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FULLCOMP

@ FULLy integrated analysis, design, manufacturing and health-monitoring of
COMPosite structures

@ Funded by the European Commission under a Marie Sklodowska-Curie
Innovative Training Networks grant for European Training Networks (ETN).

@ The full spectrum of the design of composite structures will be dealt with,
such as manufacturing, health-monitoring, failure, modeling, multiscale
approaches, testing, prognosis, and prognostic.

@ Research activities are aimed at engineering fields such as aeronautics,
automotive, mechanical, wind energy and space.

@ www.fullcomp.net
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FULLCOMP ESR1 — Variable, mixed, linear and nonlinear kinematic shell

formulations including thermal, hygrothermal, piezo and magnetic effects

@ Object: (Laminated) Shell (formulations)
@ Methodology: CUF

2D FEM Formulation — — 8L, = dugk™u;
K2 = (A+26) / N, N;,d© / F,F,dz

+G/NNdQ/F F, d4+G/NHN/‘dQ/F,F&dz;
K= /N”N”dQ/F,FAdz+G/N,\Nj‘dﬂ/FrFl\dz
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@ Keyword: Variable kinematics
— Variable number of expansions: ESL-TYLN
— Variable thickness function in different layers

@ Keyword: Mixed kinematics
— Reissner’s Mixed Variational Theorem
— Mixed ESL-LW kinematic description on different FEM nodes

@ Keyword: Linear and nonlinear
— Geometry non-linearity — Material non-linearity

@ Keyword: Multifield effects

— Thermal, Hygroscopic, Electric, Magnetic, - - -
— Thermo-electrical, Electro-magnetic, Thermo-magnetic, - - -

WWW.MUL2.COM
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Overview

@ Carrera Unified Formulation (CUF) and advanced 2D models.
@ Various thickness functions.

© MITC9 element.

© Numerical examples.

© Conclusions.
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CUF 2D
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Doubly-curved Shell Geometry*

Geometrical relations:

€ =

VB =

Hy = A<1 + Z/Ra)
Note:

Eﬁ:

Yap =

Yoz =

1 1 du v 0A w

(2R Ada "ABB "R,
1 u OB 1 dv

(u+z/Rg) ABda BB Rﬁ)

0z

A(l+2z/Ry) 0 u B(1+2z/Rg) 9 v

B(1 +z/Rg) o Al +z/Ry)"  A(l +z/Ry) da B(1 +z/Rﬁ)]
1 ow u

A+ 2/Ry) a +ad ”/R”)a Aq+ Ry
1

v
37(1_”/1%) Bﬂ +B(1+Z/Rﬁ) [—]

9z B(1 +z/Rp)

Hp = B(1 +z/Rp)

@ Constant radii of curvature R, and Rg lead to Lamé parameters A = B = 1.
@ Exact shell geometry (middle-surface) curvature is described.

*Leissa, A.W., 1973. NASA SP-288, Vibration of Shells.
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CUF 2D
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An Example: A Higher-order Deformation Theory for Plate Written in CUF

— Displacement description i r
K/ = f N;Fb" CbF N;dV
v

= up(x,y) +z-up(x,y) +een +zNuN(x, y)
= v(x, y . : Novtey
vEvley)  Azeviley) A 42w Fundamental Nucleus
w = wo(x,y) +z-wy(x,y) +oe +zNwN(x, y)
3XMXM
ul = {u v W]T = {Fsus Fyvg FSWA-}T = F\uI | B .o
33 Nucleus gt
F()=2"" s=1,2,-- ,N+1
KJKJK]
— FEM discretization KK K] =1
u(x,y,2) = Nix.y) - ui(2) = Ni(x.y) - Fy(2) - Uy, Kol Ko
-PVD
u(x,y,2) = Fr(@Que(x,y)  oulx,y,z) = Fs(z) ous(x, y) =2, M-1
SLip = f sel gdv = f su”bT Cbudv
| v
= f sUTNTHT CbNUAV = f sUTNTFTHT CbFNUAV
v v ™=M
=6UT - f SNTFTBTCbFNav -U = 6UT -K - U
v | | S S —]
SLex = ou’P = sUTNTFTP s=1 5=2,M-1 s=M
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CUF for Two Major Frameworks of Refined 2D Models

Equivalent-Single-Layer models (ESL) Layer-Wise models (LW)

L
i
N

u=F0u0+F1u1+~-+FNuN uk=F,uf+Fbu’b‘+Fru’r‘

Note:
— F, defined on each layer thickness domain z*;
— Continuity constraints at layer interfaces: uf = uk*!.

Note:
— F; defined on the whole through-thickness domain
2.

ong Li and Erasmo Carrera
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Thickness Functions
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CUF 2D Models Based on Series Expansion — Variable ESL Kinematics

@ Taylor Series (ESL-TYLN) : F, = 7"

u= u, + oz o+ Zus o+ o+ DNuyn
V= uj + %) + ZZV3 + + VN+1
w= w o+ zwy o+ 2wz o+ .. o+ D wwg
N = N N
n=0 n=1 n=2 n=N
=1 T=2 =3 T=N+1

u up +  fuy + ez + + AT

V= uj + € +  e®v; o+ + N vy

w= wy + oEw o+ Ewy o+ o+ My
N N N —_—
n=0 n=1 n=2 n=N
T=1 T=2 =3 T=N+1
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CUF 2D Models Based on Series Expansion — Variable ESL Kinematics

@ Hyperbolic Series (ESL-HPBN ): 7 = 2k, F, = sinh(nz); T = 2k + 1, F; = cosh(nz).

u= u +  sinh(Q)u, + cosh(x)us +  sinh(Qx))us  +
V= u +  sinh(z)va  +  cosh(z)vs +  sinhQz)vs  +
w= wi +  sinh(z)w,  +  cosh(z)ws +  sinh(Qz) wy  +
—— — _ - -
=0 =1 =2 =3
=1 =2 =3 =4

@ Trigonometric Series (ESL-TRGN ): T = 2k, F; = sin(nz); T = 2k + 1, F; = cos(nz).

u= u +  sinQu, + cos(xuzs +  sin(Qm)us  +
V= u +  sin(z) va +  cos(2) v3 +  sin(27) vy +
w= wy +  sin(z)wa  + cos(zx)ws 4+  sinRz)ws +
—— —_— —_— —_——
n=0 =1 n=2 =3
=1 =2 =3 =4

@ Zig-Zag model (ESL-XXXNZ): Fysz = (=1)*{uz (Murakami’s function)

k
u= Fiu + ...+ Fyqung + (D)Gug.

and Erasmo Carrera
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Thickness Functions
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CUF 2D Models Based on Interpolation Polynomials — Variable LW Kinematics

@ Kinematics of Layer-Wise Models (LWN):

u= Fuy + Fu o+ +  Fyi1ouns
V= Fiu + Fr vy + + Fni+1 VN+1
w = Fiwy + Fow, + +  Fni1 wyn
Ny == _
=1 T=2 T=N+1
N 44,
@ Lagrange (LW-LGRN ): F-(&) = 1 —L —1<g<-1
i=0,is ks ki

Note: Each {i, or {, indicates a “Sampling Surface” with physical displacements.

@ Legendre (LW-LGDN ): F, = 20301 g, 2ol p —p _p,,

Note: Py = 1, Py = &k, NPy = 2N = 1){Py-1 — (N — 1)Py_2, -1 < & < -1

@ Chebyshev (First Kind) (LW-CBSN ): F, = 030 g, = ol p — 7, 7,

Note: To = 1, Ty = &, Tn = 24Tn-1 — Tn-2, -1 <& < -1

and Erasmo Carrera
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9-node Shell Finite Element

n
1 1
Ni= =@ -0 -n. No=51-) -
7 6 5 4 4
1 1
Ny = 2@+ —m),  No= @& +H01 1)
1 1
g g G- Ns = 2@ +&@ +n).  No=2(1=£)07 +1)
1 1
Ny =@ -0+, Ny= 7@ -9 -1)
. 2 % No = (1-€)(1-17)
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Mixed Interpolation of Tensorial Components

n
! !

n. 3 5
Vil v Vi Vi 3 Vi
& o Vi lm %% % . L s |
'01 o1 (23 & L &
Vs A2 C2 E2 V3 P Q i
° a [ ] [ ] [ [} [
Al BT'
Components gaa and €oz Components gps and &pz Components £ap
Figure: Tying points for the MITC9 shell element.
€oa Nini 0 0 €aayy,)
€, =| ¢ = 0 N, 2 0 €58,
Nt = [Na1.Na1. New, Npi. Ner, N1 N B O S A |
3
Ny = [Na2,Np2,Nca, Np2, N2, N,
m2 = [Naz, Np2, Nc2, Np2, Ng2, Np2 | el [N 0 0|[ew,
Nz = [Np,Ng, Ng, Ns] € == 0 N O,
€z 0 0 €z

i and Erasmo Carrera
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3D Constitutive Equations

Stress-strain relations for an orthotropic material:

pp "p pn

(rﬁ:Ck € +C €&

n np =p
where
ckoock, ok 0 C*
v _| A A A K _ )3
Cp=|Ch Cn Cy C,=|0 0 C,
16 C26 CG() 0 C3()
0 0 0 c, Co0
c,=0 0 0 ¢, =|ck ct o
C13 C23 C36 0 0 C§3
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Case 1
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Case 17: Plate, [0°/90°/09, a/h = 2 and 100, loaded on top surface

_omT, T
p(z,y) =po - sm(;)sm(%)

Figure: 2D FEM 1/4 model with symmetry for the composite plate.

T Pagano, N.J., 1970. Exact solutions for rectangular bidirectional composites and sandwich plates: Journal of
Composite Materials, Vol 4, pp 20-34 (January 1970). Composite, 1(4), p.257.
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Case 1
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Plate, [0°/90°/0°], a/h = 2 and 100, &, and &, variation through z, with LWN*

*Note: LW-LGRN, -LGDN, -CBSN lead to the same results within the numerical tolerance, uniformly denoted as LWN.

7
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3
y 84
] |
° g,
e
1
1
*/
0 ol ¢
0.5 040302 -0.1 0 01 02 03 04 05 05 040302 -0.1 0 01 02 03 04 05
z z
(a) &y, al/h =2, Point B (b) &y, a/h =2, Point D
5 - - 12
.,
4 /:f ™ 1
It A
3 08
3 £ N\
R e RN N g oo
15 2 / \A =1
,‘ N 04
LWI —a— R
1 LW2 e \\ 02
o LW3 - & -
ol LW4 -—— a 0
0.5 040302 -0.1 0 01 02 03 04 05 05 -04-03-02-01 0 01 02 03 04 05

(¢) &y, a/h =100, Point B (d) &y, a/h = 100, Point D
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Plate, [0°/90°/09, a/h = 2, contour plot of o, with LWN (LW-LGRN, -LGDN, -CBSN)

D
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Case 1
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Plate, [0°/90°/09, a/h = 2, variation of &, through z at Point B, with , with ESLNZ

5 5
4 4
3 3
] o . ]
) K 15
2 2
ESL-TYLIZ —8— ESL-EPNIZ —8—
1 ESL-TYL3Z - 1 PN3Z ---=
ESL-TYL5SZ - -& -
ESL-TYL7Z -—+-- P
0 ESL-TYL9Z —e— . 0 ESL-EPN9Z —e—
-0.5 04 -03 -02 0.1 0 0.1 02 03 04 05 05 -04 -03 -02-01 0 01 02 03 04 05
z z
(a) 7, Taylor series. (b) 7, Exponential series.
5 5
4 4
3 3
. -
15 15
2 2
ESL-HPBIZ —&— ESL-TRGIZ —8— A
1 ESL-HPB3Z - 1 ESL-TRG3Z .
ESL-HPB5SZ - -+ - ESL-TRGSZ - -+ -
ESL-HPB7Z - —+-- ESL-TRG7Z - —+--
0 ESL-HPB9Z —e— + 0 ESL-TRGYZ —e—
05 04 -03 -02-01 0 01 02 03 04 05 -05 04 -03 -02-01 0 01 02 03 04 05

(C) 0y Hyperzbolic series. (d) Fyzs Trigonozmetric series.
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Plate, [0°/90°/09, a/h = 100, variation of &, through Z at Point B, with ESLNZ

5 5
. a—8—a
4 xr :i\_ 4
¥y )
5 7 \ 3
g | Koaa oo B0 .
15 ; \ 15"
2 / \ 2
’ %
1 / ESL-TYLIZ —o— 1
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/’ ESL-TYLSZ -—o-- K
ofé 1) 0
-0.5 04 -03 -02 0.1 0 0.1 02 03 04 05 05 -04 -03 -02-01 0 01 02 03 04 05
z . z . .
(a) 7, Taylor series. (b) 7, Exponential series.
5 i 5 7
e e R e =]
4 A 1 \ﬁe\ 4 A '\\~
| i hY el \‘
3 Lo Lo st ol g .
3 . 3 3
¥ 7 / | \ 3 N L
5 yid i LA 5] ./ N/
2 ¥ o 2\ 2 \ N\
I 5 § ¢
v ESL-HPBIZ —&— oo 1 / ESL-TRG9Z —8— .
i ESL-HPB3Z . \ or ESL-TRG11Z . \ .
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0.5 04 -03-02-01 0 01 02 03 04 05 05 04 -03-02-01 0 01 02 03 04 05

(C) 0y Hyperzbolic series. (d) Fyzs Trigonozmetric series.
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Plate, [0°/90°/0°], a/h

Case 1
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D

100, contour plot of o, with ESLNZ and LW4

B ESL-EPN7z

Lw4

B

ES

L-HPB5Z
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A Summary of Case 1

Case 1
000000@

4
3
) X
15 18
2
ESL-TYL7Z —&— ESL-TYL3Z —&—
1 ESL-EPN7Z ---e--- ESL-EPN7Z ---o---
] ESL-HPB7Z - -» - ESL-HPB5Z - -& -
ESL-TRG7Z -—+-- ESL-TRGI3Z -—+--
0 LW5 —e— LW4 —e—
-05 -04 -03 -02 -0.1 0 0.1 02 03 04 05 -0.5 -04 -03 -02 -0.1 0 0.1 02 03 04 05
z z
(@) a/h =2 =100
alh Kinematics iz T,
Az=0 Az=17%
ESL-TYL7Z 8.161 2.150
ESL-EPN7Z 8.158 2.147
2 ESL-HPB7Z 8.161 2.150
ESL-TRG7Z 8.163 2.150
LW5 8.166 2.150
Pagano(1970) 8.17 2.13
ESL-TYL3Z 0.5077 0.6294 0.2537 0.8458 4.494
ESL-EPN7Z 0.5077 0.6294 0.2544 0.8458 4.447
100 ESL-HPB5Z 0.5077 0.6294 0.2539 0.8458 4.496
ESL-TRG13Z 0.5077 0.6294 0.2543 0.8458 4.406
Lw4 0.5077 0.6294 0.2551 0.8458 4.429
Pagano(1970) 0.508 0.624 0.253 0.83 4.39

Maria Cinefra, Guohong Li and Erasmo Carrera
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Case 2
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Case 2*: Cylindrical shell, [0°/90, Rgz/h =2 and 100, loaded on bottom surface

Figure: Geometry feature of the cylindrical shell.

8) = (Z%) cos( 2
pleB) = —po-sin() cos( )

7 )\

Figure: 2D FEM 1/16 model Figure: Loading profile on cross section

iVaradan, TK., 1991. Bending of laminated orthotropic cylindrical shells - an elasticity approach..Composite' Structures, 17(2), pp.141-156.

Maria Cinefra, Gui and Erasmo Carrera
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Case 2
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Shell, [0°/909, Rg/h = 2 and 100, &, and &, variation through z, with LWN*

*Note: LW-LGRN, -LGDN, -CBSN lead to the same results within the numerical tolerance, uniformly denoted as LWN

\Cg

2

1

0 4
0504030201 0 01 02 03 04 05 05-04-03-02-001 0 01 02 03 04 05

z z

(@) 0oz Rg/h =2, Point B (b) 0. Rg/h =2, Point D
OTs ; 0T t
osp % P /
1 \ Vs h \\* /

; £ 4 - /

o e 4%\‘\** S SR \ /
s 2 s / g 1S /.
25 Y, £ - LWl —e— J

0N & 2 LW2 o \o—-@ g8
3 . / _ LW3 - -4 -
NS LWl —e— 25 LWA ——
35 N W2 .
&;/ LW3 - -& -
-4 LW4 -—-- -3
05-04-03-02-01 0 01 02 03 04 05

-0.5-04-03-02-01 0 01 02 03 04 05

(C) Gz, Rs/h =100, Point B (d) &, Rs/h = 100, Point D

and Erasmo Carrera
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Case 2
00®00000

Shell, [0°/90°), Rg/h = 2, contour plot of o, with LWN (LW-LGRN, -LGDN, -CBSN)

Maria Cinefra, Gui and Erasmo Carrera
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Case 2
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Shell, [0°/90°), Rg/h = 2, &g variation through Z at Point D, with ESLNZ

0 2 of, T
pe S i
0.5 K 0.5 !
-1 /’ . 1 i
w LS / w 15 [ o
s P 3 i
, . i
8 2 8 2
25 . : 25 | ESL-EPNIZ —a—
LT N ESL-EPN3Z =
3 ESLTVLIZ —a— %oy 3 | ESL-EPNSZ - = -
ESLTYL3Z e & ESL-EPNTZ - —--
3.5 | ESL-TYLSZ - -+ - 35
ESL-TYLTZ -— -
4
0.5 -0403-02-0.1 0 01 02 03 04 05 0.5 -04-03-02-0.1 0 01 02 03 0.4 05
z . z .
(a) 0p., Taylor series. (b) 0p., Exponential series.
0rd Ofe
05 oy 05 F4; ?
. \ »
-1 \ 1 S . /
15 \:*«i/ < 15t I e
[ - N o7
o —R o 4
D - e I R
g 2fe g 2
25 a5t

3| ESL-HPBIZ —o— 3 | ESL-TRGIZ —e—
° | ESL-HPB3Z - - ESL-TRG3Z -
3.5 | ESL-HPBSZ - -& - 35 | ESL-TRGSZ - -+ -

ESL-HPBTZ -—+ - ESL-TRG7Z - — -~

4

-05-04-03-02-01 0 01 02 03 04 05 4 -0.5-04-03-02-01 0 01 02 03 04 05
(c) &4, Hyperbolic series. (d) 0., Trigonometric series.

Maria Cinefra, Gi and Erasmo Carrera
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Case 2
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Shell, [0°/90°), Rg/h = 2, contour plot of o, with ESLNZ and LW5

Maria Cinefra, Gi and Erasmo Carrera
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Case 2
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Shell, [0°/90°), Rg/h = 100, &g, variation through z at Point D, with ESLNZ

ol / 0 ESL-EPNIZ
g ‘s ESL-EPN3Z
Iy 05 ESL-EPN5Z - -& -
Rl IR 03 ESL-EPN7Z
- B N
1§ s g st I
S E ! i
o4 !
ESL-TYLIZ !
25 [ ESL-TYL3Z 25 i
ESL-TYL5Z - -& - ?
5 | ESLTYLTZ s
- - i
0.5 -0403-02-0.1 0 01 02 03 04 05 0.5 -04-03-02-0.1 0 01 02 03 0.4 05
z . z .
(a) 0p., Taylor series. (b) 0p., Exponential series.
ESL-TRGT - -
0 0 ¢
05 05
Sz e -
-1 -1 L-TRGI3V. —e— R
18 15 & s/
¢ s g st
2 Y ; 2 !
ESL-HPBIZ —&— \, A
5 | ESL-HPB3Z e o/ 25
ESL-HPBSZ - -= - Na A 25
3 [ ESL-HPBTZ - —+-- RLENYS
3 . » R : \

-05-04-03-02-01 0 01 02 03 04 05 05 -04 03 02 0.1 0 01 02 03 04 05
(c) &4, Hyperbolic series. (d) 0., Trigonometric series.
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Case 2
00000000

Shell, [0°/90°), Rg/h = 100, contour plot of os,, with ESLNZ and LW4

v

Lw4

ESL-HPB7Z ESL-TRG13Z

Maria Cinefra, Gi and Erasmo Carrera
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A Summary of Case 2

Case 2
00000000

a a8
19 18 -15
S = S
25 [ ESL-TYL7Z —o— 2 © ESL-TYL7Z —e—
4| ESL-EPN7Z o ESL-EPN7Z ---e---
> [ ESL-HPB7Z - -& - 2.5 ESL-HPB7Z - -& -
35 | ESL-TRGTZ —+— ESL-TRGI3Z -—--
LW5 —e— 3 LW4 —e—
0.5-04-03-02-01 0 0.1 02 03 04 05 0.5-04-03-02-01 0 0.1 02 03 04 05
z z
@) a/h =2 (o) a/h = 100
Rg/h Kinematics itz Gaa oz
/} tnemai n h
Az=0 Az=735 Az=7
ESL-TYL7Z 1.3965 0.2432 0.9814 -0.2845
ESL-EPN7Z 1.3974 0.2691 0.9870 -0.2883
2 ESL-HPB7Z 1.3963 0.2431 0.9815 -0.2846
ESL-TRG7Z 1.3981 0.2464 0.9778 -0.2819
LW5 1.4035 0.2558 0.9858 0.3124
Varadan(1991) 1.4034 0.2511 0.9775 -0.31
ESL-TYL7Z 0.1367 0.1884 0.5605 -8.0118
ESL-EPN7Z 0.1367 0.1886 0.5606 -7.9314
100 ESL-HPB7Z 0.1367 0.1884 0.5605 -7.9900
ESL-TRG13Z 0.1367 0.1887 0.5606 -7.5984
LW4 0.1367 0.1887 0.5606 -7.7626
Varadan(1991) 0.1367 0.1871 0.5560 7.7
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Main Conclusions and Perspectives

o CUF provides a general way to integrate various approximation theories to obtain
refined FEM element with variable kinematics for analysis of multi-layered structures.

MITC9 shell element adopted is free of shear and membrane locking.

With sufficient number of expansions, all the thickness-functions studied can achieve
good approximation of displacements and stresses, and the number of essential
expansions depends on the specific situation.

In the case of LW approach, interpolation polynomials of Lagrange, Legendre and
Chebyshev provide the same numerical results if the polynomials adopted are of the
same order.

For the cases studied, LW4 is sufficient to capture the transverse shear stress
variation, while LW5 is recommended for thick laminated structures.

In different cases, ESL models with various thickness functions show different
convergence rate with the increase of expansion number, especially for thin
laminated structures.

0 Trigonometric series tend to use more expansions to achieve convergence in the
cases studied.
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Future extensions
@ Variable LW-ESL kinematics.
@ Application in multi-field problems.
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