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Unified Formulation

2D approximation of mechanical displacements and electric potential
using the thickness functions

u(e. . 2) = Fo(2) ug (@. ) + F1(2) U (. B) + ... + Fn(2) uy(e.B)

V¥(e..2) = Fo(2) vg(@.B) + F1(2) vi(e.B) + ... + Fn(2) vy(a. )

W (a.B.2) = Fo(2) wg (e, B) + Fi(2) wi(e.B) + ... + Fi(2) wi(e. )

X (a,B,2) = Fo(z) Ph(a,B) + Fi(2) ®¥(e. B) + ... + Fn(2) Pk (. B)
in compact form:

uk(a,B,z) = F.(2)uf(a,B) ; ou(a.B,z) = Fs(2)6u(a,B) ; 7,s=0,1,...N
ok (a,B,2) = F(2)0*(a,8) ; 69*(a,B,2) = Fs(2)6®%(a,8) ; 7,s=0,1,...,N
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Intro FEM and MITC

Governing Eq.

Taylor Polynomials

Uk = Fouf + Fiuk + ...+ Fyul = Fouf
OF = Fydk + Fi 0k 4 ... + Fy®k = F, ok

7=0,1,....,N

Fo=(2)°=1;F=(2)'=2z;...; Fy=(2)N

Equivalent Single Layer Approach (ESL)
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Legendre Polynomials
u* = Fuf + Fpuf + Fuk = Fuf
Ok = Fdk + F,df + F, 0k = F ok
T=tb,r ; r=2,...N

A R =P -Pe,

_ PotPy . _
Ft—T,Fb— >

Layer Wise Approach (LW)

N=1 N=2
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FEM and MITC
o

Finite Element Method MITC

Approximation qf variables in To overcome the problem of the membrane and
thg reference mldplgne surface shear locking, the strain components are
usmg the Langrangian shape calculated using a specific interpolation strategy:
functions:
u. = Ni(é‘:’ 77) u;; ‘ l
3 Tn\-( | ‘ﬂ\‘ “ ““
=T (NELL N | o rf EW
L
BRCH N T | g |
8 9 4 3 i = 4]7
1 2| 3
€ Yaz €8 Vpz €up
For example:

€oa = NA1€(¥(1A1 + NB1 €aapy + NC1 €aacy + ND1 €aapy + NE1 €aagy + NF1 €aapy
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Governing Eq.
.

PVD for electro-mechanical problems

Static Analysis
Principle of Virtual Displacements

[ {oeT ok - e+ Dk} av = oL
v

;
ok = ckek _ ek gk

Dk = ekek 4 ghgk

In compact form: krsij
Karoz Kaﬁ Kaz KMP
(4 4) kesil ok o kesi _ | Ko Kpg Koz Kgo
suk - TK K TSij (yk p, 1< K =
il ud ue Sl_|Y za Kz,B Kz Ko
645’:1 AKou Koo @'S‘j Py Koo K(I)ﬁ Koz Koo
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Node Variable
°0

Coupling of Different Kinematics in Literature

Plate theory at Element [l Plate theory at Element [ ]
H'ghe"ogdsif;"’ order Higher-Order 15 order In literature different kinematics can be

ESL1

coupled between elements with
additional equations or mathematical
artifices. The most common method to
couple different kinematics are: the
Arlequin Method, and the Lagrange
Multipliers Method.

Plate theory at Element[ ]
Layer-Wise 2"d order
Lw2
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Node Variable
°0

Node-Dependent Variable Kinematic Finite Element for Global/Local analysis

Plate theory at Node 3 and Node 5
Higher-Order 2"d order
ESL2

Lw4
Zone

Plate theory at Node 1 and Node 4
Higher-Order 15t order
ESL1
Plate theory at Node 6 and Node 7
Layer-Wise 4" order
Lw4

Plate theory at Node(% and Node 8
Higher-Order 4" order
ESL1 ESL4

Zone

ESL4
Zone

Different Kinematics are defined in the Global Nodes. Shared nodes have the same kinematics. The coupling of
different kinematics is naturally obtained inside the finite element without any mathematical artifice or additional
equations.
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Node Variable
°0

Node-Dependent Variable Kinematic Finite Element for Global/Local analysis

w1
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Node Variable
oe

Finite Element assembling scheme

7 6 5
. U(ay.2) = Fs(2) Nj(a,p) us

. - Assembling on
Assembling on the nodes i,j expansion order *
. indexes T,S
8 ®9 04 bu(pz2) = Fi( Ni(@p) Sur
0 ‘2 3 Play.2) = Fo(2) Nj(a,p) ®s
6®(0,8,2) = Fr(z) Ni(a,B) 0P

Fundamental $=01,...N T=0L1..N IJ=1..9

Nucleus K™

KRR I ESL2 model for the entire

L Reafed [ finite element

U(0,B,2) = (Ugy + Z Uyy + 2% Upy) Ny(aB) + ... + (Up3 + z up3 + 22 up3) N3(a,B) +
o+ (Ugs + ZUgs + 22 Us) Ns(a,) + ...

D(a,p2) = (Pgy + 2 Dy + 22 Dyy) Ni(@PB) + .. + (D3 + 2 P13 + 22 03) N3(aB) +
oo # (Bgs + 2 5 + 22 ©ps) Ns(a,B) + ...
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Node Variable
oe

Node-Dependent Variable assembling example

. .. Assembling on 7 6 5 j
Assembling on the nodes i,j expansion order . u(ay,2) = Fs(2) Nifwp) u
f indexes T,S °9 4 i Si L s
8 Bu(eB.2) = Fr(2) Nita.p) Sur

j

1 2 3 ®y2 = Fs@ Njap) g
5®(a,8.2) = Fr(2) Nifa,8) 6®s

.9

Fundamental . $=0,1 T=01..N ij=1
i
Nucleus K 7 nodel=LW1 ....node3=ESL2 ....node5 = ESL3

N N (oded) = ] e N (node3) = 9 e P (node ) = 3

e
i

u(a,B,z) =[(1+g /2)Ugy + (1-G /2) Uyp] Ny(aB) + ... +
: + (Uo3 + 2 U3 + 2% up3) N3(a,B) + ... +
Cubic term + (Ugs + 2 ugs + 22 Ugs + 23 uzs) N5(@,B) + ..
influence
D(a,8,2) = [(14T, /2)Pgy + (1T /2) P11] Ny(auB) + ... +
+ (@3 +2 ®13 + 22 0p3) N3(a,B) + ... +
+ (Pgs + 2 Dys + 22 Oy + 23 D35) Ns(a,B) + ...
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Results
©0000000000

Composite Plate with Piezoelectric Skins

Ouy = Stacking Sequence Simply-Supported
x [ PZT-4 Geometry:
[ ] Gr/Epx 0° a=b=4: h=1
»s e, Gr/Epx 90° h = 0.4%h,,
B P74 Py = 0.1%h,,

Sensor Case
p(X, ¥, Ztop) = Po sin(%) sin(ﬂ}’)

Actuator Case
B(X. Y. Ztop) = Do sin(l—x) sin(ﬂ)’)

. b
®(z=top) =0

®(z = bottom) = 0

b
&(z = bottom) =0
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Results
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Cases with Layer- Wise models

b2

o

Higher-Order Zone of
the Reference Solution

Element vith

Kinematics.

[l,'4

Element
Order

Element

Case A

Case B

Transition

Actuator Case

Node-Dependent Variable Kinematics

CaseC N=

Txx Tz Tz ® D, DOFs
(0r.2) 2540) (050 (150 (230) (3349
Reference solutions
3D Exact 4471 14181 02387 14612 04476 -
Analytical solutions
wa, -1.4707 1.1180 -0.239 0.4477 -2.4184
Wi, 15962 3.3433 - 0.4468  -1.3814
Arlequin solutions
(LW1-LWM3)* 1420 1.119 - -
(LW2 - LWM3)© -1.410 - - -
Present single- and multi-theory models
w4 414707 11248 -02411% —14732F 04477 24186 29988
-0.2391"  ~14.660
w3 14707 11261  -02270% -13541% 04477 24183 22932
-02394" 15343
w2 -1.4662 1.1311 -0.3592" -20.604" 0.4477 -2.4167 15876
-0.2505"  ~15.978"
wi 15062  3.3531 -0.0293* 14.188* 04468 -1.3816 8820
CaseA 14729 11315 3 04479 24183 12692
-0.2979- -14.223~
CaseB 15916 33590 -0.2210* -14.026" 0.4467 -1.3818 19060
-0.2385- -21.913
CaseC 14679 11250 -03599% —13641% 04477 24183 17812
-0.2504" -15318"
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Results

O®@000000000

Node-Dependent Variable Kinematics

Cases with Layer- Wise models Transverse displacement

w(x,y) : (a/2,b/2)
Sensor Actuator
o -l

Element vith

Kinematics. D |:|

Element  Element
[l I ——— Order Order Nodes
CaseA N=1 N=3 N=3 sl
CaseB N=3 N=1 N=1 05 04 -03 02 01 0 01 02 03 04 05
CaseC N=2 N=3 N=3 z

z
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Node-Dependent Variable Kinematics

Cases with Layer- Wise models

b2

ar

Element vith

Kinematics.

D.'

Higher-Order Zone of
the Reference Solution

o

|
Element Transition
Order Frivrive o8
CaseA N=1 N=3
CaseB N=3 N=1
CaseC N=2 N=3
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Transverse electric displacement and shear stress

Dy(x.y) 1 oxz(x,y) : (a/2,b/2)

Sensor

M Exact  *

Lwa

1
05 04 03 02 01 0 01 02 03 04

z

e analysis of smart str
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Results

O®@000000000

Node-Dependent Variable Kinematics

Cases with Layer- Wise models

b2

Higher-Order Zone of
the Reference Solution

Transverse electric displacement and in-plane
stress along X-axis

D,(y,2) : oxx(y.2) : (b/2,+h/2)

Actuator

bia
an d
a7 ~
B,
Element with fa—
Kinematics
Element  Element Transition
e Order - Nodes
CaseA N=1 N=3 N=3
CaseB N=3 N=1 N=1
CaseC N=2 N=3 N=3

Lwa
sl LWH e
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Results
00®00000000

Transverse Shear Stress oy,

Sensor

Case A Actuator

BN 177
PP Tl g
- /::g
i _,‘:“'—’i\
\“~; T -
ex L] Sno | O o omom on o om0 oo o o oo

Cut-view A-A

Wi w3 w1
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Results
000®0000000

Cylindrical shell with Piezoelectric Skins

Stacking Sequence

Cantilevered
[ PZT-5H Geometry:
7 Aluminum a=b=300 mm

Nauminm = 2.5 MM
[ PZT-5H ho = 0.25 mm
R/b=1
Actuator Case
Upper Skin Lower Skin

<I>top =50V, d>bo!tom =0V q’top =0V, ‘bbouom =50V
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Node-Dependent Variable Kinematics

Cases with Layer- Wise models Transverse displacement

w(a.p) - (a,0)

B Non-Uniform 30 x 30 Elements Mesh

10 13 T T T T T T T T T
o 13b/15
-1.35 - 1
H 000 o ° o 0000
£ b2
F] 14 4
2
o annn . . . s
=)
T a5t 4
<
W 2615 = o o o o oo
Haments H a
RS 4
2a/1s ar 13ans Lwa CaseB m
LWA —-ox-- CaseC o
CaseA ©
I:' . = ]
Element Element Element
Order Order Order
16 S S S S S
CaseA N=1 N=4 N=4 -05 -04 -03 -02 01 0 01 02 03 04 05
CaseB N=4 N=1 N=1 z
CaseC N=1 N=4 N=1
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Results
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Node-Dependent Variable Kinematics

Cases with Layer- Wise models
In-plane and transverse shear stresses

Taa(@,B) : 0az(a,B) : (0,0)

B Non-Uniform 30 x 30 Elements Mesh

o
¢
§
H b2
@
2
3 K3
x =
g ]
g
2b/15 © e
2ans a2 13ans
I:'. el a4 L
Element Element Element 05 04 08 02 01 0 01 02 03 04 05 05 04 03 02 01 0 01 02 03 04 05
Order Order Order z z
CaseA N=1 N=4 N=4
CaseB N=4 N=1 N=1
CaseC N=1 N=4 N=1
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Results
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Transverse displacement w

Present shell model LW4
Abaqus: 3D finite element C3D20RE

Q

i
/ (
|

W -155E-04 -1.25E-04 -9.50E-05 -6.50E-05 -3.50E-05 -5.00E-06
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Results
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Transverse shear stress o,

Present shell model LW4

[ T | |

“14E406 10406 -7OE+05 -38E+05 -49E:04 28E+05 6.0E+05 14E406 10406 70405 -38E:05 49EW04 265405 6.0EW0S

Abaqus 3D finite element: C3D20RE

1.4E+06 -1.0E+06 -7.0E+05 -3.8E+05 -4.9E+04 28E+05 6.0E+05
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Results
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Sandwich plate with piezoelectric patch shear actuated mode-15

Stacking Sequence Cantilevered
f Geometry:
Aluminum
- a=100 mm
b=20 mm
[ Foam + [ PZT-5H a,=10 mm

1 Aluminum d=85mm
Pauminum = 8 mm

Noam + pzrsi = 2 MM

Patch
Il PzT-5H  Polarised x-axis direction

Piezoelectric patch used in Actuator configuration
(Dpatch top — -10V <1>patch bottom = +10V
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Model validation varying the patch position along the x-axis

0s
B Benjeddou et al.
B Sun&Zhang -
Present:
E o5 w4 .
= w1 s
)
s
<
o
—
s
x
7
6s
s
10 2 ) o w0 ) 7 ) %

d [mm]
center-patch x-position

Reference solutions:

@ A Benjeddou, M Trindade, and R Ohayon.
C T Sunand X D Zhang
) ) A unified beam finite element model for extension and shear piezoelectric
Use of thickness-shear mode in adaptive sandwich structures. .
3 actuation mechanisms.

St s, 4:202-206, 1995 . S
Journ; Material Systems and Structures, 8:1012-1025, 1997
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Node-Dependent Variable Kinematics

Cases with Layer- Wise models
Transvserse displacement and electric potential

v s w(x,y) : (a,b/2) @(x,y) : (d =85,b/2)

Zon
x
20
8 L T L
4 10
£ 8 % g8 8
X 675 1 1 8
o L ComT
st /L e
67} 1
X xox X xx B
Om- I
Case A Lower Order Higher Order Element  Element  Transition w4
Zoni : er odes - ws x &0 Avaqus
w2 we w4 w OsD20RE
2 e e 65| [ — ] .
w1 x -
CaseA © 4
D 6.55 CaseB m 1
s N ] - caseo o s
L ower Order e Bement  Hement Tandton
Case B Zone one Coer Ot o foaqus
65 C3D20RE 1 -8
w2 wa e
s 10
easl ooy
05 -04 03 -02 01 0 01 02 03 04 05 -05 04 -03 02 01 0 01 02 03 04 05
(]l - : ‘
Higher | Lower
Lower Order | order,]  eement ciement Tonston
Case C Zone Zone | “zone o
w2 wa e
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Node-Dependent Variable Kinematics

Cases with Layer- Wise models
In-plane and Transvserse stresses

N e ox(X,y) 1 0zz(x,y) : (d = 85,b/2)

20
1500
800 x Lwa
X : ws  x

w2
o T 100 L
1000 0 W
\\\ * CaseA o
AN P . .
o \ . . CaseC
% ) . . Abaous
igher order Y \ f i N R
Lower Order i Berent Sement Tarsion ; ’
Case A Zone Zonk OderOrger Nodes - o \ “\ 5. oF )
_we we e O \ " f Lwa | o ‘ \! ]
w3 x - [
200 x g
- \ I \ Kx /
\ P A~
N &
m \ case A \ 400 :
Lower ora vighe Ll c - ) )
le ower Order er Element  Element  Transition Case C
Case B Tane one Gaer hodes 1000 A 1 o
a0us
w2 w4 w4 « C3D20RE
. B 800
1500
05 04 03 02 01 0 01 02 03 04 05 05 04 03 02 01 0 01 02 03 04 05
. z
o] e | ] [ —
Lower order ocder,|  cemen cement Tansion
Case C Zone Zone” | “zone o
e ws s
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Results
00000000000

Transverse shear stress o,

3D finite element Abaqus C3D20RE
Lwa

NS

7577.4 62644 49514 -3638.5 -23255 10126 3004

Case C

600

800

Abaqus
CaD20RE
1000

05 04 03 02 01 0 01 02 03 04 05
z
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Conclusions
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Conclusions

@ Unified Formulation is the ideal tool for the implementation of
node-dependent variable kinematic theories. In fact, the theory
approximation order and the modelling technique (ESL, LW) are free
parameters of the FEM arrays, which are written in a compact and very
general form.

@ The present node-dependent variable kinematic model allows to locally
improve the solution. Two main aspects can be highlighted: a reduction of
computational costs with respect to Layer-Wise single-model solutions, and
a simultaneous multi-models global-local analysis can be performed in
one-single analysis step.

@ The Node-Dependent Variable Kinematic method permits to enrich
locally the theory approximation accuracy by enforcing the same kinematics
at the interface nodes between kinematically incompatible plate/shell
elements. The resulting global/local approach is very efficient because it
does not employ any mathematical artifice to enforce the displacement and
stress continuity, such as those methods based on Lagrange multipliers or
overlapping regions.
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Conclusions
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Conclusions

@ An accurate representation of secondary variables (mechanical stresses
and electric displacements) in localized zones is possible with DOFs
reduction if an accurate distribution of the higher-order kinematic
capabilities is performed. On the contrary, the accuracy of the solution in
terms of primary variables (mechanical displacements and electric
potential) values depends on the global approximation over the whole
structure. The efficacy of the node-dependent variable kinematic and
global/local models, thus, depends on the characteristics of the problem
under consideration as well as on the required analysis type.

@ The Node-Dependent Variable Kinematic method is very promising.
Further investigations will be carried out on thermo-mechanical problems
with localized loadings, plate/shell with non-uniform thickness problems etc.
etc.
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Thanks for the attention
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