange polynomials. Both cases of equivalent single layer
description (the whole plate is seen as an equivalent single layer) and layer-wise descrip-
tion (each layer is seen as an independent plate) have been implemented. The order
N of the thickness expansions is a free parameter of the present formulation. A large
variety of plate theories are therefore obtained. FE matrices are written in a concise
form by referring to the Carrera Unified Formulation and in terms of a few fundamental
nuclei, whose form does not depend on the through-the-thickness polynomial assump-
tion, order N, variables’ description and element number of nodes. Advantages and
disadvantages of the various FEs are discussed by encompassing static and dynamic
problems related to significant multilayered plate problems.

The second part of this work employs mixed elements based on Reissner Mixed Vari-
ational Theorem to evaluate accurate stress fields and failure parameters in laminated
composite structures. A priori fulfillment of interlaminar continuity of transverse shear
and normal stress components is guaranteed by mixed assumptions. Comparison to cor-
responding classical formulation with only displacement variables is given. Complete
three-dimensional stress field is evaluated and compared to three-dimensional elasticity
solutions. Maximum stress criteria with evaluation of maximum loadings related to
first ply failure are evaluated. The superiority of mixed method with respect to classi-
cal ones is concluded.

In the third part, the original Reissner Mixed Variational Theorem, RMVT, has been
expanded to the electro-mechanical case. A mixed variational statement for the anal-
ysis of multilayered structures under the effect of mechanical and electrical fields is
proposed. Beside displacements and transverse stresses it permits the direct evaluation
of electric potetial ¢ and transverse electrical displacement D,. The work has been
organized in detail as follows: In the first Section, a short introduction of the Principle
of Virtual Displacement (PVD) and Reissner’s Mixed Variational Theorem (RMVT) is
given. Classical models for multilayered plates are described. Section 2 introduces Car-
rera’s Unified Formulation and discusses various two-dimensional plate theories based
on different thickness functions F.(z) (Talyor, Legendre, Lagrange polynomials). Gov-
erning equations for the mechanical case are derived for PVD and RMV'T theory, the
Finite Element matrices are obtained. In Sec. 3, the derived models are applied to
different test cases. Free vibration analyses as well as static analyses are performed,
numerical results are discussed. The Maximum Stress Failure Criteria is introduced. In
Sec. 4 an extension of RMVT model to electro-mechanical coupled fields in a condensed
notation is performed. Results of electro-mechanical analysis for sensor and actuator
configuration are discussed in Sec. 5.
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Chapter 1

Introduction

Laminated composites and sandwich structures combine light weight with high stiff-
ness, high structural efficiency and durability, and are therefore increasingly used in
aerospace, automotive and ship vehicles. Smart structures with piezoelectric layers or
patches embedded inside represent a further example of multilayered structures [1].
Single-walled and multi-walled nanotubes can be considered as advanced present and
future multilayered structures [2]. With respect to classical single-layered plates, the
multilayered ones present some complicating effects due to their intrinsic transverse and
in-plane strong anisotropy. The use of computational methods is mandatory to ana-
lyze anisotropic multilayered plates and shells. In case of thermal protection systems
and smart structures, the complexity increases due to coupling interactions among me-
chanical, thermal and electric fields. Finite Element Method (FEM) represents a well
established technique to solve structural problems in both linear and nonlinear cases.
This work is focused on linear multilayered plate problems for pure mechanical and
electro-mechanical coupled case.

1.1 Multilayered Structures

Ideal multilayered structures are made up by a certain number of layers Ny which can
be of isotropic, orthotropic, as well as anisotropic material. The sequence of the various
lamina orientations is indicated as the stacking sequence. All layers are supposed to be
perfectly bonded together. Thus the displacement

u = [ux,uy,uz]T (1.1)
at the layer interfaces has to follow the condition
k k+1

u; = uy for k=1,...,Np—1 (1.2)

where k stands for the number of the layer between 1 and Ny,. Subscript ¢ describes the
top surface of the layer while subscript b is related to the bottom surface. The notation
can also be seen in Fig. 1.1. Bold letters denote arrays. For equilibrium reasons, i.e.
the Cauchy theorem, also the transverse stresses

Op = [0m270y27JZZ]T (1-3)
have to be continuous at the layer interfaces

ok =offt for k=1,... N -1 (1.4)
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b, (k+1)-layer (S
t—9 %

k-layer

Figure 1.1: Top and bottom of the neighboured layers

The two conditions (1.2) and (1.4) follow the postulation of so called interlaminar
continuity (IC). All layers shall have the same length a and width b but can be different
in their thickness t;. Also material properties can differ significantly in the z-direction
for different layers. It is important to notice that due to this transverse anisotropy
the gradients of displacement and transverse stresses can be discontinues in the layer
interfaces. Typical thickness distributions for displacement and stresses are shown in
Fig. 1.2.

In plane stresses Displacements Transverse stresses

ZA O-XX a-yy 0-xy z u'x uy u’z Z O-XZ O-yz 0-22

K

Figure 1.2: Typical thickness distribution for displacement and stresses in a 3-layer-
plate; Courtesy by [3]

1.2 Principle Of Virtual Displacements

The Principle of Virtual Displacement (PVD) is a common theory to solve mechanical
problems, i.e. plate problems, and is based on the Principle of Virtual Work. The
virtual work is the work done by the virtual displacements. These displacements can
be arbitrary, provided they are consistent with the constraints of the system. The
primary results of models derived of PVD are the displacements. Related stresses have
to be calculated afterwards, depending on the resulting displacement field. The virtual
Work W can be divided into two parts, the internal and external virtual work dW;
and 6W,

OW = oW, + W, (1.5)

If the body is situated at equilibrium, the summation of internal and external work

gets zero so that
W =0 (1.6)



CHAPTER 1. INTRODUCTION

External Virtual Work

The external virtual work is the work done by the virtual displacements on volume
body forces f and surface frictions ¢ on the boundary I';, which describes the portion
of the boundary part on which stresses are specified. The work is performed on the
body so its sign has to be negative. It can be written as

oW, = — </ sul f dv +/ sul g ds> (1.7)
Q o

where dv denotes the volume element in the material body and ds denotes a surface
element.

Internal Virtual Work

When forces are applied on a deformable body, they cause a deformation and lead to
internal stresses o in the body. Thus the deformation performs work on these internal
stresses. The deformation can be written in terms of strains €, so that the internal
virtual work takes the following form:

oW, :/ sel o dv (1.8)
Q

Variational Statement

Combining these two parts, and separating stresses and strains to in-plane and normal
components, denoted with p and n respectively, the variational statement with PVD
reads

/ (56;{ o, + o€l op—oulf) dv— sul qds=0 (1.9)
Q

Classical PVD Models for Multilayered Plates

In many cases models derived for a homogenous plate with PVD are extended to mul-
tilayered structures. The basics of some of these classical theories shall be explained in
the following part.

CLT The Classical Laminate Theory (CLT) is almost identical to the classical plate
theory and bases on the Kirchhoff theory for plates. The following assumptions
are made:

1. normals to the reference surface €2 remain normal after deformation

2. normals to the reference surface {2 remain straight after deformation

3. normals to the reference surface ) remain unstrained after deformation

Thus the transverse strains €., €,. and ¢, are discarded, what leads to the
displacement assumptions

um(ﬂj,y, Z) = umo(ﬂj,y) -z 'LLZ@(ZE,:U)
uy(x>y> Z) :uy0($7y) -z Uz,y(x>y) (110)
UZ(LZ', Y, Z) = U’ZO(m7 y)

Displacement components in correspondence to the reference plane are denoted

via the subscript “0”. The applicability of this very simple model is restricted to
thin laminates with only slightly differing material properties of the layers.
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FSDT Reissner and Mindlin postulated a kinematic field that accounts for constant
transverse shear stress and strain components along the thickness. The normal
deformation is still neglected but now shear effects are taken into account. The
displacement assumptions read

um($>y7 Z) = qu(xyy) +z ¢w($7y)
Uy(%% Z) = uyO(x7y) +z ¢y(x7y) (111)
uz(xy:% Z) = Uz()(.Z',y)

¢, and ¢, can be interpreted as the rotation of the transverse normal about the
xz— and y— axes respectively. The model based on these kinematics assumption
is named First Order Shear Deformation Theory (FSDT).

Both mentioned theories are the standard approaches to plate or laminated plate prob-
lems. More information can be found in literature, e.g. Reddy [4]. The assumption of
linear displacement distributions over the whole plate is a significant restriction of the
model. Some improvements in the description of multilayered plates can be made by
introducing terms of higher order. Extensions of FSDT, only using higher order terms
for the in plane displacements, are often referred to as Higher Order Shear Deformation
Theories (HSDT). General extensions, including also the full description of the normal
displacement u, lead to the Higher Order Theories (HOT).

1.3 Reissner’s Mixed Variational Theorem

The kinematics described above are not able to ensure the interlaminar continuity for
transverse shear and normal stresses at the interfaces between the layers. Motivated
by this inability Reissner developed an alternative concept in [5]. The Reissner Mixed
Variational Theorem (RMVT) offers the possibility to fulfil a priori the interlaminar
continuity by also assuming the normal stresses o, as primary variables. The resulting
variational statement for the mixed case divided to in-plane and normal parts states:

/ 5E§G opc+0€l oy + 00l (€ng —€nc) —oul fdv— | dul qds=0 (1.12)
Q

The index M now emphasizes that the normal stresses are assumed in the model.
Strains which are calculated with geometrical relations are marked with the index G
and the variables expressed in constitutive equations are denoted by C'. Note that here
the normal strains €, must be obtained from the constitutive equations. Therefore the
normally used Hooke’s law must be transformed. More details are given in Sec. 2.4.
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Unified Formulation

2.1 Main Idea of the Unified Formulation

The main idea of the Unified Formulation is using a generalized expansion for the
unknowns in the thickness direction, based on a set of functions herein after called
thickness-functions. In this way, the three-dimensional problem of multilayered plates
can be reduced to a two-dimensional problem. As a first step, the assumption for the
displacement field with the Unified Formulation shall be shown. In the most general
case it can be written as follows:

’U/(ﬂj‘,y, Z) = Ft(z)ut(:n,y) + FT(Z)’U/T(QZ‘,Z/) + Fb(Z)Ub(ﬂZ‘,y) = FTU’T (21)
where 7=t,b,r and r=2,...,N

A cartesian reference system is considered, where z is the the out-of-plane axis. F is
the set of the thickness functions and N is the order of the expansion. With this formu-
lation two different models along the thickness of the plate are possible, an equivalent
single layer (ESL) and a layerwise (LW) description. The derivation of the governing
equations according to the chosen variational statement becomes general, regardless
the approximation approach (ESL or LW) and the polynomial expansion order.

2.2 Thickness-Functions

Different axiomatic assumptions in the thickness direction are discussed in the following
section by considering Taylor type expansion, combination of Legendre polynomials
and Lagrange polynomials. Bothe cases, layerwise and equivalent single layer, are
considered.

2.2.1 Different Thickness Polynomials for Layerwise Description

In a layerwise (LW) model the thickness expansion is performed for each layer sepa-
rately so that independent displacement variables are assumed for each layer k. The
interlaminar continuity of the displacements must be imposed for each layer interface
but the gradients at the layer interfaces can differ. The interlaminar continuity can
be easily imposed when assembling the laminate array from the different layers; this is
described in Sec. 2.5. Using this definitions, the generalized displacement assumptions
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of the k-th layer can be stated as

ub = Fuf + Fyul + Fuf = Fu? (2.2)
where 7 =1,b,7; r=23,....,N and k=12,...,Ng

The displacement variables u; and u; are the values related to the top and bottom
surface of the layer. The interlaminar continuity condition can thus be stated as

uf = w7 with k=1,...,N, -1 (2.3)

An assumption in this form exists for each layer.

Legendre Polynomials for LW

For the thickness functions F, combinations of Legendre polynomials P; = P;j({}) can
be used, wherein (; shall be the nondimensional thickness coordinate of the layer &
defined in the domain —1 < { < 1. The Legendre Polynomials up to 4th order are the
following:

P = 1
P1 = x
3
P2 = —(332—1)
2 (2.4)
5
P = —x3—§x
2 2
35 15 3
p, = 24229
1 g% T 1T T3

Their graphical plot can be seen in Fig. 2.1. The following combinations of P; are
chosen for the thickness functions F’- in order to use the top and bottom displacement
values as variables u.:

F; = (PO + Pl)/2; Fy, = (PO — Pl)/2; F.=P.— P._o (25)
with r=2,3,...,N

In this way the chosen thickness functions have the following properties:
Co=1": F, =1, F,. =0; F,=0 (2.6)
G=-1: Fy = 0; Fr = 0; Fy=1

The resulting distributions of F;, F}, and F;. for r = 2, 3,4 are depicted in Fig. 2.2.

Lagrange Polynomials for LW

Another possibility is the usage of Lagrange polynomials for the expansion in thickness
direction. In this case the number and the formula for each F; depends on the order of
the expansion. For the first 4 orders the Lagrange polynomials defined in the domain
—1 < ¢ <1 are presented in Tab. 2.1. For the first order, thickness functions based
on Lagrange and Legendre polynomials are exactly the same. Unless otherwise noted,
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1st order
F, = (1‘5()
F, = (1;0
2nd order
_ —(14¢)((—=1)
Iy = 2(—1—1-,21)1
_ (=14¢%)
b=
_ (=14¢0)(¢—21)
Iy = 2 (1+21) :
3rd order

_ (+¢Q)(€—21)(C—22)
by = 2(—1+z1)(1—1+222)

_ = (=140 (4¢)(¢—21)
k2 = (z1—22)(—1+23)

_ (=140 (A4 (¢ —22)
Fs = (—=1427) (21 —22)

_ = (=14+0)(¢—21)(¢—22)
by = 2(1+z1)(1izQ) -

4th order

F = —(A40(C=21)(¢=22)(C—23)
t 2 (—1421)(—1422)(—1423)

_ (=140 A+ ((—21)((—22)
b = ) 145D

_ (=144 (C—21)({—23)
k3 (z1—22)(—1425)(22—23)

_ (=14004¢) (€—22) (¢ —23)
Fa= (=1427)(21—22)(21—23)

_ (=140 (C—21)(€—22)((—23)
by = 2(1+z1)(i+zQ)(f+z3) °

Table 2.1: Thickness functions F;(() with Lagrange Polynomials up to 4th order
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o

Figure 2.1: Legendre Polynomials Py to Py over thickness (j

the parameters z; for higher order Lagrange polynomials divide the domain —1...1 in
equal distances, i.e. for the 4th order case

z1=—0.5; 20=0; 23=05 (2.8)

The graphical plots of the thickness functions from 2nd to 4th order are shown in
Fig. 2.3 to 2.5. Analogously to the expansion based on Legendre polynomials, F; and
Fy, for the thickness functions with Lagrange polynomials refer to the top and bottom
surface of the layer with the same characteristics as in 2.6 and 2.7.
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Figure 2.2: Thickness functions F; over (j, for Legendre polynomials

Figure 2.3: Thickness functions F.- over (}, for 2nd order Lagrange polynomials
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o

Figure 2.4: Thickness functions F; over (j, for 3rd order Lagrange polynomials

o

Figure 2.5: Thickness functions F; over (j, for 4th order Lagrange polynomials

10
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2.2.2 Different Thickness Polynomials for ESL Description

With ESL models, a global assumption for the unknowns is considered along the thick-
ness of the plate so that only one set of unknown variables exists. Also in ESL descrip-
tion it is possible to use Lagrange and Legendre polynomials as described in Sec. 2.2.1
considering the whole plate as only one layer. The assembly of the laminate array
is shown in Sec. 2.5 again. Another way for ESL description is the usage of Taylor
expansion in the thickness direction. Therefore the thickness-functions F, take the
form

F,=1, F. =z F, =2V, r=1,2,...,N—1 (2.9)

In this case subscript b denotes values related to the plate reference mid-surface €2,
while subscript ¢ is related to the highest order term. Depending on the used vari-
ational statement (PVD or RMVT), on the order of expansion N, and on the choice
of the thickness function, different acronyms have been introduced in order to address
them. Figure 2.6 shows how the acronyms are built: The first field can be “E”or “L”
according to the ESL or LW description, respectively; the second field can be “D” or
“M”, according to the PVD or RMVT application, respectively; the third field can
assume the numbers 1-4, according to the order of the adopted expansion in the thick-
ness direction; the last field shows which type of polynomial has been chosen for the
thickness expansion. For example LM2(LGR) means layerwise model based on mixed

TYPE OF THEORY OPTIONAL FIELD : type of thickness function
L Layer-Wise L TYL based on Taylor-expansion
LGD based on Legendre-polynomials
E Equivalent-Single-Layer E LGR based on Lagrange-polynomials
Fmmmmmmmm—— - = A\
ACRONYM ! !
' @ ? 0 )
ORDER USED for
TYPE OF FORMULATION z-EXPANSION
D Classical based on PVD D 1 Linear
M Mixed based on RMVT M 2 Parabolic
3 Cubic
4 Fourth-order

EXAMPLES

® LM2(LGR) Layer-Wise model based on mixed theory with parabolic displacement fields using
Lagrange expansion

Equivalent-Single-Layer model based on classical theory with cubic displacement

® ED3(TYL) fields using Taylor expansion

Figure 2.6: System of the acronyms

11
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theory with parabolic displacement field using Lagrange expansion.

2.3 Governing Equations With PVD

Two basic assumptions in the description of the multilayered material are made. The
first is the material law or the constitutive equations, represented by Hooke’s law and
the second is the geometric relation between the strains € and the displacements u.

Constitutive Equations

The general material behavior is described by the Hooke’s law, relating the stresses o
to the strains € via the elastic stiffness coefficients C. As preparation for expanding
the theory to the mixed case later on, stresses and strains are separated to in-plane
and transverse components denoted with the subscript p and n respectively:

oy = 011,092, 012)" oy, = (o013, 023, 033] " (2.10)

€ = [€11, €22, 612]T €n = [€13, €23, 633]T

wherein superscript T" marks transposition. The Hooke’s law in this separated form
states
o,=Cpe,+Cpne
p= e Ep T pn En (2.11)
Op = Cnp €p + Cnn €n
By substituting the index couples 11, 22, 33, 23, 13, 12 with new indices ranging from
1 to 6 respectively, the arrays of the elastic material properties for monoclinic behavior
explicitly read

_ [C11 Ci2 Cig] _ [0 0 Ci3
Cp=[Cr2 Ca2 Co Cpn=|0 0 Cs3
[Ci6 C26  Coe. 0 0 Cs
[0 0 0] [Css Cus O
Cp=0 0 0 Con=|Css Cu 0
[C13 Caz (g L0 0 Cs3

Geometrical Relation

To express the strains €, and €, in terms of the displacements u the geometric relations
are used in linearized form, only considering first derivatives. They can be written in
the following tensor notation:

€, = Dyu €, =D,u (2.12)

The arrays Dy, and Dy, contain the differential operators. Their explicit form reads

0, 0 0 0, 0 0
D,=[0 9, 0 D,=|0 9, 9,
dy 0 O 0 0 9,

In order to use the fundamental lemma of virtual calculus later on, the differential op-
erator array D,, can be separated into an in-plane and a transverse differential operator

array

12
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with
0 0 0O, d, 0 O
D,qo=[0 0 0, D,.,=0 0, 0
0 0 O 0 0 0,

Finite Element Discretization

When the finite element method is applied, the unknowns can be expressed in terms of
their nodal values, by using the shape functions IV;.

ub(z,y) = Ni(z,y)q*, i=1,2,..,N, (2.14)

where N,, denotes the number of nodes concerning the considered finite element and
q’ﬁi is the vector containing nodal values of the displacement.

qﬁz = [qUzTi7 quyﬂ'iy QuzTi]T (215)

Substituting Eq. (2.14) in Eq. (2.2), the final expression for the displacements can be
obtained:

u(z,y,2) = Fr(2) Ni(z,y) 45, (2.16)
Derivation of Finite Element Matrices

The internal virtual work of the PVD (1.8) formulated for a multilayered plate can be

written as: N
L
3 / / {oeh ot + o€k ok} dy dz = ow; (2.17)
k=12 Pk

where k identifies the layer and Ny, is the number of layers in the laminate. € and Ay
are the planar surface and the thickness of the k-th layer. Restricting Eq. (2.17) to the
layer k and introducing Hooke’s law (2.11), it becomes:

/Q /h [5EI;T <C~'];p e]; + é'];n eﬁ) + 5efLT <C~’]:Lp e]; + é’fm efl)] dQy, dz = Wk (2.18)
k k

Due to the fact that the base function F is independent of x and y and considering the
separated differential operator (2.13) as well as the finite element discretization (2.14),
the strains €, and €, can be written in the following way:

er = F;D,(N; I) ¢%; (2.19)
€ = F. Dy (N; I) g%, + Fr_N; g%, (2.20)
100
whereI=| 0 1 0 and Fr, :%.
001

Including these strain-displacement relations (2.19) and (2.20) in Eq. (2.18), the fol-
lowing statement of the internal virtual work can be obtained (subscripts 7 and i are

13
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related to virtual variations while subscript s and j concern the real values):

Jo, 65T DI (N:I) €}, [fh FF)dz] D, (N;I) ¢, d, +
+ Jy, 90T DT (N,I) C, [[h FF)dz} Doq (N;I) g¥; d, +

+ka 6qkT DT NI pn [fh (FTFS,Z) dz} Nj quj Ay, +

+ Jo, 8457 DI (D) €,y [, € ] D, (N;I) ¢*; d +

+ o, 6gF DI { ] Duo (N;I) @b, d+  (2.21)
KT D Vou

+ ka 5q7—i nn |: F FS \z de| J qsy ko +

+ Jo, 0057 N C), [ Sy, (Fr Fy) dz] D, (N;I) ¢¥; d +

+ka 5q7'zTN Crm [fh (FTZFS) ]DTLQ (N]I) qgj ko+

+ o, 045 NG | [y (Fr P L) dz)| Nyahy dy = oWk

As usual in two-dimensional modellings, the integration in the thickness-direction can
be made a priori. Therfore the following layer-integrals are introduced:

(E7-37 ETs,m Eﬂjzs, ET’ZS’Z):/' (FTFS7 FTFs,zy FTyzFS7 FTyst’z)dZ (222)
hi

The layer stiffnesses can be written as

(Zor"s Zon's Znr', Zont) = (Clyy Cy €y G Er) (2.23)
(2223,27 2223,27 Zﬁ;,zs7 ZI:;L,ZS’ Zi;,zs,z) _ -
= (é];n Ers.., él:zn Ers., é]:Lp Er s, C E’: o Cfm E;.s.) '
Now Eq. (2.21) can be written in the following compact form
sl KFTei ot = swif (2.25)

with the finite element matrix
kTs Skts, .

Kkrsij:qDZ(NiI)[Z D(NI)—i-Z DnQ(NI) Zn Nj]+

kts SkTs .

+DT, (N:I) [z D, (N;I) + Z:7° Do (N;I) + Z°7 Nj]+ (2.26)

Skt 2s 2
nn

kT,2s kT,2s

N [z D, (N;I)+ Ze"* Doy (N;I) + Z1 NJ} .

14



CHAPTER 2. UNIFIED FORMULATION

where the symbol < ... > denotes the integral on Q. The matrix (2.26) itself is a 3 x 3
array and consists of the fundamental nucleus of finite element matrices related to PVD
applications. Explicitly it reads:

ktsij kts 7kTs kts
K b = Z 11 < N’i,SCNj,:L‘ >0 +pr16 < Nz,yNj,:c >0 +Z 16 < Ni,xNj,y >0 +

k'rs ) . A N
pr66 < NZ,?JN] y PQ +Znn55 < NZNJDQ

ktsij _ Fkrs ] ) ~ . 7kTs . .
K™ = 2,779 AN; 2 Njyy ba +pr26 ANy Njy o +Zy16 A NigNjz bo +

+Zlm ANiyN; 2 bq +Z0725% 4 N;Njg

krsij _ kTs . SkTs, 2 kT 28
K377 = an13 AN; o Nj o +2,,35 A NiyNj o +Z, 55 <NiNj 2 >o +

SkT 2 s
+Znn45 < NivayDQ
kTsij _ Fkrs SkTs Skrs
Ko ™" = Zpyis AN; yNj 2P +2Z,7 kl6 INiaNjo P +2Z5556 < NiyNjy > +
k T,z28,z

k‘TSZ] _ kTs kTs Shrs
K, Z 22 I NiyNjy Do +Z o6 A NiaNjy ba +2,756 < NiyNjz >o +

2.97
Zk 7o < NiwNj o o +Z,’j;;j * A N;Njpq (2.27)

k‘TSZ] _ SkTs2 kTs 2 Skt 28
T,28
+Zpyis 4 NiNJ}yDQ
krsij _ FkTs :k SkTs  k kT, 28
Kq, 77 = meg% AN; o Nj>o +2,,05 ANiyN;jro +2Z, )75 <NiNjz > +
T,28
+Z p36 AN;N; >0
krsij _ FkTs :k SkTs ok Skt s
K™ = m}zg45 ANz Njva +2,,45 <NiyNj>a +2Z,,55 < NiNjy >o +
+Z 6 S NilNjaPo

3 .
K57 = Zkmsk g N, o Nj o og + 25758 QN yNj o oo + 25755 O N N, bo +

nnbb nnd nn4

+Zkmeh < NZ wNjy o +Z§;§§ " ANiNj>q
Introducing the external work of applied loadings provides
5qkT Kk'rszy qu — 5qkT Pk (2.28)

and leads by imposing the definition of the virtual variations for each layer k£ to the
following equilibrium conditions:

ot - KM gl = Pk, (2:29)

In order to write the finite element matrix for the whole multilayered plate, the coupling
of indices (7,s) and (i,7) of the fundamental nucleus of K*™" have to be expanded,
see also Sec. 2.5

2.4 Governing Equations with RMVT

For the RMVT case, the governing equations and thus the fundamental nuclei shall
be derived. In addition to the displacement formulation, an assumption also on the

15



CHAPTER 2. UNIFIED FORMULATION

transverse stresses o, has to be made. The general approach is exactly the same
as for the PVD-model. The variational statement is the adapted one of the mixed
formulation (1.12).

Stress Assumption

Additionally to the displacement assumption (2.1) the mixed formulation also requires
an assumption of the transverse stress field which is done in accordance to (2.1). Again,
subscript M is used to underline the fact that the transverse stresses are now assumed
by the model.

ok = Fok, + F.of + Fot, = F.of (2.30)
where 7=t¢,b,r and r=23,...,N

Constitutive Equations

In order to use the mixed formulation, the conventional Hooke’s law has to be modified.
Transverse stresses are assumed and can not any more be expressed in terms of the
strains €, and €,. The mixed formulation of the constitutive equations now expresses
o, and €, in terms of o, and €, and can be therefore written as:

pC - Cpp pG + C:zm nM

(2.31)
Ckp pG + Cnn OnM

Subscript C' denotes that these quantities are calculated by the constitutive equations
while subscript G indicates the calculation of the variables by geometric relations.
Equations (2.31) are formally derived by transformation of the conventional Hooke’s
law (2.11). The elasticity arrays of the mixed equations are thus obtained by

Cpp=Cpp— CpnCiiCrii  Cpu=CpuCr (2.32)
¢ Cn

~-c, (2.33)

Geometric Relations

The geometric relations are the same as used for the displacement formulation, see
Eq. (2.12).

Finite Element Discretization

In addition to the displacements u* also the transverse stresses o®

terms of their nodal values via the same shape functions N;.

are expressed in

ok = N;gF, i=1,2,...,N, (2.34)

nrt

where
gﬁi = [glf37iv 9537—1'7 gl?fgn']T (2.35)
Substituting Eq. (2.34) in Eq. (2.30) one gets

ohv = Fr Nighi (2.36)

16



CHAPTER 2. UNIFIED FORMULATION

Derivation of Finite Element Matrices

The internal virtual work formulated for a multilayered plate for the RMVT case can
be written as:

Nr
S / / [6XT ot 4 6L oy + okT (ehes — €ho) A do = 6W;  (2.37)
=1 % Jhi

Restricting Eq. (2.37) to layer k and introducing Hooke’s law (2.11), one gets:

E kT <k _k kT vk k kT _k
oW = /Q /h (056 Cpp €16 + 0€46 Cpn Tnpr + 0€0G 0y +
k k

(2.38)
+ 00k €b ey — 6ohl Ch b — dobl Ch ok )y, dz

Now substituting Eqs. (2.19), (2.20) and (2.36) in Eq. 2.38one has
oW} = a{6qt] (D} (NiI) Z37° Dy, (N;I)) g5} pa +
+<{0gt] Dy (Ni) Z7° Nyl gt} o +

+<{6g"T (DL (N.I) E;iNj + E.  NiN;I] g} oo +

+ 4 {857 [NiErsDya (N;I) + Erg_N;N;I1 ¢";} a +

— < {ogi] [NiZy> Dy (N;1)] g4} o +

T

—<{0giT [NiZ37°Nj) b}

T

with the following layer stiffness

Ck

np’

<Zk7's gkts kTs Zﬁ;s) _ <Ck c*

pp »“pn »“np > ppr ~ pno

Cfm) ETS
which leads to

)

oWl = ogiT [ Klsiigh; + Klpigh] + oghT [Klneigly + Klpigh ] (2.39)
where
KI5 = o[ D (N;I) Z37° Dy, (N;I)] v
KFsi = < [DI(N;I) Z57°Nj + DLo (NJI) ErsNj + E;_oN;N;I| >q
(2.40)
K¥59 = 4 [N;Ers Do (N;I) + Ers _N;N; I— N;Z¥75D,, (N;1)] v
KR = 4[N, ZET5 NS o

Analogously to the PVD case, introducing the external work of applied forces and
imposing the definition of virtual variations leads to the following equilibrium equations
for the mixed case: frsii frsii N
S, S,
Kuz quj + Ku; Jgsj = PTi (2 41)
K50, + K5l =0

17



CHAPTER 2. UNIFIED FORMULATION

As can be seen, for RMVT four 3 x 3 nuclei are be obtained, which explicitly read:

krsij _ ks . . kTs . .
K, ii= Z 111 AN; 2 Nj 2 Do +ZkT p16 AN; yNj 2 > —I—Z 16 < N; +Njy o +
TS
Z 66 QNLyNj’yDQ

kTsij _ rrkrs ) ) kts ) . kts ) )
K1z = Zyp, ]12 AN; 2 Njy o + 2556 <A Ny Njy >o + 2,076 <Nz Nj 2 >o +
TS . .
+Zpp66 < NiyNj 2P0

kTsij
Kuu13 =0

kTsij _ r7krts ) ) kTs . . . .
Koot = pr]iz AN;yNjo o +Zyie <A NizNjz ba +pr26 NGy Njy bo +
TS . .
+Zpp66 < NizNjyPo

pp
. (2.42)
TSUj __ r7kTs . .
Koyuzs = Zppza A NiyNjy o +Z 26 < NiaNjy >o +Z 26 I NiyNje >a +
+ 25786 <N o Nj 2o
kTsij __
Kuu23 =0
kTsij __
Kuu31 =0
kTsij __
Kuu32 =0
ktsij __
Kuu33 =0
kTsij AT
Kyo1r = Er.s ANiNj>o
kTsij __
Ku012 =0
kTsij _ rkrs kTs
Kot = Zpniz < NiaNj >o +257355 9 Ny Njbo
ktsij
Ku021 =0
kTsij AT
K, 505 = Er s <N;Nj>g
(2.43)

kTsij _ r7krs : . kTs . .
Kuo2s = Zpnsz < NiyNjba +25:36 A Nio Nj>o
kTsij
Kucr31] = ETS < Ni,xNjDQ
ktsij
Ku032 - ETS d NinyjDQ

kTsij
Ku033 = Eﬂjzs < NZ'NjI>Q

18



CHAPTER 2. UNIFIED FORMULATION

KM = B, < N;Njbq

KX3d =0

KFsid — B aN;N; .0

KX =0

KNS = B,y aNiNjpg (2.44)

kTsij
Kau23 = ETS < NivayDQ

krsij _ kts N kTs N
Kou31 - _anl3 < NZNJ@ 0 _an36 < NZNLZ/DQ

kTsij __ kTs AT, kTs AT
Kau32 - _an23 4 NZNJyy >0 _an36 4 NZNJ,IDQ

ktsij
Kou33 = ETS,Z <]NZ'N]'I>Q

—Zks AN Njbq  —ZF5. N Njpq 0
K0 = |~z aNiNpa 2573, 4 NiNjpg 0 (2.45)
0 0 —Zkrs A N;Njp>g

The complete fundamental nucleus for RMVT, denoted by the subscript M, is the
following 6 x 6 nucleus:

(2.46)

krsij _ (B Ko™
K, =

kTsij kTsij
K., K.

2.5 Assembling from Layer to Multilayer

Starting point for the assembling procedure of each matrix is the related fundamental
nucleus. Three main steps are necessary to carry out the final matrices:

1. Assembling of the matrices at element and layer level for each layer

2. Assembling of the matrices at multilayer level, depending on the used variables
description

3. Assembling of the matrices at structure level

The assembly shall be shown in detail for the PVD case. In order to obtain multilayer
matrices for the mixed case, the procedure is exactly the same as for the PVD case,
while using the fundamental nuclei (2.46) for the mixed case. By expanding the indices
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CHAPTER 2. UNIFIED FORMULATION

(1, s) of the fundamental nucleus for PVD, see (2.26), the nucleus can be written as

r Kkttij Kthij o KktNZj Kktbij 1
KRG pk22ii pokeNip o pek2bi
K = . (2.47)
Kkbtij Kkaij KkbNij Kkbbij

with 4,7 =1,2,..., N,,. Now also expanding the indices (i, j) one gets:

r Kkll Kk12 o Kkan
Kk21 Kk22 o Kk2Nn

Ko | o (2.48)
K'k‘.]\'fnl Kk‘Nn2 . KanNn

This procedure has to be done for every layer. The scheme for the assembly at element
and layer level is shown in Fig. 2.7 for a 4-node element with 3rd order expansion in
z—direction.

=]
12/13/14
22|23|24
32|33|34
42/43/44

ktt11 k 11 K
K K K

Figure 2.7: Assembly of the stiffness-matrix at element and layer-level; 4-node ele-
ment with 3rd order expansion in z—direction

The assembly of the matrices at multilayer level depends on the used variables descrip-
tion. For ESL case this can be done very easily. The layer matrices K* have to be
simply summed to get the final matrix at multilayer level (see Fig. 2.8). In layerwise
description, primary variables are independent in each layer. Continuity is only re-
quired at the interfaces. Assembly procedure is shown in Fig. 2.9.

Finally the assembling of the matrices at structure level has to be done applying the
usual methodologies of the finite element method. Further information of these proce-
dures can be found in many books, i.e. [6]. In order to obtain multilayer matrices for
the mixed case, the procedure is the same as written for the PVD case, but now using
the fundamental nuclei (2.46) for the mixed case.
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layer 2

OO

0|00
layer 1 QOO layer 3
mjnjn YANVANVAN
L1010 YANVANVAN
Hjmn YANVANVAN

<§23& multilayer ngf>

DB

[l[alja}

[[aljal

Figure 2.8: Assembly of the stiffness-matrix at multilayer-level for ESL case; 3 layers

layer 2
0100
OO0
layer 1 OIOIO layer 3
Hjm)n JANVANVAN
jmn JANVANVAN
Hjnin @ JANVANVAN
<§23& multilayer ngf>
Hjjmyn
Hjm
00000
0|00
OlIOBIAIA
ZANVANVAN
JANVANVAN

Figure 2.9: Assembly of the stiffness-matrix at multilayer-level for LW case; 3 layers
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Chapter 3

Numerical Results for Pure
Mechanical Case

3.1 PVD Analysis

Static and dynamic analysis have been performed with different polynomials choices
and various order of expansion for the thickness functions. The aim is to try to provide
an answer to the question: which is the most reliable and computational efficient FE
model?

3.1.1 Free Vibration Analysis

Free vibration analysis is performed by using the governing equation (2.29). The un-
damped dynamic problem can be written in terms of the following ordinary differential
equations system:

Mg+ Kq=P (3.1)
where M is the mass-matrix, K is the stiffness-matrix, g is the vector of nodal dis-
placement unknowns, § is the vector of accelerations and P is the vector of nodal loads.
Moreover, the i-th natural frequency w; of the system can be calculated by solving the
generalized eigenvector-eigenvalue problem, where a; is the ¢-th eigenvector:

(~w!M+K)a; =0 (3.2)

The circular frequency as a global parameter of various single and multilayered plates
has been analysed and compared with analyical values. For both cases, ESL and LW,
results with the different kinds of polyinomials above described have been obtained.
The following three cases have been investigated:

(1) Single layer square plate, isotropic material, simply supported
a=b=05m, a/h =250, E =73GPa, v = 0.34, p = 2800kg/m?,

(2) Single layer square plate, orthotropic material, fully clamped
a =5b=03m, a/h = 93.75, E; = 14.17GPa, Fy = E3 = 888GPa, G =
2.93 GPa, v15 = 0.295; p = 1771.5kg/m3

(3) Multilayered orthotropic square plate, cross-ply skew symmetric (0°/90°) and sym-
metric (0°/90°/0°) laminates (the total thickness of layers 90° and 0° oriented is
the same)

a/h =5, Gpr/Er = Grz/Er = 0.50, Gprr/Er = 0.35, vpr = vz = 0.3, vpp =
0.49; various Er,/Er ratios
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CHAPTER 3. NUMERICAL RESULTS FOR PURE MECHANICAL CASE

Single Layer Plates

To confirm the correctness of the formulations of both models, LW and ESL, the circular
frequencies of case (1) have been analyzed and compared to the exact analytical values.
As it is only one single layer, the results for LW and ESL description should be exactly
the same. Table 3.1 shows the perfect accordance of both models. As case (1) is a
very thin plate there are no significant differences also for the different orders of the
expansion. It is noticeable that for higher frequecy modes in this case, the results of
first order expansion are even a bit closer to the exact solution than for higher order
expansion. This is an effect of the correction of the constitutive coefficients embedded
in the first order to withstand the thickness locking. Convergence to the exact solution
by refining the mesh can be seen in Tab. 3.2 for both models.

The second single layer plate, described as case (2) above, has been investigated with
two different elements (@4 and Q9). The convergence for refining the mesh is confirmed
in Tab. 3.3 and 3.4. You can see in the results for the (?9-element that also a slight
oscillation around the exact value can appear.
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frequency modes W, ) (L,1) (2,1) (1,2) (2,2)

Analytical values
3D closed form solution|7] 39.7 98.2 982 157.2

MUL2, Q4, 8x8

LD4(LGR) 401 105.6 105.6 169.7
LD3(LGR) 401 105.6 105.6 169.7
LD2(LGR) 401 105.6 105.6 169.7
LD1(LGR) 401 1049 104.9 168.9
LD4(LGD) 401 105.6 105.6 169.7
LD3(LGD) 401 1056 105.6 169.7
LD2(LGD) 401 105.6 105.6 169.7
LD1(LGD) 401 1049 1049 168.9
ED4(TYL) 401 105.6 105.6 169.7
ED3(TYL) 401 105.6 105.6 169.7
ED2(TYL) 401 105.6 105.6 169.7
EDI1(TYL) 401 1049 1049 168.9
ED4(LGR) 401 105.6 105.6 169.7
ED3(LGR) 401 105.6 105.6 169.7
ED2(LGR) 401 105.6 105.6 169.7
EDI1(LGR) 401 1049 1049 168.9
ED4(LGD) 401 105.6 105.6 169.7
ED3(LGD) 401 105.6 105.6 169.7
ED2(LGD) 401 1056 105.6 169.7
ED1(LGD) 401 1049 1049 168.9

Table 3.1: Case (1): Frequency modes Wy, ) with m,n = number of half-waves in x-
and y-direction
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frequency modes w,, ) (1,1) (2,1) (1,2) (2,2

Analytical values
3D closed form solution|[7] 39.7 982 982 157.2

MUL2, Q4, 8 x 8

EDI1(TYL) 401 1049 1049 168.9
EDI1(LGR) 401 1049 1049 168.9
ED1(LGD) 401 104.9 1049 168.9
LD1(LGR) 401 1049 1049 168.9
LD1(LGD) 401 104.9 1049 168.9

MUL?2, Q4, 10 x 10

ED1(TYL) 39.8 1025 1025 1647
ED1(LGR) 39.8 1025 1025 164.7
ED1(LGD) 39.8 1025 1025 1647
LD1(LGR) 39.8 1025 1025 164.7
LD1(LGD) 39.8 1025 1025 1647

MUL2, Q4, 12 x 12

ED1(TYL) 39.7 101.3 101.3 1624
ED1(LGR) 39.7  101.3 101.3 1624
ED1(LGD) 39.7 101.3 101.3 1624
LD1(LGR) 39.7  101.3 101.3 1624
LD1(LGD) 39.7 101.3 101.3 1624

Table 3.2: Case (1): Convergence for frequency modes w(y, ) With m,n = number of
half-waves in x- and y-direction
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frequency number w; 1 2 3 4 ) 6 7

Analytical values*
150.39 284.49 330.18 444.91 502.75 610.52 646.42

MUL2, Q4, 8 x 8

ED1(TYL) 155.42 313.62 367.92 493.60 635.72 779.95 781.21
ED1(LGR) 155.42 313.62 367.92 493.60 635.72 779.95 781.21
ED1(LGD) 155.42 313.62 367.92 493.60 635.72 779.95 781.21

MUL2, Q4, 12 x 12

ED1(TYL) 151.70 294.59 343.52 461.26 550.08 670.97 692.85
ED1(LGR) 151.70 294.59 343.52 461.26 550.08 670.97 692.85
ED1(LGD) 151.70 294.59 343.52 461.26 550.08 670.97 692.85

MUL2, Q4, 16 x 16

ED1(TYL) 150.45 288.52 335.74 450.88 525.27 639.34 666.70
ED1(LGR) 150.45 288.52 335.74 450.88 525.27 639.34 666.70
ED1(LGD) 150.45 288.52 335.74 450.88 525.27 639.34 666.70

Table 3.3: Case (2): Convergence studies for the first 7 frequencies w; with Q4 el-
ements; (*)The free vibration frequencies of the pultruded GRP, square
plates are computed on the basis of the homogeneous orthotropic and
anisotropic thin plate theory. Approximate closed-form expressions are
referred to, see [8]
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frequency number w; 1 2 3 4 ) 6 7

Analytical values*
150.39 284.49 330.18 444.91 502.75 610.52 646.42

MUL2, Q9, 3 x 3

ED1(TYL) 150.43 303.21 355.17 479.04 616.02 752.31 756.65
ED1(LGR) 150.43 303.21 355.17 479.04 616.02 752.31 756.65
ED1(LGD) 150.43 303.21 355.17 479.04 616.02 752.31 756.65

MUL2, Q9, 6 x 6

ED1(TYL) 148.96 282.29 327.84 440.30 505.81 614.60 645.08
ED1(LGR) 148.96 282.29 327.84 440.30 505.81 614.60 645.08
ED1(LGD) 148.96 282.29 327.84 440.30 505.81 614.60 645.08

MUL2, Q9, 9 x 9

ED1(TYL) 148.89 281.34 326.57 438.59 498.33 604.98 637.73
ED1(LGR) 148.89 281.34 326.57 438.59 498.33 604.98 637.73
ED1(LGD) 148.89 281.34 326.57 438.59 498.33 604.98 637.73

Table 3.4: Case (2): Convergence studies for the first 7 frequencies w; with Q9 el-
ements; (*)The free vibration frequencies of the pultruded GRP, square
plates are computed on the basis of the homogeneous orthotropic and
anisotropic thin plate theory. Approximate closed-form expressions are
referred to, see [8]
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Multilayered Plates

In the next step, circular frequencies for the more complex and intersting case of mul-
tilayered plates have been investigated with different polynomials for the thickness-
functions. Therefore the results of free vibration analysis of case (3) are compared with
the exact 3D-solution and different availiable analytical results, see [9]. Frequencies
are presented in dimensionless form (w = wh+/p/ET) in Tab. 3.5 and Tab. 3.6. The
tables show that even for a 3 x 3 mesh with a Q9 element, the results are very close
to the analogous analytical LD and ED values. LW analyses lead to better results
than ESL ones; with a 6 X 6 mesh even the exact analytical value can be obtained in
layerwise case. The results for thickness-functions based on Legendre and Lagrange
polynomials are in both cases, LW and ESL, the same for the first 6 significant digits.
In contrast, for the equivalent single layer case it is now obvious that the choice of Tay-
lor or Lagrange/Legendre expansion leads to different results. With Taylor expansion,
results converge faster to the analytical value and are closer to the exact 3D result.
Furthermore the results of ESL anylysis with Lagrange and Legendre expansion show
no difference between Ny = 2 and Ny = 3 as the total thickness of the multilayered
plate and the total thickness of layers oriented 90° and 0° remains the same.
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N 2 3
EL/Er 3 30 3

Analytical values [9]

3D Exact 0.2392 0.3117 0.2516
ED4 0.2394 0.3133 0.2518
ED3 0.2394 0.3167 0.2519
ED2 0.2418 0.3198 0.2569
ED1 0.2662 0.3367 0.2778

MUL2, Q9, 3 x 3

ED1(LGR 0.2640 0.4343 0.2640

ED4(TYL) 0.2398 03138  0.2523
ED3(TYL) 02399 03172  0.2523
ED2(TYL) 0.2423 0.3203  0.2573
ED1(TYL) 02459 0.3272  0.2587
ED4(LGR) 0.2551 0.4141  0.2551
ED3(LGR) 0.2551 0.4143  0.2551
ED2(LGR) 0.2587 0.4335  0.2587
(LGR)

ED4(LGD) 0.2551 0.4141  0.2551
ED3(LGD) 0.2551 0.4143  0.2551
ED2(LGD) 0.2587 0.4335  0.2587
ED1(LGD) 0.2640 0.4343  0.2640

MUL2, Q9, 6 x 6

ED3(TYL) 02395 0.3168  0.2519
ED3(LGR) 0.2547 04139  0.2547
ED3(LGD) 0.2547 0.4139  0.2547

Table 3.5: Case (3): Frequency parameter & = wh+/p/E7p with ESL model
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N 2 3
EL/Er 3 30 3

Analytical values|9]

3D Exact 0.2392 0.3117 0.2516
LD4 0.2392 0.3117 0.2516
LD3 0.2392 0.3117 0.2516
LD2 0.2395 0.3168 0.2517
LD1 0.2478 0.3210 0.2556

MUL2, Q9, 3 x 3

LD4(LGR) 0.2396 0.3121  0.2520
LD3(LGR) 0.2396 0.3122  0.2520
LD2(LGR) 0.2399 0.3172  0.2521
LD1(LGR) 0.2482 0.3214  0.2560
LD4(LGD 0.2396 0.3121  0.2520
LD3(LGD 0.2396 0.3122  0.2520

(LGD)

(LGD)
LD2(LGD) 0.2399 0.3172  0.2521
LD1(LGD) 0.2482 0.3214  0.2560

MUL2, Q9, 6 x 6

LD3(LGR) 0.2392 03118  0.2516
LD3(LGD) 0.2392 0.3118  0.2516

Table 3.6: Case (3): Frequency parameter @ = wh+/p/Er with layerwise model
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3.1.2 Pagano Problem - Cylindrical Bending

Also a mechanical analysis for composite laminates in cylindrical bending has been
performed with different kind of polynomials for ESL and LW theories. The results are
compared to the exact solutions by Pagano [10]. Therefore the following material data
have been used:

symmetric 3-ply laminate (0°/90°/0°) with layers of equal thickness; a/h = 4

Ep = 25 x 10 psit, By = 10psi, Grr = 0.5 x 10 psi, Grpr = 0.2 x 10 psi, vpr =
vrr = 0.25

simply supported at the tips x =0 and x = a

sinusoidal load in x-direction (see also Fig. 3.1): p = pgsin(Z*)

Figure 3.1: Sinusoidal load in x-direction: p = pgsin(%")

The results for the displacement u; and stresses 011, 013 and o33 are presented in the
following normalized form:

~ _ Erui(0,2) ~ _ o11(a/2,2) ~ _ o033(a/2,2) ~ _ 013(0,2)
U= Ty = T Osy = TUpms, Oiy= s

At first, the convergence for different meshes has been determined to choose an ade-
quate solution for the problem. Therefore the displacement w3 in the middle of the
plate and the in-plane stress o1; have been calculated, each with a 10 x 1, 30 x 1 and
50 x 1 mesh, see Tab. 3.7; the 50 x 1 mesh has been applied for any further investiga-
tions.

Equivalent Single Layer Results

Different approaches lead to different distribution of variables through the thickness
of the plate. This justifies the fact that a single-point comparison between results
obtained by various approaches is not sufficient to asses the corresponding level of
accuracy. A more complete picture can be obtained by looking at the distribution of
stresses and displacement variables through the thickness-plate direction which is done
in the Figs. 3.2 - 3.6. For the ESL case, the choice of Taylor-polynomials leads to
different results than Lagrange and Legendre expansions. Figure 3.2 shows a very good
behavior for Taylor expansion at the top, bottom and center of the plate for the inplane
displacement wu1; only at the interfaces 3D solution cannot be fully obtained. Using
Lagrange and Legendre polynomials, results close to the exact solution mainly appear

11 psi = 6894.7573 Pa
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us3 top middle  bottom
3D Pagano 7.738 7.391 7.269

10 x1 LD3(LGD) 7.795 7.426 7.303
30 x1 LD3(LGD) 7.763 7.399 7.278
50 x 1 LD3(LGD) 7.760 7.397 7.276

011 top middle  bottom
3D Pagano 18.81 0.09762 -18.10

10 x 1 LD3(LGD) 18.62 0.09904 -17.90
30 x1 LD3(LGD) 18.79 0.09723 -18.08
50 x 1 LD3(LGD) 18.80 0.09708 -18.09

Table 3.7: Pagano cylindrical bending: Convergence for us and ¢11 in the center of
the plate

at the top or the bottom area of the plate. Also in Fig. 3.6 results for the transverse
shear stress 013 with Taylor expansion are slightly closer to the exact solution than the
ones obtained with Lagrange and Legendre polynomials. Ont the other hand, you can
see in Figs. 3.3, 3.5 and 3.6 that the error related to different polynomials assumptions
is very much depending on the z-position. A general conclusion on the fairness of a
given approach can hardly be made.
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Layerwise Results

For the LW case there are very little differences in the corresponding results for La-
grange and Legendre polynomials, see Figs. 3.7 to 3.11. Almost the same accuracy is
obtained with both expansion for a fixed order. Only for the in-plane displacement u,
the result for Legendre Polynomials of 2nd-order expansion shows a slight irregularity,
see Fig. 3.7 and 3.8. This could be caused by the fact that u; is calculated directly
in the simply supported boundary of the plate which is a very sensitive point in FEM
modeling. You can see that layerwise models are able to reproduce 3D through-the-
thickness distribution of displacements (Fig. 3.8), shear stress (Fig. 3.10) and transverse
stress variables (Fig. 3.11 to 3.13) for higher order analysis.
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3.1.3 FE models accuracy versus Degrees of Freedom

Another interesting point is the consideration of the degrees of freedom for ESL and
LW results. Further comparisons among ESL and LW theories, different polynomials
choices and various order of expansion for the thickness functions are provided in this
section to answer the question: which is the most reliable and computational efficient
FE model?

Table 3.8 shows the number of degrees of freedom (nDOFSs) related to various theories
when they are employed to model the cylindrical bending of the Pagano problem with
a 50 x 1 mesh of Q4 FEs. EDI1 cases correspond to the most available plate/shell
element available in commercial codes. The LD4 analysis requires more than 6 time
the nDOF's considered in the ED1 analysis. It is significant to notice that the third
order ESL analysis (ED3) requires the same nDOF's as the first order LW analysis (LD1)
(see Tab. 3.8). Of course, such an equivalence is due to the considered lay-out, which
consists of a three-layered plate. LD1 would result more expensive or more convenient
by incerasing/decreasing the number of constituent layers, respectively. An extensive

Order 1 2 3 4
DOF LD 1224 2142 3060 3978
DOF ED 612 918 1224 1530

Table 3.8: Degrees of freedom (DOF) for 3 layers with a Q4 50 x 1 mesh

comparison between LD1 and ED3 results is proposed in the following.

In-plane displacement results are compared in Tab. 3.9 while in-plane normal stresses
are compared in Tab. 3.10. The comparison for u; and for 17 quantities is also given
in Figs. 3.14 and 3.15. It is obvious that only the layerwise analyses are able to show
the particular effects at the layer interfaces. Only for transverse stresses, results are
still not fully satisfying. Transverse normal stress o33 and transverse shear stress o3
are shown in Figs. 3.16 and 3.17. You can see that even with layerwise model LD1
there are problems calculating accurate transverse stresses at the top, the bottom and
especially the layer interfaces. Results show discontinuities at the interfaces which
should be continuous due to physical reasons. The following conclusion can be made:
As far as computational effort is concerned, linear LW description should be preferred
to higher order ESL theories. If also accurate results for transverse stresses are needed,
the usage of mixed models based on Reissner’s Mixed Variational Theorem (RMVT) is
recommended. Advantages and results on RMVT model are discussed in the following
section.
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top 1st interface 2nd interface bottom

Pagano Exact -0.940 0.253 -0.201 0.920
LD1(LGR) -0.740 0.383 -0.149 0.902
ED3(TYL) -0.924 0.0190 0.00475 0.874
ED3(LGR) -1.269 -0.381 -0.127 0.704
ED3(LGD) -0.867 0.0212 0.276 1.107

Table 3.9: Pagano cylindrical bending: Comparison of different FE models with same
DOF for ﬂl

top  1st interface top/bottom 2nd interface top/bottom bottom

Pagano Exact 18.81 ~4.762 / -0.026 0.237 / 4.058 -18.10
LDI(LGR)  16.50 -5.547 / -0.121 0.325 / 4.767 -15.92
ED3(TYL)  18.17 -0.432 / 0.133 0.0708 / -0.2438 -17.47
ED3(LGR)  19.97 2.357 / 0.248 -0.0315 / -2.752 -19.24
ED3(LGD)  19.97 2.357 / 0.248 -0.0315 / -2.752 -19.24

Table 3.10: Pagano cylindrical bending: Comparison of different FE models with
same DOF for 011
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3.2 RMVT Analysis

The results obtained above using PVD are already very accurate for higher order expan-
sions, especially for layerwise analysis. But there are still some problems with modelling
transverse stresses with PVD. As seen in the previous section, discontinuities can appear
at the layer interfaces. An extension of PVD with the aim of an improved description
of the transverse stresses is the use of Reissner’s Mized Variational Theorem. RMVT
offers the possibility to fulfil “a priori” the interlaminar continuity by also assuming
the transverse stresses o, as primary variables.

3.2.1 Pagano Problem - Cylindrical Bending

Mechanical analysis again for the Pagano-problem have been performed with RMVT-
model. Results have been compared to PVD results and 3D exact solution. Figures 3.18
to 3.22 clearly show the advantage of the mixed model: Transverse stresses are contin-
uous at the layer interfaces. With higher order models the 3D solution is fully obtained
also for transverse stresses. For inplane stresses results are very similar to those ob-
tained with PVD. Also in this case, higher order analyses lead to 3D solution, see
Figs. 3.23 and 3.24. The same applies for displacement results which is not shown here
for sake of brevity.
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3.2.2 A Global Scalar Parameter for Stress Accuracy Evaluation

To describe the performance of modeling stresses with a FEM model, it is necessary to
consider all 6 stresses 011, 022, 012, 013, 023, 033 and their distribution along z. Only
looking at particular stresses or particular locations in the thickness-direction cannot
describe the quality of a model satisfactorily. Therefore a simple global parameter for
the accuracy of stresses of different FEM models has been adopted. The idea is to
consider all 6 stresses and give their accuracy in comparison to a reference solution by

- numerically integrating the area between FEM and reference solution along z
- dividing the result through the total area of the reference solution along z

for each of the 6 stress-components. To obtain as final value a kind of normalized error
ER in % it is multiplied with factor 100%. Results for all stresses can be summed af-
terwards. Following this criteria, results close to zero confirm a very accurate modeling
(low error), high values identify problems with accurate modeling.

Two stacking sequences have been considered, the symmetric [0/90/0] and the anti-
symmetric [90/0] case (stacking-sequence starts form the top). In addition, the depen-
dency of the error on the lamination angle is shown for the anti-symmetric case.

Material properties of the considered plates are:
Er = 1325MPa, Er = 10.8 MPa, Grr = 5.7MPa, Gprr = 3.4MPa, vy = 0.24,
vrr = 0.49.

Tables 3.11 and 3.12 show the results for ER for all 6 stresses. For plane stresses,
results are very accurate, nearly all models provide an error of only around 1% or even
less. With transverse stresses the error rises for PVD models, especially ED1 solu-
tion is totally out of range. RMVT-based models are able to describe also transverse
stresses very accurate, especially higher orders provide nearly the exact solution for all
6 stresses. ED1 results are the worst, other theories all lie in-between. The necessity of
using mixed theories for getting accurate results in all stresses is confirmed. In Fig. 3.25
also the dependency of ER on the lamination angle for different theories is shown. For
different theories, different behaviors can be found.
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ER(O’ll) ER(O’QQ) ER(O’lg) ER(O’lg) ER(O’Qg) ER(O’gg) sum
(@/2,0/2) (a/2,0/2) (0,0)  (0,a/2) (a/2,0) (a/2,a/2)

Classical ESL

ED1 1.85 1.95 1.65 37.74 37.38 873.07 953.6
ED2 1.33 1.31 0.61 34.22 34.19 46.07 117.7
ED3 0.72 0.73 0.35 18.78 19.20 38.69 78.5
ED4 0.62 0.63 0.22 17.75 18.07 33.43 70.7
Classical LW
LD1 3.73 3.79 2.38 34.56 34.54 371.59 450.6
LD2 0.79 0.80 0.43 22.74 23.17 8.19 56.1
LD3 0.13 0.13 0.02 13.08 13.33 4.55 31.2
LD4 0.12 0.12 0.02 13.08 13.33 3.63 30.3
Mixed LW

LM1 5.82 5.94 1.11 30.71 30.44 8.59 82.6
LM2 0.88 0.89 0.49 14.15 14.41 2.51 33.3
LM3 0.46 0.46 0.39 0.92 0.92 0.36 3.5

Table 3.11: ER in % for all 6 stresses; stacking sequence [90/0] (top-to-bottom); mesh
15 x 15; Pagano 3D solution as reference

ER(O’ll) ER(O’QQ) ER(O’lg) ER(O’lg) ER(O’Qg) ER(O’gg) sum
(@/2,0/2) (a/2,0/2) (0,0)  (0,a/2) (a/2,0) (a/2,a/2)

Classical ESL

ED1 4.76 4.98 2.77 49.51 40.35 403.17 505.5
ED2 4.46 4.25 2.89 48.41 36.34 13.01 109.4
ED3 0.83 0.93 0.71 20.55 21.70 17.18 61.9
ED4 0.91 0.43 0.71 20.57 21.75 4.63 49.0
Classical LW
LD1 1.37 4.80 0.95 23.47 30.13 140.56 201.3
LD2 0.19 0.55 0.15 5.68 21.16 4.03 31.8
LD3 0.05 0.24 0.09 4.79 19.52 2.02 26.7
LD4 0.05 0.24 0.09 4.79 19.52 1.97 26.7
Mixed LW

LM1 2.46 5.93 1.38 4.92 22.06 71.29 108.0
LM2 0.41 0.63 0.44 3.01 7.53 0.52 12.5
LM3 0.21 0.33 0.35 0.42 0.63 0.31 2.3

Table 3.12: ER in % for all 6 stresses; stacking sequence [0/90/0]; mesh 15 x 15;
Pagano 3D solution as reference
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3.3 Failure Analysis

Composite materials are characterized by a mechanics and a failure mechanics which
are more complicate than those of conventional materials. A correct design requires an
accurate and effective prediction of failure parameters, such as failure loadings, failure
locations and failure indices. Highly accurate mechanical models are therefore needed to
effectively describe the mechanics of composites and predict their failure. The RMVT
model presented in this work is able to model all stresses with very high accuracy, and
therefore particularly suitable for failure forecast. In this work, the Maximum Stress
failure criteria has been adopted and shall be introduced in short form in the following
part. Further investigations could be part of future works, including also other failure
criteria, i.e. the criteria for composite laminates of Puck.

3.3.1 Maximum Stress Failure Criteria

The idea of Maximum Stress criteria is to compare the lamina stress status with the
lamina normal and shear strength. Failure occurs when the ratio is greater or equal to
1.

|0’11| |023|
— >1 = >1
X -7 R —
o2 013
—== > 1 —>1 3.3
v 2L 5 2 (3.3)
|o33] lo12]
22 > 1 —= >1
zZ — 7 T —

X, Y, and Z represent the lamina normal strengths while R, S, and T" are the lamina
shear strengths (23, 13, 12) in the layers. Normal strengths depend on the sign of the
corresponding stress component. In the case of tensile stresses, the tensile strengths
X7, Yr and Zp must be used in Eq. (3.3). For negative values of the normal stress
components the compressive strengths X, Yo and Z¢ have to be used. Due to the
linearity of the problem, a relation of proportionality holds between the applied loading

p,(z(,)z) and every stress component. This means for every equation in (3.3) a failure loading

pg) can be calculated with the following formula:

F X R

p,(zz,)ll = p,(zg)m Pz 23(F) = pgg)@
F Y S

p,(zz,)22 = p,(z(,]z) @ Pzz13(F) = pﬁ?m (3.4)
F A T

p,(zz,)33 =pl% o3l Pzz12(F) = p,(z(,]z)m

The minimum failure load is the minimum value of Eq. (3.4). Failure indices can be
computed along the thickness z considering the minimum failure load as reference.

3.3.2 Results with Maximum Stress Criteria

Two different stacking sequences, the symmetric [0/90/0] and [0/45/0] as well as the
antisymmetric [0/90/0/90] configurations have been investigated. Stacking sequence
starts from plate top. Ply angles are measured with respect to the x—axis. All of the
plies are made of the 7'300/5208 graphite/epoxy material. Its mechanical properties
are:
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Er = 132.5MPa, Er = 108 MPa, Gppr = 5.7MPa, Gpr = 3.4MPa, vy = 0.24,
vrr = 0.49.

Material strengths are:
Xy = 1515 MPa, X, = 1697 MPa, Y; = 43.8 MPa, Y. = 43.8 MPa, Z; = 43.8 MPa,
Z.=438MPa, R = 86.9MPa, S = 67.6 MPa, T" = 86.9 MPa

All layers have the same thickness, the plate sides are of equal length. Three dif-
ferent thickness ratios are considered a/h = 100, 50, 10 in order to deal with thin and
moderately thick plates. A bi-sinusoidal loading with a half wave for each side is ad-
dressed.

First results presented in this work point out the necessity to use mixed formulation for
failure analysis. With PVD model, wrong transverse shear stresses 013 and o93 appear
in the center of the plate which should be zero, see Fig. 3.33 and 3.34. For thin plates
these wrong stresses can be so high that they cause the minimum failure load and lead
to wrong results. For thicker plates the minimum failure load is not affected, but in
the distribution of the failure index along the z-direction, you can see that information
get lost in some areas where these wrong transverse stresses are too high. Therefore
only mixed models should be used for running failure analysis. Results for minimum
first-ply failure loading values are presented in Tab. 3.13. LM models achieve very ac-
curate results already with 2nd-order expansion. For all the addressed cases, minimum
failure load occurs in the center point of the plate but in different locations along the
z-direction for the different stacking-sequences. For the [0/45/0] case, critical points
are found in the layer interfaces which can be seen in Fig. 3.30 and Fig. 3.31, while
for [0/90/0] and [0/90/0/90] failure occurs on the top of the plate (see Fig. 3.26 to
3.29). Results for the [0/90/0] and [0/90/0/90] are compared with Pagano 3D exact
solution. Convergence is shown in Tab. 3.14. Furthermore analysis have been done for
the 3-layer case with step wise changing the orientation of the middle layer in steps
of 15deg. Results are shown in Fig. 3.32 It can be seen that the most critical point
for failure in the z-direction depends a lot on the ply angles of the laminate and can
change from the top to the interfaces of the lamination.
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a/h 100 50 10
[MPa] x1072  x107!  x1
Analytical

3D Pagano 9.1838  3.6434  7.2858
MUL2, Q4, 8 x 8

ED1 3.6496* 2.6682* 5.9578
ED2 3.4410*  2.7355* 7.7215
ED3 3.4386* 2.7280* 7.1818
ED4 3.4386* 2.7280"  7.3307
LD1 3.4620*  2.7470* 6.5592
LD2 3.4382%  2.7268"  7.2457
LD3 3.4382%  2.7267* 7.2847
LD4 3.4382*  2.7267* 7.2901
LM1 8.2752  3.2824  6.5338
LM2 9.2822  3.6798  7.2344
LM3 9.2829  3.6805  7.2579
LM4 9.2829  3.6807  7.2613

(*)Minimum failure loading due to wrong transverse shear stresses

Table 3.13: Minimum first-ply failure loading values; [0/90/0] stacking sequence

a/h =100 a/h =50 a/h=10

[MPa] x1072 x1071 x1

3D Pagano 9.1838 3.6434 7.2858
LM2, Q4,6 x 6 9.3656 3.7106 7.2115
LM2, Q4,8 x 8 9.2822 3.6798 7.2344
LM2, Q4,10 x 10 9.2455 3.6660 7.2432

Table 3.14: Convergence for first-ply failure loading values with Maximum Stress Cri-
terion; [0/90/0] stacking sequence
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Figure 3.26: Failure index via max stress criterion along thickness (; a/h = 50,
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Figure 3.27: Failure index via max stress criterion along thickness (; a/h = 10,
[0/90/0]
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Figure 3.28: Failure index via max stress criterion along thickness (; a/h = 50,
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Figure 3.29: Failure index via max stress criterion along thickness (; a/h = 10,
[0/90/0/90]
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Figure 3.30: Failure index via max stress criterion along thickness (; a/h = 50,
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Figure 3.31: Failure index via max stress criterion along thickness (; a/h = 10,
[0/45/0]
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Figure 3.32: Failure index via max stress criterion along { for various lamination

angles; a/h = 10, load is minimum failure load at the top; LM2 model
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Figure 3.33: o013 in the center of the plate along thickness (; a/h = 10, [0/90/0]

56



CHAPTER 3. NUMERICAL RESULTS FOR PURE MECHANICAL CASE

1 T T
LMl —— i
ED4 ----- ;
] LD4 oo i
1+ 3D exact + ;i
0.5 | : i
=  of P
05 ] :
4 U ‘ ‘ ‘ i ‘ ‘
0 0.5 1 1.5 2 2.5 3 3.5
Oy3 [-]

Figure 3.34: o093 in the center of the plate along thickness (; a/h = 10, [0/90/0]
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Chapter 4

Electro-Mechanical RMVT

Smart structures such as piezoelectric materials can be considered the candidates for
next generation structures in aerospace vehicles as well as for advanced products in
the automotive and ship industries. Piezoelectric materials can be simple integrated
in composite structures. Very often, piezoelectric layers are embedded in laminated
structures made of anisotropic composite materials. Thus they offer the possibility to
combine the low density, superior mechanical and thermal properties of composite ma-
terials with the capacity to act as senors, actuators and for controlling. The advantage
of using RMVT consists in the possibility of assuming two independent set of variables:
A set of primary unknowns and a set of extensive variables which are modeled in the
thickness plate z-direction. This leads to the “a-priori” and complete fulfillment of the
interlaminar continuity for the modeled extensive variables, with consequent satisfac-
tion of the C¥ requirements. In Sec. 4.10, the RMVT has be used to obtain accurate
results for transverse stresses in pure mechanical problems. The idea is to expand the
RMVT to other variables of the multifield case. In the electro-mechanical coupled case,
an additional assumption for the transverse electric displacement D, is made.

4.1 Considered variational statements

For sake of completeness the PVD statement for the electromechanical case is intro-
duced at first. Main focus shall be put on the expansion of RMVT to the electro-
mechanical coupling, the so called RMVT-0,-D,, which is described in Sec. 4.1.2.

4.1.1 The PVD for the electro-mechanical case

Dividing stresses and strains into in-plane and out-of-plane components the mechanical
PVD statement reads (see also Sec. 1.2):

/((5617;6; opc + €l anc)dV = W, (4.1)
14
with:

eg :{ €xe €yy €y }; O'Z :{ Oz Oyy Oy };

652{ €2z €xz €Eyz }; O'z;:{ Ozz Ozz Oyz }

Cartesian z,y, z reference system is considered and notation already used in previous

[}

sections is referred to: subscript “p” denotes in-plane unknowns and subscript “n
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denotes out-of-plane unknowns; subscript “z” indicates the through-the-thickness z-
direction, while subscripts “z” and “y” are for the two in-plane directions.

In the case of applied electro-mechanical loading on a surface €2 the virtual variation of
the external work, employing Einstein’s summation convention over repeated indices,

can be expressed as:
5We = / (EZ 5ul — Qé@) dQ, (4.2)
Q

where:

t; is the mechanical loading in i-direction (pressure);
u; is the displacement component in i-direction;

Q@ is the charge density on the plate surface;

¢ is the electric potential.

Including electrical contributions, the PVD in Eq. (4.1) becomes:

/v (0erq Opc + 0€h 0ned — SE L Dy — 6B, Dnc) dV = §W,, (4.3)

with:
El={E, E,}; D! ={ D, D, }; (4.4)
E,={E. }; D,={D.}. (4.5)

D and F indicate the electric displacement and the electric field, respectively. The
condensed vectorial notation discussed in [11] is employed in the follwing part. The
two multifield variables are introduced:

ST:{ Oz Oyy Ony —Dy —Dy 0., 0z, o0y, —D, }, (4.6)

8T:{ €xx €yy €xy Fo By € €. €. F, }, (4.7)

where 8 is the vector of extensive variables and £ is the vector of intensive ones. Ap-
plying the condensed notation, it is possible to rewrite Eq. (4.3) for multifield problems
in the following simple form:

/v (€L Sc) dvV = . (4.8)

4.1.2 The RMVT-0,-D,

The RMVT statement with “a-priori” modeling of the transverse stresses o, and trans-
verse electric displacement D, (or D,,) is here called RMVT-0,-D, The expansion of
the classical RMVT to the electro-mechanical case leads to the following equation [12]:

6D, (E, — E,.))dV = 6W.,.

(4.9)

By referring to the condensed notation and considering that subscript “a” indicates
“not modeled quantities”, while subscripts “b” is related to “modeled quantities”, the
following vectors can be introduced:

T
SaC:{Jxx Oyy Ogxy -D, _Dy }C
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is the vector of not-modeled extensive variables, which are calculated by constitutive
relations;

Sb:{ Ozz Ogz Oy —D; }T

is the vector of modeled extensive variables;

T
SaG:{ €xx Cyy CExy E, Ey }G

is the vector of intensive variables associated to S,c and calculated by geometrical
relations;

gbG:{ €22 €z €y L }g

is the vector of intensive variables associated to &p and calculated by geometrical
relations;

gbC:{ €2z €z €y L }2

is the vector of intensive variables associated to & and calculated by constitutive re-
lations.

In so doing, the RMVT statement with “a-priori” modeling of the transverse electric
displacement D, and transverse stresses o, takes the following form:

/ (0EL Suc + 0EL; Sy + 08 (Eps — Ey)) AV = W (4.10)
14

Equation (4.10) has the same topology as the RMVT statement for pure mechanical
case, see Eq. (2.37) In the following section, the constitutive relations are obtained
for the RMVT-0,-D, variational statement in the condensed notation, according to
Eq. (4.10).

4.2 Constitutive relations

Physical constitutive equations for PVD applications can be written for the electro-
mechanical case:
Oij = Cij Im€im — €551 E,

(4.11)
Dy = ey €ij + € Bm,

where standard tensor notation is used and Einstein’s summation convention is im-
plied over repeated indices. Cjj, are the elastic coeflicients (Hooke’s law); ey;j are the
piezoelectric coefficients and ¢;; stand for the permittivity coefficients. To be noted
that 2¢;; components in tensorial notation correspond to €;; components in vectorial
notation, when i # j). More detailed information on the constitutive equations for the
electromechanical case can be found in [3]

The constitutive relations for the RMVT variational statement in the condensed form
of Eq. (4.10) are obtained in the following:

In a first step, primary unknowns variables are specified and collected in the vector
VT,

VkT:{uI; u’; ub ¢F oF ok ok D’;},
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It is useful to rewrite vectors introduced in Sec.4.1.2:

ng_{ Elém Elgjy Eléy El; Elgj }; glgT:{ Elz?z €rz Cyz Ef };
SkT {Umm OJgjy U];y _D]; _Dlgj }; SlgT:{ O-,I;z O-I;z U];z _D]; }
Following geometrical relations can be written:
&g =D, V" (4.12)
Ery = D,V*; (4.13)
St, = D,/ V*, (4.14)
where the differential matrices in explicit form read:
d, 0 0 0 0 00O 0 0 8 0 00 0 0
0 9, 00 0 00O
0, 0 0, O 0000
D,=1 0, 9, 0 0 0 00 0 |; Dp=
0 0. 9y, 0 0000
0 0 0-5 0000 000 0 =3 0000
0 0 0 -9, 00 0O i
000 01O0O0OUO0
0000OO0OT1TUO0ODWO
Dv=loo0000010
0 000O0OO0OO0O —1

Referring to the condensed notation and specifying which quantities are obtained by
constitutive equations or by geometrical relations, one gets:

3. =c'e. (4.15)

k. . .
S is composed by the vector of not modeled extensive variables Skc and the vector
of intensive variables £, (which is associated to S¥);

~k

£, is composed by the vector of intensive variables £ (which is associated to S¥) and
the vector of modeled extensive variables S’gG (that can be thought as a geometrical
vector, see Eq. (4.14))

SC _{ SkT ng } SG _{ ng SkT }

~k
C' is the modified constitutive matrix applicable for the RMVT-0,,-D3 formulation.

The derivation of (~Z'k from the physical constitutive matrix C* is similar to the deriva-
tion of the corresponding constitutive matrix for the pure mechanical RMV'T case and
shall be described in the following (to be noted: in this case tilde “~” indicates the
modified constitutive reations for RMVT). The physical constitutive matrix C* can be
partitioned by dividing cells related to modeled and not modeled quantities:

k k
ch = { g%a g%z } : (4.16)
a
In explicit form it reads:
Cfl sz Cf@‘ 0 0 Cfg 0 0 _el?fl
C{E 052 C§6 0 0 053 0 0 —€l§2
Cl;a = Cfﬁ 056 06?6 0 0 ) Cléb = Czlfﬁ 0 0 —6156 )
0 0 0 —szl —z—:zz 0 —ezs —e% 0
O O 0 _612 _522 O _625 _624 O
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Cly O35 Cl 0 0 Ciy 0 0 —ef
ck — 0 0 0 —efy —ebs | ck — 0 C Cls 0
ba = 0 0 0 —ef, —eb, |’ bb = 0 Ck ck 0
—efy —efy —efg 0 0 —efy 0 0 —ef

where C¥, = C}T. Physical constitutive relations can be arranged according to the
above partitioning:
k k ok k ok k k ok k ok
Suc = Caluc + Caric:  Seo = Crafac + O (4.17)

aa™ a

From Egs. (4.17) one has:
~F =k ~k ~k
S];C = CaaSI;G + Cabslgg, Slgc = CbaSSG + CbbSIng (418)
with:

~k ~k
Caa = Clga - C];b(clgb)_lclga; Cab = Clgb(clgb)_l;
6«k __Ck —1ck. 61k_ Ck -1
ba — ( bb) ba> bb — ( bb) .
Thus Matrix C" of Eq. (4.15) can be written as follows:
~k ~k
~k
C = { (3%“ (3%’ } : (4.19)
Cio Cu
Matrix (~Z'k represents the constitutive relations suitable for the RMVT-0,-D, in the

form of Eq. (4.10). In Section 4.4.3 the explicit form of c" is given.

The advantage of using the condensed notation is that the above showed procedure
to calculate constitutive relations is applicable also when different or more extensive
variables are modeled through the thickness plate z-direction. It represents a general
and automatic way to calculate the constitutive coefficients for many different cases of
variational statements, as explained in [11].

4.3 Through-the-thickness assumptions of primary vari-
ables in the condensed notation

As described in Chapter 2, in the framework of the Unified Formulation the primary
unknowns are assumed by using a generalized expansion. Applying the condensed
notation, they can be written as follows

V H2,y,2) = Fy(2)V §z,y) + F(2)V K, y) + F(2)V f(z,y) = F V¥ (4.20)
with 7=¢b,r and r=23,...,N

The variables V' ; and V , are the actual primary unknowns at the top and the bottom
surfaces of the layer k, the inter-laminar continuity can be easily imposed:

VvEievED D with k=1,...,N -1 (4.21)

4.4 Fundamental Nuclei and FE matrices of RMVT-0,-D,

In this section, the RMVT-0,-D, variational statement is derived. The application of
the corresponding PVD-statement can be found in work [11].
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4.4.1 Finite element discretization

In case of FEM implementation, unknowns can be expressed in terms of their nodal
values using shape functions /V;:

VE(,y) = Ni(z,y)RE, i=1,2,...,N,, (4.22)
while for the virtual variations:

where N,, denotes the number of nodes concerning the considered finite element. RF,
is the vector containing nodal values of unknowns:

R ={RE , R RE , RE.LRE . RE ., RE . RE V. (424)

ULTE ULTE U3TL 03371 01371 093T1

The final expression of the unknowns is:

V*(x,y,2) = F,N;RF,. (4.25)

4.4.2 Derivation of Fundamental Nuclei and FE matrices

The proceeding is the same as for the mechanical case described in Sec. 2.3 and 2.4:
Upon substitution of the geometrical relations (see Egs. (4.12), (4.13), (4.14)), the con-
stitutive relations (see Eq. (4.18)) and the FE discrtetization (Eqgs. (4.22) and (4.23)),
the variational statement in Eq. (4.10) leads to a set of equilibrium equations which
can be formally put in the following compact form:

SR . K'U RE = Pl (4.26)
where P* is the vector of nodal loads. The number of obtained equations coincides
with the number of introduced variables: 7 and s vary from 0 to IV, ¢ and j vary from
1 to N, and k ranges from 1 to IV;.

Matrix K*7*7 is the fundamental nucleus. In this case it is a 8 x 8 array and, more
in general, it provides the information to build the stiffness matrix (see the Appendix
4.4.3 for the explicit form of K*75%).

Whatever is the considered variational statement, starting from the fundamental nu-
cleus, for a given discretization, the stiffness matrix K can be calculated by numerical
integration and the assembly procedure. It should be emphasized that the stiffness
matrix K contains information pertaining to all the considered fields and not just to
the mechanical field. If a static analysis is required, the system to solve is the following:

KR=P. (4.27)

where:
P is the vector of nodal loads;
R is the vector of nodal unknowns.
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4.4.3 Explicit forms of RMVT-0,-D, Fundamental Nuclei

The stiffness fundamental nucleus K*7*¥ related to the RMVT-0,,-D, application is
listed below. Constitutive information are included too. In the following, the layer-
superscript k is always implied to simplify equations.

The stiffness fundamental nucleus is:

[ K11 Ko K13 Kuu Kis Kig Kir Kig |
Koy Koo Koz Koy Koz Ko Kor Kog
K31 Kz K33 K3iz K35 Kss Kir K
Ky Ky Ky3 Ky Kis Kge Karo Kagg
K51 Ksa Ks3 Ksi Kss Ksg Ks7 Ksg
Ke1 Koz Koz Kos Koz Kos Kor Kes
K Kre Kr3 Kry Krs Krg Krro Krsg
Kg1 Kgo Ks3 Ksy Kgs Ksg Kgr Kss

K ™ = (A.28)

Its elements are:
Kll = FsFTéaall < Ni,-’ENj,LE I>Qk +F3F76aa31 < Ni,yNj,x I>Qk +FSFT6’3313 < Ni,wNj,y I>Qk +
+FsFr Caagz < NiyNj Do,
K21 = FsFTéazﬁl < Ni,-’ENj,LE I>Qk +F3F763321 < Ni,yNj,x I>Qk +FSFT6’aa33 < Ni,wNj,y I>Qk +
‘|‘F3F7—Caa23 d Ni,yNj7yl>Qk
K31 =0
Ky =0
K51 = —F,F. « NZ-N]-@ >Q,, éball — FyF < NiNj,y >Q, 6ba13
K¢ = FrF, . < N;Nj>q,
K =0
K81 — FSFT q NZNj,w >0y ébazﬂ + FsFT < NiNj,y >Q, 6ba43
K12 = FsFTéaaB < Ni,mNj,x >Q, +FsFTéaa33 < Ni,yNj,gc >Q, +FsFTéaa12 < Ni,xNj,y >y +

+F,F;Caazo < Ny Nj 0,
Ka9 = FyF;Canz3 < NioNj o, +FiFrCoanos < NiyNj o b, +FsFrCanzz < Ni o Njybo, +
+FF; Canzz < NiyNj o,

K3y =0

Kp =0

K5y = —F,F; <N;Nj .o, Craz — FiF, < N;iNjy>q, Chai2
Kg =0
K7y = FF, . AN;Nj>q,
Kgy = FsFr <N;Nj .o, Chasz + FsFr < N;iNjy o, Chasz
Ki3 =0
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Koz =0
K33 =0
Kiz3 =0

K53 = FS7ZFT<N’iNj[>Qk
K@g = F15F17-<1.7\7Z']\7]'7QCI>QIC

K73 = FSFTQNZ'N]'@DQk

Kgs =0
Ky =0
Koy =0
K3y =0

Ky = FyFyCanta < Ni o Nj o o, +FiFrCoasa < NiyNj o b, +FsFrCants < Ni o Njybo, +
+FyF, Caass < Niy Nj b,
Ksy =0
Kgy = FsFr <N;Nj o, Chaza + FsFr 4 N;iNjy>q, Chazs
K7y = FsFr <N;Nj o, Chaza + FsFy < N;iNjy>q, Chass
Kgy = Fs . Fr AN;Nj>q,

K15 = FsFr <NjN; >0, Capin + FsFr <NjN;y bo, Capst
Kos = FyF; ANjN; , bo, Capat + FsFr < NNy >0, Capor
K35 = FyF, . < N;N;>q,

Ky =0
Ks5 = —F,F; <N;N;>q, Chbit
Kgz; =0
K5 = 0
Kgs = FyFr AN;N;>o, Chba
K¢ = FyF; . < N;N;>q,

Ko =0
K3 = FyFr < NjN; .o,

Ki5 = —FyF; 4NjNizbo, Cabso — FsFy < NNy b, Caps
Ksg =0

Kes = —FF; AN;N;po, 6’bb22
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K76 = —F,Fr A N;N;j >, Chbso
Kgg =0
Ki7=0
Ko7 = FyF, . < N;N;>q,

K37 = FSFTQNJ'NLyDQk

Ky7 = —F,F; <N;N; ;. >q, Capaz — FsFr <N;jN; y >o, Chabss
Ks7 =0
Kg7 = —F,Fr AN;N;j >, Chias
K77 = —F,F, AN;N;j >, Chiss
Kg7; =0

K18 = _FSFT <]]\[j]\fi,:c >Q, Cab14 - FSF‘I‘ <]JV]']VZ',y >Qy, Cab34

Koy = —F,F, A< N;jN; . >q, Canzs — FsF- <N;N; y bo, Capu
Kss =0
Kys = FyF, . < N;N;>q,
Ksg = FFr A N;N; >, Chbis
Kgs =0
K = 0
Kgg = —F,Fr < N;N;j >, Criu

Subscripts after comma indicates derivatives and:

The explicit form of matrices (Njaa, (~3'ba, (NZ'ab and (~Z'bb is:

~ Cszed; — O3 (2es1e33 + Czess
Caa(la 1) = 011 + 31 3 ( )
€33 + 033633

Con(1,2) = e33 (—Cizeza + Craess) + Css (e31e32 + Craess) — Coz (e31e33 + Clsess)
aai® €§3 + 033633

Cua(1,3) = Cig + (Casea — C'13633)2‘336 — Csg (e31e33 + C13€33)
e33 + Cssess

Cua(1,4) =0

Cu(1,5)=0

Con(2,1) = es3 (—Cizesa + Craess) + Css (ez1e32 + Craess) — Caz (e31e33 + Clsess)
aam 653 + C33e33
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~ Cszedy — O3 (2e32e33 + Cagess)
Cuu(2,2) = Cy +
w(2,2) 2 2, + Cisess

Coa(2,3) = Cag + (Cszesa — 023633)2636 — Cs6 (es0e33 + Casess)
e33 + Cs3e33

Caa(2,4) =0

Cuu(2,5)=0

Coa(3,1) = Cig + (Cszes; — 013633)2636 — Cs6 (es1e33 + Cisess)
e33 + Cs3e33

6@[1(3, 2) = Co6 + (Cazesn — C'23633)2‘336 — C36 (e32e33 + Ca3es3)
e33 + Cssess

~ —2C3ges3e36 + C33€35 — Cages3
Ca(3,3) = Ces + ) 36 6
e33 + Cs3ess

Caua(3,4) =

Caa(3,5) =0
Caa(4,1) =0
Caa(4,2) =0
Caa(4,3) =0

2 2
= _ Osseiy — 2Cgse1ae15 + Cuaels

Caa(47 4) -
2
Cis — CuuCss
~ _ Csserseny + Cugersens — Cus (e15e24 + e14e25)
Caa(47 5) — P} —£&12
C’45 - C’446155
Caa(5, 1) =0
Caa(57 2) =0
Caa(57 3) =0
~ Csserseas + Cugersens — Cus (e15e24 + e14€25)
Caa(5a 4) - D) —£&12
Cis — CuuCss
2 2
Conl(5.5) = Csse3q — 2054605 + Cuaeds
aa\Y ) - 2 €22
Cis — CuuCss
" esi1ess+Clisess 0 0 Csszes1 —Cigess
e§3+033533 6%34'033533
eszess+Casess 0 0 Csszeza—Coagess
e2,+Cs3es3 e2,+Cs3es3
6« o e33e36+C36€33 0 0 —C36e33+C33e36 .
ab = e2,+Caze33 e2,+Ca3e33 ’
0 —Case14+Cage15  Csser1a—Casers 0
035—044055 035—044055
0 —Cyseas+Cagers  Csse2a—Cyseas 0
L C%;—C44Css C32,—C44C55 i
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Case24—Cageas

C32,—C44Cs5

—Csse24+Caseas

r _ esie33+Ci3zezs _ ezne33+Cagezs  _ e3ze36+C36€33 0
e25+C33e33 e2,+Cazess e2,+Cazess
Cyse14—Cygeis
0 0 0 45¢14—Ca4€15
C32,—C44C55
—Csse14+Cysels
0 0 0 C35—C14Css
—Cs3e31+Ci3ess  —Cszeza+Cozess Cseess—Cssese 0
L e2,+Casess e2,+Cs3ess e2,+Ca3ess
[ ! 0 0 SR -
S —
C3+e3z/e33 e55+C33e33
0 1 Cus 0
. —C3%,/C1a+Cs5  C3s—CusaCss
Cp =
0 045 1 0
C3%.—C44Css C14—C% /Css
_ €33 0 0 _ 1
2 R Vo P
e33+C33e33 e35/C33+esz |
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Chapter 5

Results on Electro-Mechanical
RMVT

A simply supported cross-ply [0/90] laminate composed of an elastic material with
piezoelectric layers bonded to the upper and lower surfaces is considered for the follow-
ing electromechanical case study. The elastic layer of the [0] fiber-angle is on the top.
Following data have been used for the plate:

simply supported square plate, side length a, thickness ratio a/h =4, h =1m
The elastic layers have a thickness of 0.4 h, while the thickness of the piezoelectric layers
is 0.1 h.

The elastic material is modeled as a fiber-reinforced composite with following prop-
erties:

Eqp1 = 132.38 (all in [GPal), E9 = 10.756, E33 = 10.756, G44 = 3.606, G55 = 5.654,
G66 = 5.654, V19 = 0.24, V13 = 0.24, V93 = 0.49, 611/60 = 3.5, and 622/60 = 633/60 =3.0

The material of the piezoelectric layers is PZT-4, the material properties are:

E11 = E22 = 81.3 (all in [GPa]), E33 = 645, G44 = G55 = 256, G66 = 306,
V19 = 0.329, V13 = V93 = 0.432, €31 — €39 — —5.20 (all in [C/m2]), €33 — 15.08, €24 —
e15 = 12.72, and e11 /g9 = 11 /9 = 1475, £33/59 = 1300 (9 = 8.8541878 x 10712 35

Both the sensor case and actuator case are considered in the following (see the two
configuration in Fig. 5.1, where p, indicates a pressure [N, /m?] and ¢; indicates the
potential [V] imposed on the top face and p, = ¢; = 1). The analysis will be restricted
to LW cases. These are capable to furnish reliable results at each layer interface. A
second order thickness expansion is considered to properly calculate the through-the-
thickness electric displacement, which clearly shows a parabolic-like trend through the
external layers (see Fig. 5.3).

5.1 Sensor Configuration

The applied bi-sinusoidal pressure loading p, is considered on the top plate surface
(sensor configuration). The load amplitude is equal to 1 [N/m?]. The top and bottom
laminate surfaces are fixed at zero potential. The FEM results are obtained with
a regular 10 x 10 mesh of LD2 (or LM2) Q4 FEs to minimize computational costs
keeping a good accuracy. A comparison between the 3D-exact solution, PVD, and
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p.(x,y)=p, sin(ﬁj sin(ﬂ) o,(x,y) = qi sin(ﬂ]sin[&j
,\a a \a a

> »

|66 60 000

- 7 S 2 P
Figure 5.1: On the left the plate is in sensor configuration (applied pressure); on the
right the plate is in actuator configuration (applied potential); Courtesy

by [?]

RMVT-0,-D, results is provided in Tab. 5.1 for displacement us and for the electric
potential ¢: Results for both models, PVD and RMVT-0,-D, are very close and they
are in good agreement with the exact solution (see also Fig. 5.2). In other words, when
D, and o, are modeled by RMVT, the calculated primary variables of diplacement
and potential do not change significantly with respect to PVD. However, if a slight
difference is detected, the RMVT results are closer to the exact solution.

A comparison between the 3D-exact solution, PVD and RMVT results is provided
in Tab. 5.2 for the transverse stress o33 and for the in-plane stresses o99 and oqa:
For the in-plane stresses both results are close to the exact solutions. It has been
confirmed that, even for in-plane stresses, the difference between PVD, and RMVT-g,,-
D, is negligible. On the other hand, for transverse stress o33 only the RMVT-0,-D,
model provides continuity at the layer-interfaces. Also in the bottom layer, RMVT-o,,-
D, results are significant closer to the 3D solution than the corresponding PVD and
results. The advantage of RMVT-0,,-D, for modelling transverse stresses is confirmed
for the actuator case in the follwing Section.

Another advantage of the presented RMVT model is evident in Tab. 5.3, where the
evaluation of transverse electric displacement is referred to. The results are compared
to 3D-exact and to PVD solutions. It should be underlined that the RMVT-0,-D,
leads to an almost 3D-exact description, while PVD results can be affected by very
large errors (see also Fig. 5.3). In the RMVT-0,,-D,* column, the D, is calculated by
using the physical constitutive relations in the RMVT-0,-D, analysis. It can be noted
that the RMVT-0,,-D,* results are very close to the PVD ones.
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up x 1012 up x 1012 up X 1012 ¢ x 10! ¢ x 10 ¢ x 10
Height 3DJ13] RMVT-0,-D, PV D 3D[13] RMVT-0,-D, PVD
1.000 -47.549 -45.893 -45.593 0.0000 0.0000 0.0000
0.975 -41.425 -39.850 -39.527 0.0189 0.0183 0.0181
0.950 -35.424 -33.891 -33.567 0.0358 0.0340 0.0336
0.925 -29.531 -28.016 -27.715 0.0488 0.0470 0.0464
0.900 -23.732 -22.225 -21.969 0.0598 0.0575 0.0567
0.800 -10.480 -10.375 -10.058 0.0589 0.0567 0.0560
0.700 0.1413 0.1555 -0.0836 0.0589 0.0567 0.0560
0.600 9.8917 9.3673 9.5104 0.0596 0.0575 0.0567
0.500 20.392 17.260 18.205 0.0611 0.0590 0.0583
0.400 24.768 22.282 22.149 0.0634 0.0613 0.0606
0.300 29.110 27.448 26.700 0.0665 0.0645 0.0637
0.200 33.819 32.756 31.860 0.0706 0.0685 0.0677
0.100 39.309 38.208 37.628 0.0756 0.0734 0.0726
0.075 44.492 43.548 42.930 0.0602 0.0587 0.0581
0.050 49.772 48.979 48.341 0.0425 0.0415 0.0411
0.025 55.163 54.503 53.863 0.0224 0.0220 0.0218
0.000 60.678 60.118 59.494 0.0000 0.0000 0.0000

Table 5.1: PVD and RMVT-0,-D, results: comparison between LD2 and LMZ2 FEM
solutions with the Heyliger 3D-exact solution, sensor case. Displacements
are in [m]; electric potential is in [V]. uz = uz(a/2,0); ¢ = ¢(a/2,b/2).

033 X 101 o33 X 101 033 X 101 0922 0929 0929
Height 3DJ13] RMVT-0,-D, PVD 3D[13] RMVT-c,-D, PVD
1.000 10.000 10.409 9.6313 6.5643 6.2798 6.2392
0.975 9.9657 10.282 9.4336 5.8201 5.5511 5.5033
0.950 9.8682 10.164 9.3631 5.0855 4.8373 4.7857
0.925 9.7154 10.053 9.4197 4.3595 4.1385 4.0865
0.900 9.5151 9.9506 9.6034 3.6408 3.4547 3.4057
0.900 9.5151 9.9506 10.163 2.8855 3.8732 3.8364
0.800 8.5199 8.7869 8.7018 1.4499 1.9801 2.0094
0.700 7.3747 7.6086 7.4395 0.2879 0.3008 0.3332
0.600 6.1686 6.4158 6.3764 -0.7817 -1.1648 -1.1923
0.500 4.9831 5.2084 5.5124 -1.9266 -2.4166 -2.5670
0.500 4.9831 5.2084 4.9178 0.0991 0.0522 0.0527
0.400 3.8045 3.8671 3.9244 -0.0149 -0.0773 -0.0683
0.300 2.6137 2.6395 2.8259 -0.1280 -0.2168 -0.2049
0.200 1.4821 1.5255 1.6223 -0.2426 -0.3664 -0.3571
0.100 0.4868 0.5251 0.3136 -0.3616 -0.5260 -0.5248
0.100 0.4868 0.5251 0.8251 -4.2348 -4.0013 -3.9325
0.075 0.2845 0.2641 0.9872 -4.8806 -4.6334 -4.5636
0.050 0.1312 0.1006 1.0311 -5.5337 -5.2799 -5.2123
0.025 0.0340 0.0344 0.9568 -6.1951 -5.9409 -5.8785
0.000 0.0000 0.0657 0.7641 -6.8658 -6.6163 -6.5623

Table 5.2: PVD and RMVT-0,,-D, results: comparison between LD2 and LM2 FEM
solutions with the Heyliger 3D-exact solution, sensor case. Stresses are in

[PCL]. 033 = O’33(CL/2,Z)/2); 099 = O’22(CL/2,Z)/2).
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D, x 103
Height 3D[13] RMVT-0,-D, PVD RMVT-0,-D}
1.000 160.58 147.89 239.57 234.38
0.975 149.35 144.14 204.92 203.62
0.950 117.23 118.20 161.38 163.98
0.925 66.568 70.044 108.95 115.44
0.900 -0.3382 -0.311 47.621 58.008
0.900 -0.3382 -0.311 -0.2990 -0.3101
0.800 -0.1276 -0.105 -0.0977 -0.1027
0.700 0.0813 0.099 0.1037 0.1048
0.600 0.2913 0.303 0.3051 0.3123
0.500 0.5052 0.505 0.5065 0.5198
0.500 0.5052 0.505 0.4943 0.4815
0.400 0.7259 0.725 0.7236 0.7165
0.300 0.9563 0.953 0.9529 0.9515
0.200 1.1995 1.189 1.1821 1.1865
0.100 1.4587 1.433 1.4114 1.4215
0.100 1.4587 1.433 -50.162 -58.915
0.075 -58.352 -61.217 -105.53 -111.00
0.050 -103.66 -103.84 -152.63 -154.82
0.025 -132.40 -126.43 -191.45 -190.36
0.000 -142.46 -128.99 -222.00 -217.63

Table 5.3: Comparison between FEM and Heyliger 3D-exact solutions, sensor case.
LD2 and LM2 results. Electric displacement is in [c/m?]. D, =
D,(a/2,b/2). * indicates that D, is calculated by constitutive relations
in the RMVT-0,-D, analysis.
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Figure 5.2: Comparison of LD2, LM2 and 3D-exact solutions, sensor case; electric
potential is in [V]; ¢ = ¢(a/2,b/2)
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Figure 5.3: Comparison of LD2, LM2 and 3D-exact solutions, sensor case; electric
displacement is in [c/m?]; D3 = D3(a/2,b/2)
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5.2 Actuator Configuration

The applied bi-sinusoidal potential p, is considered in the top plate surface (actuator
configuration). The load amplitude is equal to 1 [V]. The bottom laminate surfaces is
fixed at zero potential. The FEM results are obtained with a regular 10 x 10 mesh of
LD2 (or LM2) Q4 FEs. The following remarks can be made. Tab. 5.4 shows that the
primary variables, us and ¢, calculated by FEM are in good agreement with the exact
solution provided by Heyliger[13]. As far as Tab. 5.5 is concerned, the in-plane stresses
are also calculated with good accuracy. Normal stress os3 does not have reasonable
values around the top and the bottom face of the plate especially for PVD analyses. By
increasing the the expansion in thickness direction to third order, RMVT-D,-0,, leads
to good results for o33 even around the top and the bottom area of the plate. PVD
results with third order expansion are still out of range, see Tab. 5.7 and Fig. 5.4.
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Uy X 1012 UuUg X 1012 Uy X 1012 (25 QZ5 (25
Height 3D RMVT-0,-D, PVD 3D RMVT-0,-D, PVD
1.000 -32.764 -33.442 -33.951 1.0000 1.0000 1.0000
0.975 -23.349 -24.014 -24.377 0.9971 0.9972 0.9972
0.950 -13.973 -14.619 -14.826 0.9950 0.9951 0.9951
0.925 -4.6174 -5.2570 -5.2983 0.9936 0.9936 0.9936
0.900 4.7356 4.0721 4.2064 0.9929 0.9929 0.9929
0.800 2.9808 2.4479 2.5445 0.8415 0.8422 0.8423
0.700 1.7346 1.2092 1.2546 0.7014 0.7011 0.7011
0.600 0.8008 0.3560 0.3368 0.5707 0.5695 0.5695
0.500 0.0295 -0.1117 -0.2091 0.4476 0.4475 0.4473
0.400 -0.4404 -0.5571 -0.5745 0.3305 0.3311 0.3310
0.300 -0.8815 -0.9741 -0.9518 0.2179 0.2177 0.2177
0.200 -1.3206 -1.3625 -1.3409 0.1081 0.1073 0.1073
0.100 -1.7839 -1.7223 -1.7419 -0.0001 -0.0001 -0.0001
0.075 -2.0470 -1.9735 -1.9963  -0.00009 -0.0001 -0.00009
0.050 -2.3140 -2.2278 -2.2554  -0.00008 -0.0001 -0.00007
0.025 -2.5856 -2.4852 -2.5191  -0.00004 -0.00004 -0.00004
0.000 -2.8625 -2.7455 -2.7875 0.00000 0.00000 0.00000

Table 5.4: PVD and RMVT-0,-D, results: comparison between LD2 and LMZ2 FEM
solutions with the 3D Heyliger solution, actuator case. Displacements are
in [m]; electric potential is in [V]. ug = uz(a/2,0); ¢ = ¢(a/2,b/2).

75



CHAPTER 5. RESULTS ON ELECTRO-MECHANICAL RMVT

033 X 103 o33 X 103 o33 X 103 099 X 102 099 X 102 099 X 102
Height 3D RMVT-0,-D, PVD 3D RMVT-0,-D, PVD
1.000 0.0000 -3.9972 -55.800 111.81 108.42 113.28
0.975 -0.8333 -0.3973 -43.279 63.736 62.944 66.186
0.950 -2.8471 -0.7247 -28.385 15.833 17.986 19.448
0.925 -5.3241 -4.9793 -11.118 -32.001 -26.455 -26.932
0.900 -7.5482 -13.161 8.5218 -79.865 -70.380 -72.955
0.900 -7.5482 -13.161 -15.579 -51.681 -65.888 -68.096
0.800 -12.957 -12.947 -11.567 -33.135 -40.198 -41.748
0.700 -15.245 -14.028 -11.713 -19.840 -20.629 -21.342
0.600 -15.510 -16.402 -16.014 -9.7737 -7.1803 -6.8792
0.500 -14.612 -20.070 -24.473 -1.3905 0.1477 1.6408
0.500 -14.612 -20.070 -17.335 -1.3089 -1.2422 -1.2973
0.400 -12.524 -12.273 -12.937 -0.5782 -0.2467 -3.3075
0.300 -9.2558 -7.3716 -9.2086 0.1348 0.6476 5.7883
0.200 -5.5018 -5.3653 -6.1487 0.8463 1.4408 1.4314
0.100 -1.8733 -6.2545 -3.7579 1.5723 2.1326 2.2270
0.100 -1.8733 -6.2545 -3.3555 14.529 13.973 14.007
0.075 -1.1074 -0.4685 -4.1098 17.801 16.911 17.041
0.050 -0.5162 1.7426 -4.3795 21.098 19.895 20.148
0.025 -0.1351 0.3790 -4.1645 24.428 22.927 23.328
0.000 0.0000 -4.5594 -3.4647 27.795 26.006 26.581

Table 5.5: PVD and RMVT-0,-D, results: comparison between LD2 and LM2 FEM
solutions with the 3D Heyliger solution, actuator case. Stresses are in [Pa].

o33 = 033(a/2,b/2); 022 = 022(a/2,b/2);
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D, x 103
Height RMVT-0,-D, PVD RMVT-0,-D}
1.000 -243.62 -243.82 -243.85
0.975 -183.67 -183.88 -183.88
0.950 -123.78 -123.95 -123.94
0.925 -63.930 -64.043 -64.007
0.900 -4.1326 -4.1504 -4.0924
0.900 -4.1326 -4.1274 -4.1294
0.800 -3.8750 -3.8751 -3.8757
0.700 -3.6209 -3.6228 -3.6220
0.600 -3.3703 -3.3705 -3.3682
0.500 -3.1233 -3.1182 -3.1145
0.500 -3.1233 -3.1275 -3.1313
0.400 -3.0501 -3.0492 -3.0515
0.300 -2.9735 -2.9709 -2.9718
0.200 -2.8934 -2.8925 -2.8920
0.100 -2.8099 -2.8142 -2.8123
0.100 -2.8099 -2.8425 -2.8823
0.075 -2.8400 -2.8144 -2.8393
0.050 -2.8387 -2.7898 -2.7997
0.025 -2.8059 -2.7685 -2.7635
0.000 -2.7418 -2.7507 -2.7307

Table 5.6: Comparison between FEM results, actuator case. LD2 and LM?2 results.
Electric displacement is in [c/m?]. D, = D,(a/2,b/2). * indicates that D,
is calculated by constitutive relations in the RMVT-0,,-D, analysis.
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033 X 103 033 X 103 033 X 103
Height 3D RMVT-0,-D, (LM3) RMVT-0,-D, (LM2)

1.000 0.0000 0.4571 -3.9972
0.975 -0.8333 -1.0703 -0.3973
0.950 -2.8471 -2.9855 -0.7247
0.925 -5.3241 -5.4381 -4.9793
0.900 -7.5482 -8.5777 -13.161
0.900 -7.5482 -8.5777 -13.161
0.800 -12.957 -13.923 -12.947
0.700 -15.245 -16.470 -14.028
0.600 -15.510 -16.706 -16.402
0.500 -14.612 -15.120 -20.070
0.500 -14.612 -15.120 -20.070
0.400 -12.524 -13.404 -12.273
0.300 -9.2558 -9.6210 -7.3716
0.200 -5.5018 -5.3821 -5.3653
0.100 -1.8733 -2.2994 -6.2545
0.100 -1.8733 -2.2994 -6.2545
0.075 -1.1074 -0.8874 -0.4685
0.050 -0.5162 -0.5092 1.7426
0.025 -0.1351 -0.3347 0.3790
0.000 0.0000 0.4661 -4.5594

Table 5.7: RMVT-0,-D, results: comparison between LM2 (10 x 10) and LM3 (8 x 8)
FEM solutions with the 3D Heyliger solution. actuator case. Stresses are
in [PCL] 033 = O’33(CL/2.Z)/2),‘
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Figure 5.4: Comparison between FEM results and 3D-exact solution, actuator case;
the transverse normal stress osg is in [Paj; 033 = 033(a/2,b/2)
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