
1

Layerwise beam elements based on the Carrera’s 
unified formulation and the Reissner's mixed 

variational theorem

Department of Mechanical and Aerospace Engineering 
Politecnico di Torino, Turin, Italy

April 25, 2018
ACMA 2018, Compiègne (France)

A.G. de Miguel, E. Carrera, A. Pagani and E. Zappino



2

Overview

April 25, 2018

➢ Laminates: simulation challenges
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Laminated structures
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➢ Advantages: good specific properties

➢ Multi-layered structures are built by adding plies of the 
same, or different materials, in a certain stacking sequence

➢ Optimized performance of the component

Transverse anisotropy: sudden change of mechanical properties in the 
through-the-thickness direction

ZZ IC

Transverse stresses not neglible due to the high ratio between the 
elastic moduli (EL/ET= 5 – 40) and low transverse shear moduli (GLT and 
GTT)

Compatibility: sudden changes in the slope of the displacement
fields (ux, uy, uz) across the thickness of the laminate

Equilibrium: continuity of transverse stresses (𝜎zz, 𝜎yz , 𝜎xz) 

Kinematics: C0
z requirements

➢ C0 for displacements -> zig-zag effect (ZZ)
➢ C0 for transverse stresses -> interlaminar continuity (IC)

Major challenge in the modelling of laminated structures: 
trasverse deformation must be included
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RMVT
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A posteriori approaches

➢ Classical Laminate Theories (CLT) and First-order Shear Deformation Theories do not fulfill the C0
z

requirements -> first derivatives constant

➢Higher-order theories and ZZ theories -> IC not necessarily satisfied

➢ Layer-wise (LW) models account for independent kinematics at each layer

➢ Stress recovery methods: integration of stress solutions in the 3D equilibrium equations

Reissner’s Mixed Variational Theorem (RMVT)

A priori fulfillment of the C0
z requirements through the use of independent displacement and stress assumptions

Stress assumptions are restricted to the transverse components in laminates

PVD RMVT

Constitutive equationsGeometrical relations
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Mixed beam elements
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➢ Kinematics distribuited towards the edgesLE

Carrera Unified Formulation (CUF) Mixed refined beams

𝒖(𝑥, 𝑦, 𝑧) = 𝑁𝑖(𝑦) 𝐹𝜏(𝑥, 𝑧) 𝒖𝜏𝑖

Beam kinematics:

➢ Various solutions over the section

Fundamental Nucleus:
𝝈𝑘

𝑛(𝑥, 𝑦, 𝑧) = 𝑁𝑖(𝑦) 𝐺𝜏(𝑥, 𝑧) 𝝈
𝑘
𝑛𝜏𝑖

LW stress assumptions:

𝒖𝑘(𝑥, 𝑦, 𝑧) = 𝑁𝑖(𝑦) 𝐹𝜏(𝑥, 𝑧) 𝒖
𝑘
𝜏𝑖

LW beam kinematics:

➢ Increase of number of unknowns

➢ No ZZ assumed functions required

➢ C0
z requirements and IC satisfied at the 

interfaces between plies

- Compatibility of displacements

- IC of transverse stresses
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Beam theory
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➢ Kinematics distribuited towards the edges

Hierarchical Legendre Expansions (HLE) 

➢ Nodal, side and internal unknowns

➢ Hierarchical p-refinement of the expansion

assumptions

➢ Layer-wise distributions of unknowns

➢ Strightforward assemby of displacements and 

stresses at the interfaces between layers

* Carrera, E., de Miguel, A., and Pagani, A., “Hierarchical theories of structures based on Legendre polynomial expansions with finite element 
applications,” International Journal of Mechanical Sciences, Vol. 120, 2017, pp. 286 – 300
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Assessment: linear static
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1

➢ Thick laminate: L/h = 4

➢ E1=25MPa     E2=1MPa 
G12=0.5MPa G23=0.2MPa 
V12 = V23 = 0.25

➢ 1D model
4 cubic mixed elements
4 HLE domains (LW)

Longitudinal displacements Normal stresses

Shear stresses

RMVT PVD

➢ Cylindrical bending

*Pagano, 1969

➢ [0,90,0,90]
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Assessment: free vibration
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Mode 1 Mode 3

Mode 4 Mode 8

Mode 9 Mode 10

Sandwich beam
➢ Faces: Al (E=75 GPa, ν=0.33), 0.5 mm
➢ Core: Foam (E=0.1063 Gpa, ν=0.32), 5 mm

b = 0.06 m

L = 0. 6 m

B.C.: Clamped - Free

1D model: ▪ 10 cubic beam elements
▪ 3 HLE domains
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Advanced capabilities
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➢ Kinematics distribuited towards the edgesLE

Stress boundary conditions Global local analysis

                  

       
             

                                

           
            

                               

             

        

• Efficient stress analysis using RMVT-based
elements only in particular zones of interest.

 

 

 

     

     

     

• Displacement-based models lack do not assure
fulfillmet of the equilibrium conditions over
the boundaries of the structure

• RMVT-based elements include stress
unknowns which can be prescribed in the
system

• Increased accuracy and reliability
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Stress solutions
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1

➢ Thick laminate: L/h = 4

➢ E1=25MPa     E2=1MPa 
G12=0.5MPa G23=0.2MPa 
V12 = V23 = 0.25

➢ 1D model
2 PVD elements + 2 RMVT elements

➢ Cylindrical bending

*Pagano, 1969

       

PVD RMVT
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Free edge effects in laminates

* A.G. de Miguel, M. Nagaraj, I. Kaleel, M. Petrolo, 
A. Pagani and E. Carrera. Accurate evaluation of 
failure indices of composite layered structures via 
various FE models. Submitted.

IM7/8552 - [45,-45,90,0]s

Tensile test
Uniaxial extension: F=6350N

Model: 6 beam elements + 320 LE
➢ Full PVD: 77805 DOFs
➢ 5 PVD + 1 RMVT: 94185 DOFs

Cross-section



12

Conclusions

Nastran 2D (48240 DOFs)
+

Local CUF (58653 DOFs)

April 25, 2018

➢ Refined beam elements based on RMVT can be used for the accurate stress analysis of 
composite structures at the meso-macro scale

➢ Interlaminar continuity and stress boundary conditions are satisfied a priori

➢ Increased fidelity in the stress solutions at the expense of extra degrees of freedom. Total 
computational costs are highly reduded due to the use of 1D framework

➢ Its use is recommended for the damage analysis of laminated structures

➢ Further developments: • Variable displacement-stress assumptions (different polynomial
orders)

• Global-local tool for commercial FEM softwares
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