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Overview
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ü Laminates: simulationchallenges

ü wŜƛǎǎƴŜǊΩǎmixedvariationaltheorem(RMVT)

ü Implementationof higher-order mixedbeamelements

ü Numericalassessment

ü Advanced capabilities

ü Conclusions
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Laminated structures
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üAdvantages: goodspecificproperties

üMulti-layeredstructuresare built by addingpliesof the 
same, or different materials, in a certainstackingsequence

üOptimizedperformance of the component

Transverseanisotropy: suddenchangeof mechanicalpropertiesin the 
through-the-thicknessdirection

ZZ IC

Transversestressesnot neglibledue to the high ratio betweenthe 
elasticmoduli (EL/ET= 5 ς40) and low transverseshearmoduli (GLTand 
GTT)

Compatibility: suddenchangesin the slopeof the displacement
fields(ux, uy, uz) acrossthe thicknessof the laminate

Equilibrium: continuityof transversestresses(„zz, „yz , „xz) 

Kinematics: C0z requirements

ü C0 for displacements-> zig-zag effect (ZZ)
ü C0 for transverse stresses -> interlaminar continuity (IC)

Major challengein the modellingof laminatedstructures: 
trasverse deformationmust be included
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RMVT

April 25, 2018

A posteriori approaches

üClassicalLaminate Theories(CLT) and First-orderShearDeformationTheoriesdo not fulfill the C0
z

requirements -> first derivatives constant

üHigher-order theories and ZZ theories -> IC not necessarily satisfied

üLayer-wise (LW) models account for independent kinematics at each layer

üStress recovery methods: integration of stress solutions in the 3D equilibrium equations

wŜƛǎǎƴŜǊΩǎMixed VariationalTheorem(RMVT)

A priori fulfillment of the C0
z requirements through the use of independent displacement and stress assumptions

Stress assumptions are restricted to the transverse components in laminates

PVD RMVT

ConstitutiveequationsGeometricalrelations
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Mixed beam elements
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ü YƛƴŜƳŀǘƛŎǎŘƛǎǘǊƛōǳƛǘŜŘǘƻǿŀǊŘǎǘƘŜŜŘƎŜǎ[9

Carrera Unified Formulation(CUF) Mixed refined beams

◊ὼȟώȟᾀ ὔ ώὊὼȟᾀ◊

Beamkinematics:

üVarioussolutionsover the section

FundamentalNucleus:
ⱭὯὲὼȟώȟᾀ ὔ ώὋ ὼȟᾀⱭὯὲ

LW stress assumptions:

◊Ὧὼȟώȟᾀ ὔ ώὊὼȟᾀ◊Ὧ
LW beamkinematics:

ü Increaseof numberof unknowns

üNo ZZ assumedfunctionsrequired

üC0
z requirements and IC satisfied at the 

interfaces between plies

- Compatibility of displacements

- IC of transversestresses
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Beam theory
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ü YƛƴŜƳŀǘƛŎǎŘƛǎǘǊƛōǳƛǘŜŘǘƻǿŀǊŘǎǘƘŜŜŘƎŜǎ

HierarchicalLegendreExpansions(HLE) 

üNodal, side and internalunknowns

üHierarchicalp-refinementof the expansion

assumptions

üLayer-wisedistributionsof unknowns

üStrightforwardassembyof displacementsand 

stressesat the interfacesbetweenlayers

* CarreraΣ 9ΦΣ ŘŜ aƛƎǳŜƭΣ !ΦΣ ŀƴŘ tŀƎŀƴƛΣ !ΦΣ άIƛŜǊŀǊŎƘƛŎŀƭ ǘƘŜƻǊƛŜǎ ƻŦ ǎǘǊǳŎǘǳǊŜǎ ōŀǎŜŘ ƻƴ [ŜƎŜƴŘǊŜ ǇƻƭȅƴƻƳƛŀƭ expansions with finite element 
ŀǇǇƭƛŎŀǘƛƻƴǎΣέ International Journal of Mechanical Sciences, Vol. 120, 2017, pp. 286 ς300
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Assessment: linear static
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ρ

üThicklaminate: L/h = 4

üE1=25MPa     E2=1MPa 
G12=0.5MPa G23=0.2MPa 
V12 = V23 = 0.25

ü1D model
4 cubicmixedelements
4 HLE domains(LW)

Longitudinaldisplacements Normalstresses

Shearstresses

RMVT PVD

üCylindricalbending

*Pagano, 1969

ü[0,90,0,90]
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Assessment: free vibration
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Mode 1 Mode 3

Mode 4 Mode 8

Mode 9 Mode 10

Sandwich beam
ü Faces: Al (E=75 GPa, ˄ =0.33), 0.5 mm
ü Core: Foam(E=0.1063 Gpa, ˄ =0.32), 5 mm

b = 0.06 m

L = 0. 6 m

B.C.: Clamped- Free

1D model: Á 10 cubicbeamelements
Á 3 HLE domains
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Advanced capabilities
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ü YƛƴŜƳŀǘƛŎǎŘƛǎǘǊƛōǳƛǘŜŘǘƻǿŀǊŘǎǘƘŜŜŘƎŜǎ[9

Stress boundaryconditions Global localanalysis

displacement-based

element
mixed element

(ux,uy,uz) (ux,uy,uz,ůzz,ůxz,ůyz)

PVD element
RMVT element

Stiffness matrixUnknowns vector

displacements

stresses

Å Efficient stress analysis using RMVT-based
elementsonly in particularzonesof interest.

x

y

z

ůxz=0

ůzz=0

ůyz=0

ÅDisplacement-basedmodelslackdo not assure
fulfillmet of the equilibrium conditions over
the boundariesof the structure
ÅRMVT-based elements include stress

unknowns which can be prescribed in the
system
ÅIncreasedaccuracyandreliability
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Stress solutions

April 25, 2018

ρ

ü Thicklaminate: L/h = 4

ü E1=25MPa     E2=1MPa 
G12=0.5MPa G23=0.2MPa 
V12 = V23 = 0.25

ü 1D model
2 PVD elements+ 2 RMVT elements

ü Cylindricalbending

*Pagano, 1969

PVD RMVT

PVD RMVT
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RMVT

PVD

PVD

x

z

y

200 mm

2.54 mm

25 mm

ρ

ρ
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Free edge effects in laminates

* A.G. de Miguel, M. Nagaraj, I. Kaleel, M. Petrolo, 
A. Pagani and E. Carrera. Accurate evaluation of 
failure indices of composite layered structures via 
various FE models. Submitted.

IM7/8552 - [45,-45,90,0]s

Tensile test
Uniaxialextension: F=6350N

Model: 6 beamelements+ 320 LE
ü Full PVD: 77805 DOFs
ü 5 PVD + 1 RMVT: 94185 DOFs

Cross-section


